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Abstract

This paper studies the asymptotic properties of standard panel data
estimators in a simple panel regression model with error component dis-
turbances. Both the regressor and the remainder disturbance term are
assumed to be autoregressive and possibly non-stationary. Asymptotic
distributions are derived for the standard panel data estimators including
ordinary least squares, fixed effects, first-difference, and generalized least
squares (GLS) estimators when both T' and n are large. We show that
all the estimators have asymptotic normal distributions and have differ-
ent convergence rates dependent on the non-stationarity of the regressors
and the remainder disturbances. We show using Monte Carlo experiments
that the loss in efficiency of the OLS, FE and FD estimators relative to
true GLS can be substantial.
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Appendix
A Proof of Theorem 1

The following lemmas are needed to prove Theorem 1. All limits are taken as

T — oo and followed by n — oo sequentially, (n,T) .

Lemma 1 If Assumptions 1 — 2 hold, then

T =2 p o2 2\~
LIEIA <1, om0 20 (20 —T) = 150 + (1-A)27(E1+A)'

n T =\2 P w
2. If A =1, #Zizlztzl (mit—m) - 3 -

Proof. Consider (1). For a fixed n, it is clear to see that

1 n T .
TOMNCE
i=1 t=1
n T
1 1 s
1| o 22 1 ¢
n;ll—)ﬁ (1— )\)2(1+>\) n; (i)
_o_o 2\y2
1-A7 (1=N2 1+
as T — oo because
- 2
E(3) = E|> Neqy
§=0
= ZE ()\jgi(t J) + Z Z E( E1(t NEi(t— k))
Jj=0 7=0 Ek=0,k#j
a2 2072

_l’_
-2 1-XN*(1+N
and T = 1ZZ 1th 130”& 12 1 E(zi4) =0asT — oco. Note E (z;4) =0

for all ¢ and ¢ since there is no non-zero drift in (??). Then obviously,

n T
1 o2 22
ﬁzz th_m _>1_€)\2+ 2‘S

i=1 t=1 (1=2"(1+AN)




holds for all n and hence it holds for a large n as well. This proves (1).

Next we consider (2). Similarly for a fixed n
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Lemma 2 If Assumptions 1 — 3 hold, then
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Consider I. It is easy to see that for a fixed n,
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For part (b), for a fixed n,
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C Proof of Theorem 2
The following lemmas will be used to prove Theorem 2.
Lemma 3 If Assumptions 1 — 2 hold, then
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as (n,T) % 0o. W

D Proof of Theorem 2

Proof. Te proof of Theorem 2 is straightforward with above lemmas. W

E Proof of Theorem 3

The following lemmas will be used to prove Theorem 3.
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(a) L0, [# X0 i = wa1) i — vie1)| 2 o
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(b) 7= X [% Yims (@i = @ie1) Wit = vie—1) | =ViToee = N (0, w2?2).

Proof. Consider (1). For part (a), it is easy to see that

n T

1
7 Z Z (!Eit - l’z‘t—l) (Vit - Vit—l)
et
1 n T
m o SN E(wi — wi—1) (vie — vie—1)
i=1 t=1

(n T) SCq
For part (b), note that

3

%t - 37it—1) (Vit - Vit—l)

U
%‘H HMH
M=

o~
Il

(e + A =D zi—1) (eir +(p— 1) vig—1)

s
I
—

1

NgE
5=
] =

[

1 t
(P Deg—1+plp—1)ew—2+p*(p—1)ei_s+-)]

(it + A=D1 + AN =D esa + A2 (A= 1ejs+---)

Il
-

T - 3l

Hence, we have

n T n T
%ZZ Tit — Tit— 1 Vztfl/it—1) FllmiZZE(Iit*%t—l)(Vit*Vz‘t—l)

i=1 t=1 i=1 t=1

3
S

’ﬂ

T
1
- \FE: E: gt A—Dep1+ XA =D e+ N A= 1ejp_s+-)
t 1

(e + (p—Vew—1+plp—1Vew—2+p(p—1)eus+-)]
n

T
. 1
—+vnT lim T Z Z E (i — xi—1) (Wit — Vig—1)

i=1 t=1

= N(O (2_)\ p)2¢00+2r 1( " 1+2p T+1) QZ} +Zr l( )\T_1+2)\T_>\T+1)2w7“0>
(1—pA)?

as (n,T) = oo, where ¢, = E (7_,€?), 1,0 = E (e2¢2_,), 1oy = E (e?¢?) .
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Consider (2). For part (a), it is easy to see that

1 n T
ﬁ § E xlt — Tjt— 1 Vzt - Vitfl)
=1 t=1
n T
1 1
n § § Ezt + - 1 -rzt l)ezt
i=1 t:l

1
—>hmn—T ZE (it + A=1)xi—1) €t

i=1 t=1

as (n,T) = oo
For part (b), using Lemma A0 in Choi (1999), we have

n T n T
1 1
=YY (@i = wir1) (Vi — vie1) = VAlim —= > N "B (e + (A — 1) @i 1) et
vl = (St
1 n 1 T 1 n T
= — Z = Z (cit + (A =1) zi-1) eif,] —V/nlim — ZZE git + (A= 1) zit—1) €ir
v |T o nT I
1 &1 )
= TZ TZ[(EH-‘F()\—1)82‘15,1—"-)\()\—1)82‘15,2-‘1-)\ ()\—1)8“734-"')61‘,5]
i t=1
1 n T
—v/nlim — Y E(ei+ A —1)wis1) e
s =
1 ¢ 21pg0
= =N |0,
Ay ()] - ( ==

i=1

as (n,T) = 0o, where 9o = E (¢7€7) .

Consider (3). For part (a), it is easy to see that

T
1
7nT E E xzt Lit— 1 Vzt_Vit—l)

S|
M:
N =
B

Eit (Vit - Vitfl)

- I

T
Eit (Vit - Vitfl)
t=1

—

1=

as (n,T) = oo



T
1
W Z (Tit — @ir—1) (Vie — Vit—1) — \fhm — Z Zgzt Vit = Vit—1)
i=1 t=

1 zltl

n 1 T 1 n T
Z Tzeit (vit _Vit—l)] - \/ﬁﬁmﬁ;;&'t (vit — Vit—1)
fllmizzgn Vzt_l/zt 1)

=1 t=1

1
vn
1 &1 &
= %Z Tszit(eit‘k(f)_l)l/itfl)
1
vn

n T
Z %Z [Eit (eit +(p—Vew1+plp—1eiso+p*(p—1)eir_s _|_)}

1
—+v/nlim T Z Z it (Vit — Vit—1)

i=1 t=1

15 2thg0 \ | _ 2909
= mrv(erin)]=v (o)

as (n,T) = 0o, where 9o = E (7€) .
Counsider (4). For part (a),

1 n T
— Z (ﬂ%t — Tt 1) (l/us — Vit 1)
nT i=1 t=1
11 & ]
P I E 3T
L T t=1

seq

as (n,T) —
For part (b), note that

T

VnT - Z Z Tit — Tig—1) (Vit — Vig—1)
1

ﬁ Zsiteit]

-~

=1
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For a fixed n,

n T
(

S (@i — wie1) (vie — vie1) — VnToe.

i=1 t=1

i -

s
I
—

s

t=1

Z Eiteit‘| —vnTo.,

Z;

I
Si= Sl-
M-

=1

as T — oo, by a central limit theorem, where Z; ~ N (0, w2w?).

1 n
% Z Z’L =N (0,@3@5)
i=1

as n — oo. Hence, we have

1 n T
Mo D> (@it —wir-1) Vit — vis1) — VnToee = N (0, wlw?)
i=1 t=1

seq

as (n,T) = oco. l

Proof of Theorem 3:
Proof. By EFD - B = E‘=15%15%:8:_115&‘5;”’1), the proof of Theorem 3
is straightforward with above I:s;nma;. |

F Proof of Theorem 4

Define z = [¢,,1, X], then
(C}GLS> = (z’<I>_1z)71 (Zo 'y)

Bars
L/ 1 -t L/ 1
- (] tr =) ([]0)

W ® 07 x| T [ By
| xX'® 1y, x'Px x' oy
_ [F11 Fio| [U, 9ty

|Fo1 Fa| | X'®7'y
[F1d, 2@ty + Fiox'® 7y
| Fo10), @7y + Foox' @ 1y
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where

-1
_ _ 1 y—1 _

Fy = [L’TLTCD Y — 0 p® x (x'® 1x) x'® 1LnT] ,
F _ / @—1 -1 @—1 /@—1 /@—1 / @—1 -1 @—1 -1
o = —(LnT LnT) LT X |x X —X LT (LnT LnT) LT X ,

1q—1 1q—1 ’ -1 -1 BT R S ’ -1 -1
Fyy = —[x®'x—x'® LnT(LnT(I) LnT) L, ® Tx x ¢ LnT(LnTCI) LnT) ,

1q—1 1q—1 / -1 -1, 1]t
Fyy = [x<1> X = X' O Ly (L@ enr) 1y ® x} .
Hence
5 / —1 o F—1
Bars = Foitp® y +Fpx @y

—1
ra—1 rq—1 ’ -1 -1 -1 ra—1 rad—1 ’ -1 -1 -1
= [x@ x—x® LnT(LnTtb LnT) L, ® x] {x@ y—x9® LnT(LnTCI) LnT) L, ® y}

and

Bars — B =Gr'Ga,

_ _ _ -1 _ _
where G = x' & Ix—x'® 14,1 (L’NT<I> lbnT) U@ Ix and Gy = x' ¢~ lu—

-1

'H—1 / —1 / —1
x'® e, (LNT<I> LnT) Ly ® 7 u.

With the definition of ®, we have

n 2
1 _ o _ _
X' o lx = — E XA i — —E _x'A 1LTL’TA. 1x;
w?2 ¢ w2+ 002" ¢
€ =1 e I
n 2
1 o
IdH—1 /A —1 | /I A —1 / —1
x o Loy = —5 E XLA LT — B 002 XiA I/TLTAZ‘ X;
We we + 0oy,
n 2
1 _ Oo B
= = XA e — P A p
w2 ¢ w2+ 002"
€ i=1 € H
1 n
/ 1
= E X: AT
w2 + 002 ( i )’
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i = W;lr =+ V;.

When |p| <1, A =

nb
w2+ 002’
2
XA g, — Jix A Y Ay
‘ w? + 902
[ 2
_ H'U _ _ _ m _
(/,LIX;A_ 1[,T — f(ﬂg:—ia"ZX;A 1LTL'/I'A 1LT> + (X{LA 1Vi mx A LTL{TA
[ Ho? 02
/A —1 %0 a1 /A =1 /oA —1
<M1XZA Ly — MXZA LT) + (XzA v; — WX A LTLTA VZ>‘|
- 2 02
ﬁX;Aile + X;Aill/i WX A LTL,TAilui y
L€ H
1 02 1
I — / _
LpAT T — WLTA Lepdp Ay
i 2
_ MiU _ _ _ o
(MiL/TA Yop — YEET;‘%L/TA Lupdp A 1LT> + (L’TA v, — WLTA Lol A
i 2 2 2
b~ /A -1 b0, I A =1
wl————F" |+ | trA7vi— "=t A Vv,
_( w§+90z> < w2 +0cri
pi0w? O, I A—1
A"y,
| @2+ 002 w?i+ 007 ‘r g
0 / —1
w? + o2 (,u, +erA UL)
e 1
_ [ 1 —p 0 0 0
1 2 T—1
) f ’;) Zm —p 14+p° —p 0 0
_ 0 — 1+ — 0
1_1p2 P p 1 pT—3 Ao | P .P P
_ _ _ 0 0 0 —p 1+
T-1 T-2 T-3 /
PP 1 00 0 0 —
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It can be shown A~!

= CC/, where C =

1—p%2 0
0 —p
0 0
0 0

o O

0
0

0 O
0 O
0 O
-p 1 0
0 —p 1]

is the Prais-Winsten (PW) transformation matrix suggested in Baltagi and Li

(1991). Hence

[ V1= pzyy [ V1=p?vy _v 1- p2e;1-
332‘2 - Px:ﬂ 1/22 - PV:ﬂ 62'2
Tiz = PT; Viz = PV; €
Cx; = 3 2 Cu, = 3 2 _ '3
m;i]‘ 1 P%T 2 V;T/‘ 1 szT 2 627/’71
L Tir — PTir_ | L Vir — pPVir_1 | L éir _
1—p2
IL—p
L—p
Cur = ) . And
1—p
L 1=p ]
T
X(iAilXi = X,:-C/CX,L' ~ Z ({Eit - pwit_l)Q
t=1
T
x| A7y = x/C'Cr; ~ Z (g — pTit—1) €ir
t=1
T
X;A_ll, =x,C'Cuer ~ (1 — Z Tit — PTit—1)
t=1
T
A = 1.C'Cupyy =~ (1 — p) ZB“
t=1
T
0=1pA i =150 Cirm Y (1—p)* =0 ((1 —p)? T) :
t=1
When p=1,A= 1 2 3 3l,Aa =10 -1 2
Do : o
123 T 0o 0 0 -1 1

28



It can be shown A~! = CC’, where C =

Hence

CXZ‘ =

And

The following lemmas will be used to prove Theorem 4.
Lemma 7 If Assumptions 1 — 2 hold, then

1. If |[p| < 1 and |A| < 1,

(a)
(b)

JCVi

XéAilxi = X,:-C/CXi ~ Z (jSt - $it—1)2
x,A7 v = x|C'Cr; = Z (Tit — Tit—1) €ir
XA vy = x,C'Cur = 24
p AT = O Curry = vl

0=1pA ey =, C'Cur = 1.

(1—2pr+p*)o?

A—=2pA%+p A—p)~2

1—)\2

. T
wrGa & lim § 300 750 Bl(wie — prie-1) €],

7CLT:




(¢) JAzGo—VnT L lim 370, 73, B (@i — pwie1) eir] = 5N (07 ( =

2. Ifp=1and [N\ <1,

2 2(—2X2421—1)~2
(a) 27G1 5 22 1i3+% ;

w2

(b) G & Zlim L 350 7 Yoy El(@ie — wi) el
(€) zGa—VnT oz lim 50, 7 St B (i — 1) €] = =N (0, 2{?&) .

3. If |p) < 1land A =1,

(a) nT G %7
(b) LTG = wL [(1 - ) [_%wae +75€] + Uee] y

() \/%TG2_W7§W Zi:l(l p) [( Zt 1 (@i — )Elt) %Eg-ﬁ-vee—i—fﬁ} =
N (0’ (1—0)62;§we.s) )

4. fp=Tland A =1,

2
(a) nTGl *) i )

w

o

N

(b) H%Gz 5 2

2
we

(c) \/%Gz - VnT'%s = LN (0,m2w?) .

Proof.
Note that
-1
1 1, 1Lx'® Ly (U@ Loy U0 1x
e e n n

First consider

/(b71
nTx X
n 9 _ B
= %l Z lXQA’lxz' QTU# 3 XAy Lp AT
we N i=1 T We + 90# T T
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For a fixed n,

1
Tngflxi
1z
= T Z (xit - pfﬂitq)z
t=1
1 & 1< 1 &
=7 chgt + P2T Z R P Z 2Ti-1%it
=1 t=1 t=1

2 2 2 2 2
P 2 Oc 2)‘76 Oc 2)‘75 76

1 —2p | A
%(+p)(1_ﬁ+1—A> p{(1—v+1—x I

(1—2p)\+p2)a§+2()\—2p/\2+p2)\—p)fyg
11—\ 1—A

by a CLT and also

T
1 1
T%Af%T:%1*P%fzg@ﬁfp%“ﬂjgo

as T — oco. So, with 6 = O ((1 —p)°T) when |p| < 1,

X
1 A1 Ta'i XgAile L%Ailxi
' w2+0o2 T T

(1—2p)\+p2)ag+2()\—2px\2+p2)\—p)'y§
1— )2 I=A

1 [(I—Zp)\—l—pQ)ag 2(/\—2p/\2+p2)\—p)’y§]
3 +
1—A 1—A

holds for all n and hence it holds for a large n as well.

Also because

1 'd—1 1 - 1 I A—1 p
—x' Py = — AT 0
n "y ; o2+ 002 (x; )=

because § = O (T) and ~x,A~'¢er £ 0. And

1

_ 1 nb P
ﬁL;T(I) Yy = -

1
n =2 2 o2
nw;+0o; o3
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Hence, we have

1 1, 4 1x'® Yy (7P Loy “ty 707 1x
- — _ q) _ n n
nTG1 nTX X T n n n
ﬂi (1—2p)\+p2)ag 2()\—2p)\2+p2)\—p)’yg
w? 1— )2 11—
(n T) :aeq
Note that

1d—1 / -1 -1 -1
1 Gy = 1 1y — X'y (4P L, u
n n n n nT

First consider

ﬁx’q)_lu
_ 11 z": 1 @D xiA ur N XAy i T XA e Ay,
win = |T \wZ+0o} T T w4002 T T

Because Tx 'A~'p 2 0, which has been proved in part (a), and

T T
1 1
?sz vi= g ; (zit — pris_1) eir > lim T Z: (Tit — pTit—1) €t]
and
1 _
TL’TA Ly, = Z et 0

v ATy,

w400l T 2

T
1 1
—>T o(1) —i——hm ZTZE Tit — PTit—1) Cit]

1 .1 1
= w—g lim ﬁ zz:; T ;E [(xit — p],‘,'t_l) 6#]

as (n,T) = oo
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Also because
1, 1 6 i UrATY b
— L, P =— - | =t 0
nrr T n;agwag T T )T
and 1x'® 1y, p 2,0 and Lyt r @ ey 2 Uii, which are proved in part (a).
Hence, we have

1
—G —x'®7!
nT 2 nTX u n

n T
p 1 1 1
p .
= w—g lim - ;,1 T ;:1 E[(zit — prit—1) it

1qH—1 / -1 -1y -1
X S e (P LT L, u
n nT

as (n,T) = oc.

Note that
1 1 - x'® e, (L;TéanT>_l Uyr® 1u
—— Gy = ——x u—
vnT ? vnT n n vnT

First consider

1
VnT—x'®&"1u
nT

w?u, T X;AlLT> <x§A1VZ- 02T X;AILTL/TAllJZ'>

1
ﬁ(wgwag T VT  @2+002 T VT

1 1 n
- TR
For a fixed n, £x/A~1v7 2 0, which has been proved in part (a), and

y T

T

1 _ 1

VT TXQA ly; —lim T ; E[(zit — pxit—1) eit]‘|
1 & 1 &

= VT 7 > (@it — pri—1) e — lim 7 > El(wie — prir—1) ez’t]‘|

t=1 t=1

T T
1 1
= VI'|5 > (it + (A= p)zie—1) eir — lim T tzzl El(zi — prit-1) €it]

T
= ﬁ{% ; [(eit + N=p)ei—1 + XN —p)ei—2 + X (A —p)ei—s + ) €]
—lim % ; E [(let — pxit—l) eit]}
(

t
1—2p\ 4+ p?

_ ~fo, p +§)¢oo
1—\
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where ¢y, = E (gfet) and

T
1 / —1
— ATy = ( it = ( w.N (0,1
= Jr e 0.1

as T — oo. Hence,

VnT

1 1 11 «
IFH—1 .
Pk & tu-— —Z lim - ;:1 T ;:1 E (i — pTit—1) €4t

Yop AT

1
w?\/n ; w2 +002 T VT w2 +002 T

n T
1 1 1
—;gm11m - Z: T ;E (@it — pir—1) €]
—2pA\ + pz) Yoo
= w2 \/> ZN ( 1)
1 N (0, (1 —2pA + p?) ¢00>

1—\2

as (n,T) = oo
Also consider that

1 _ _
Jirt T = > TW (1 + e A~v,)
1 — ATy,
= TT; 02:“’7, IZUQ+002 \/T
It is easy to see that
11

as T — oo because %L’TA*IW = (1 - p)wN (0,1), which has been proved
in part (e). Also,

S5 [0y o) = L=

1 ( w?u, T x,’iA_lLT> (XgA_lui UiT X, AT

VT

’)




as n — o0o. Therefore,

1< 0 SA'w, (1-p w.
— = N (0,1)
Vn ; o2+ 90% VT o2

as (n,T) = o0. So,

1
I lu =

— TP ™e
vnT " o2
Hence, we have
1 1. 11
WGQ —V nT; lim E : f Z E [(I’Zt — pl‘it_l) eit]

n T
1 P 1 .. 1 1
=7<I>—T—1—E EEi—i,i
\/FX u—VnT 21mn [(CEt PL4t 1)€t]

. _ -1 _
CX'® ey (L;LTq) 1LnT> Uy @ ta

n n vnT
1 1—2p\+ p?
= 2N<O,( p 5)%0).
g 1-—AX
Note that
L= L grig o 1XO N (6@ ) T @ x
nT nT T n n n
First consider that
1 IFH—1
—x'®
nTX X
11 i: x A7 x; o, XA AT
- w2n — T w2 +002 /T VT
for a fixed n,
1 /A —1
“x'A ;
Txl X

1—X 1-=2A\ 1—22  1-2) 1-—
202 +2(—2X"+2A—1)7§
14+ A 1-A
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and

REVETE B
as T'— oo. Hence
1
—x'®d71x
nT
11 Xn: X ATlx; o2 XA v ATy
win T w2 +002 T VT
n 2
win —[1+A 1—A
1 [ 202 2(-22 420 - 1) 42
o w2 [1+A -

holds for all n and hence it holds for a large n as well.

Also because that

n

1 raq—1 1 1 rp—1 p
=X Oy = — — 3 0
nr bnT ngag—i—eai( i ir) =
since # = 1, and
1, 1m0 o, 1
RN T = L e T 2
Hence, we have
1 1 1% Y (@ Le,p Ly elx
G - lcb—l - n nT n nT
nT nT™ T n < n n
po 1202 2(=2) 42X 1)42
w2 |14+ A 1-—A
as (n,T) = oc.
Note that
_ _ -1 _
1 2:ix,@71u_x’¢ Yonr (U@ lenr U P 1
nT nT n n nT
First consider that
1 'qd—1
—x'P
—5X u
_ iyl ( dll x;AuT> (XA o XAl ATy
win P T \w2+6002 /T T w? 4+ Hai VT VT

)




For a fixed n, because —=x,A 11 & 0 which is proved in part (a), and

T 1
T
Z éﬂzt - xit—l) eit} y

H \

T

1 1

TXZA vV, = — E (Tit — Tip—1) eltHh
t=1

and

1 / —1 /
— AT Y = —v;
VT ' VT

as T'— oo. Hence,

1

7x'©_ u

n

_ 11 i (@ XA (XA o XA ATy
win VT \w2+002 /T T w2 +002 T
n T
1 1 1
;2 g ; T ; E [(xit - xitfl) eit]
as n — 00.
Also because that
1 / —1
—u P
nLnT u
1< 0 ,
= = S — 7 A"y,

n;w§+00ﬁ(ul+LT V)
1 & 1 ,
o ; m (i +vip)
20

_ P _ P . .
and %XI(I) Yy — 0 and %L;VT@ Ly = U%, which are proved in part (a).
w

Hence, we have

_ _ -1 _
LGQ = LX/CI)_lu— x'® ll’nT L”ILT® 1[’71T L;%T(P 'u
nT nT n n nT
1 11 &
p .
= = lim - ; T ; E(zit — Tit—1) €4t)
(n T) :aeq
Note that
_ _ -1 _
L 9 = LX/(I)_IU— x'® 1LnT L;LT(I) 1LnT l’;LT(b 111
nT T n n nT




First consider that

1
VnT—x'®"u
nT

1 1 « @y, xéA—ll,T) xi Ay, o2 1
= 2 = + | = : — b XA Nl Ay,
wzﬁ;ngwag VT VT @2 + 002 /T rir

For a fixed n, because ﬁxéA‘le %, 0 which is proved in part (a), and

T
1 _ .1
\/T <Tx§A 1Vi — lim T ; E [(l“it - xitfl) 6it]>
1 & 1 o
= Z (it — Tig—1) €it — VT lim T Z E (it — wit—1) €it]
TiH =1
1 & 1 o
T Z (eit + (N —1)@i—1) €ir — VT lim T Z E[(xit — Tit—1) €4t
=1 =1
1z
T Z [+ A= Dew1 + AN =D ego+ A (A= 1) eu—z+-) €]
=1
L1
—V/Tlim T Z E(zit — zit—1) eit]
t=1
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as T'— oo. Hence,

n T
1 1 1 1
\/ﬁ (Tﬂ_‘x/(blu — ;e 11 E E t§=1 E x’Lt — Tjt— 1) elt])

i=1

2
4 ; 1
Z VT @2 +“002 TX AT LTL/TA_lVi)

T

_r—ll Z;ZE xzt Lit— 1)611&]

= op(1)+ = Zj: [N (0, fﬁ%\) —Op(l)}

2
1 2909
= —N|O
wg ( "1+ )\)
as (n,T) = 2

Also because that

0 _
= n X e et aAT)

and also because %x’@‘anT 20 and %L?VT‘I)_anT LN U%, which are proved in
part (a). Hence, we have
n 1 T
77(;2 — hm Z T ZE Tt — Tqt— 1) ezt]
VPRI S NS R d
- ﬁx & tu— nT; lim - Z T ZE (@it — pTiz—1) €4t
€ i=1 t=1
x'® e, p <L/TLT‘I)_1L”T)1 P
n n V/nT
1 2900
= N {0, .
w2 ( 1+ )\>

e
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Note that

— X0 x

-1 -1
ur® T x

1 1 1x'® e, p (L;LTtI)lbnT

G =
nT? ' nT? T T
First consider that

1

n ) nvT

= —22((1 —p) Tit—1 +5it)2

T
_ 2 1 2 1
= (1-p) ﬁ;%tq"'f

and

= (1-p) L Z (Tit — pTit—1)

n 2 — —
1 oAy - T XA or P AT
w2 +00% T\T

1 & 1 &
2
(1-p) T ;2%1&715@5 + T ;Qt

.
= (I-p)—=—2= z (1= p)xig—1 + €ir)

- Tip_ -
T\/T:ltl \/T

40

1 X
(1-p) T Z&t]
t=1

™VT

)



as T — oo. Hence

1, L1 (1 ,. To? xiA Ve A
—x'® = == XA X — i
w2 wgn;<T2xz T 221002 TVT VT
2
5 B (1—p)21DE/Wf—(1—p)QW§ (/W>
2
_ (-p) @
62
as 1n — oQ.
And because
T, 1< T (X'A 1LT>
——Xx'® 'y = — !
nV/T ’ n;wgwag TVT

because § = O (T) and T

proved in (a). And because

)

L XAy = (1-p) o, [ Wi + 0,(1), which is

1, - 1 nb p 1
—t L RN
nr ’ w?+ 002 o
Hence, we have
L 1 L x'd1x — lxl@ilbnT b ® ar - L ®'x
T2 nT? T n/T n T
p (1- P)2 w?
60?2
Note that
- — Lx’tb_lu - X' by (L;LT‘b_llfnT)1 tr® '
nT’ nT nVT n T

First consider that

1

niTX/q)ilu
11 i 1 < w?u, T X;A_lLT) N x, A"y, UiT XA Yr ATy,
- win P VT \ w2 +00%2 TT T w2 + 002 T\T VT

41

)




For a fixed n, because ﬁx,’iA_le = (1-p)Pw. | Wi+o0,(1), which is proved

in (a) and
1
TXZA v;
1 T
= 7 Z (Tit — prit—1) €i
t=1
1 I
= 7 > (L= p)zi—1 +eit) e
t=1
1 & 1 &
= (1-p) T Z (Tie—1ei) + T Z (citeit)
t=1 t=1
= (1 — p) wgwi‘/g (/ Wld‘/t> + Wee (/ WldWL) +’)/E€:| + Oce,s
and

T
1, . 1
—tr AT, = (1 — —E eir = (1 —p)w.V; (1),
T ( p) T & t ( p) (1)

as T'— oo. Hence,

1
nfol(Pflu

_ ili 1( w2, T XéA_ll,T)_’_ A"y 2T XA e Ay,
wgnizl T w? + 002 T T w? + 002 T VT

o S i (foar) e foa) o] o
—(1_1p)2(1—p) {w5w1/2</wi)vi(1)+wge< )Wz ]}+op()

_ ;Q%i{(l—p) [wa 1/2 (/WdV) + e (/WdW> +vae} +oce}

e i=1

p 1

—

a0 [t o]

We

as n — oQ.

42




And because

1 / —1
——t, P 1
n /*T nT

s
I
—

S|
Si- 9
Y-

NE]I\J

+

>

=

ﬁ
Il
-

,EQ
—
=
+
3
7=
—
_
|
D
=
8
NS
—
—
[

2
i=1 O
20
and also because ﬁx'@‘anT 2,0 and %LQVTCI)_%”T LR 012 , which are proved
H
in part (a). Hence, we have
_ _ -1 _
LG2 R S X0 e (U@ ey VP
nT nT T n T
1 1
= ;) |:(1 - p) [_Qwse + 756:| + Use]
e
Note that

1 11 &
WGQ_;Z%;“_M

T
1 B Wee Oce
( E (w5 — ;) 5it> — tVee + T p]

t=1 €

First consider that

1
— x'® u

N

1 @u, T x A~ er xi A"y, T 1 ,.
= e % 7 v —x'AT / A—l i
N e R e T

1 1 n
- SVl

For a fixed n, because %ﬁng’lLT = (1-p)w. | Wi+o0,(1), which is proved

43



in (a) and

1 _
— XAl ATy,

o
= % (1—-p) :1 (it — pit 11 —p)geitl
(-0 i((lpm L+ e [i]
s 1 o 1 < . 21 [ 1 < 1
= 0o g e [ ] 00 G [ e £ ]
= =) w2 () Vi (W) ]+ o)
as T — oo. Hence,
- gl (fro) e o) o]
Lealen ([ e 2]
S )
N N<O7 (1_2;? ww)

And because

Gt = Y b A
1 1 « 0 tpAT Y,
= TTZ: g+92“l \szuea? JT
~ oW+ 3 [Eg=o)
= (1_0_’;)7”61\[(0,1)

44



8 n 1l ord—1 P 1,/ —1 P11 : :
and also because X' O — 0 and U@ e — o7 which are proved in

part (a). Hence, we have

Good
Note that
_ _ -1 _
LGI I 1x'0  ur (40P gy Vo x
nT nT T n n n
First consider that
1
—x'o 1x
nT
= il i l)(’,Aflx. _ Ji X;Aill’T LlTA?lXi
agnizl T ! o2+002 T VT

and

1, 1
—xX A= —u;
VT T

45



as T'— oo. Hence,

11 3 Lot b XAl AT
= _— —X. Xi —
o2n —\T v 03—4—903 VT T

2
p O
2, ;62
as n — oo.
Also because
]. Jx—1 ]- - ]- / —1
Xl = =S —— (XA
e bnt n ; w? + 003, (X’ LT)
1 « 1
:> J—
n ; w? + ai il
20
because § = 1. And
1, 1 o, 1
)b -
bnT® nT nw?+ 0o - o

Hence, we have

Lo = g L0 (g ) T
nT * nT T n n n
2
p O
2
Note that
_ _ -1 _
LG :ix/quu,lxlq) Yur (U@ ey Up® lu
nT 2 nT T n n n
First consider that
1 IFd—1
—x'®
nTx u
1 lzn: 1 @, x A7l Lloa 1 o XA lurd ATy,
= - R —X vV, — —
win \/ng—i—ﬁoi VT T \/ng—kﬁai VT

i=1
For a fixed n, because %XQA_%T = ﬁxil 2,0, which is proved in part (a)
and

1 T
_ P
—x/ A"y, = T E Eit€it — Oee



and
LXQA_lLTL/TA_ll/i = ixilugl 20,
VT vT

as T — oo. Hence,

1

- /(b71
X u
_ 1 12 1 @, x Al +l ALy L o XA lurd Ay,
wg \fw?—i—HUQ VT T Xi Vi \/TwZ—I—HUi VT
p Uee
—
@}
as n — 00.

And because

1
/ -1
ﬁLnTCI) u

= 0

1
= g AT )
-1 We 1

SHE D PR S
= -2 o2 Wity
n = @+ oy,

20

_ P _ P . .
and also because %x/q) Ly, = 0 and %LﬁVTCP Yy — 0%, which are proved in
W

part (a). Hence, we have

L = gl LX0 (60 )T @t
nT nT T n n n
p Oce
— wg
Note that
71 G2 = 71 X/q)_lu — LX/¢_1L”T <L{rLTq>_1L"T)1 LfnT(I)_lu
VnT VnT VT —n n Vn
First consider that
1 rr—1 Oce
vnT | —x'® 'u — 5
nT w?
1 " @, T XA ep 1, o2 1 o
- - = el 7 7~A_1 R —1 /A—li_/TEE
w2 le =T+002  yT VT w2+002\f’ triph v e

47
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