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Abstract

This paper studies the asymptotic properties of standard panel data
estimators in a simple panel regression model with error component dis-
turbances. Both the regressor and the remainder disturbance term are
assumed to be autoregressive and possibly non-stationary. Asymptotic
distributions are derived for the standard panel data estimators including
ordinary least squares, �xed e¤ects, �rst-di¤erence, and generalized least
squares (GLS) estimators when both T and n are large. We show that
all the estimators have asymptotic normal distributions and have di¤er-
ent convergence rates dependent on the non-stationarity of the regressors
and the remainder disturbances. We show using Monte Carlo experiments
that the loss in e¢ ciency of the OLS, FE and FD estimators relative to
true GLS can be substantial.
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Appendix

A Proof of Theorem 1

The following lemmas are needed to prove Theorem 1. All limits are taken as

T !1 and followed by n!1 sequentially, (n; T )
seq! 1:
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holds for all n and hence it holds for a large n as well. This proves (1).

Next we consider (2). Similarly for a �xed n
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Consider I. It is easy to see that for a �xed n,
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For part (b), for a �xed n,
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= I � II + III � IV:

For a �xed n,

I =
1p
n

nX
i=1

" 
1

T 3=2

TX
t=1

xit

!
�i

#

) 1p
n

nX
i=1

��
$"

Z
Wi

�
�i

�
as T !1; and

1p
n

nX
i=1

��
$"

Z
Wi

�
�i

�
) N

 
0;
�2�$

2
"

3

!

9



as n ! 1 by a CLT with E
�
$"

R
Wi

�
= 0 and V ar

�
$"

R
Wi

�
= 1

3$
2
". It is

easy to show that

II =

 
1

n

nX
i=1

1

T 3=2

TX
t=1

xit

! 
1p
n

nX
i=1

�i

!
= op (1)Op (1) ;

III =
1p
T

1p
n

nX
i=1

"
1

T

TX
t=1

xit�it

#
=

1p
T
Op (1) ;

and

IV =
1p
T

 
1

n

nX
i=1

1

T 3=2

TX
t=1

xit

! 
1p
n

nX
i=1

1p
T

TX
t=1

�it

!
=

1p
T
op (1)Op (1)

as (n; T )
seq! 1. Hence, we have

1

n1=2T 3=2

nX
i=1

TX
t=1

�
xit � x

�
uit ) N

 
0;
�2�$

2
"

3

!

as (n; T )
seq! 1.

Consider (4). For part (a), it is easy to see that

1

nT 2

nX
i=1

TX
t=1

�
xit � x

�
uit

=
1

nT 2

nX
i=1

TX
t=1

�
xit � x

�
(�i + �it)

=
1p
T

1

n

nX
i=1

" 
1

T 3=2

TX
t=1

xit

!
�i

#
� 1p

T

 
1

n

nX
i=1

1

T 3=2

TX
t=1

xit

! 
1

n

nX
i=1

�i

!

+
1

n

nX
i=1

"
1

T 2

TX
t=1

xit�it

#
�
 
1

n

nX
i=1

1

T 3=2

TX
t=1

xit

! 
1

n

nX
i=1

1

T 3=2

TX
t=1

�it

!
= I � II + III � IV:

For a �xed n,

III =
1

n

nX
i=1

"
1

T 2

TX
t=1

xit�it

#

) 1

n

nX
i=1

�
$"$

1=2
e:"

Z
WiVi +$"e

�Z
W 2
i

�
+ �"e

�

10



as T !1 by a CLT. We then have

1

n

nX
i=1

�
$"$

1=2
e:"

Z
WiVi +$"e

�Z
W 2
i

�
+ �"e

�
p! �"e +

$"e

2
:

as n!1: So

III
p! �"e +

$"e

2

as (n; T )
seq! 1. Again

I =
1p
T

1

n

nX
i=1

" 
1

T 3=2

TX
t=1

xit

!
�i

#
=

1p
T
op (1)

II =
1p
T

 
1

n

nX
i=1

1

T 3=2

TX
t=1

xit

! 
1

n

nX
i=1

�i

!
=

1p
T
op (1) op (1)

and

IV =

 
1

n

nX
i=1

1

T 3=2

TX
t=1

xit

! 
1

n

nX
i=1

1

T 3=2

TX
t=1

�it

!
= op (1) op (1)

as (n; T )
seq! 1. Hence, we have

1

nT 2

nX
i=1

TX
t=1

�
xit � x

�
uit

p! �"e +
$"e

2

as (n; T )
seq! 1:

For part (b),

1p
nT 2

nX
i=1

TX
t=1

�
xit � x

�
uit

=
1p
nT 2

nX
i=1

TX
t=1

�
xit � x

�
(�i + �it)

=
1p
T

1p
n

nX
i=1

" 
1

T 3=2

TX
t=1

xit

!
�i

#
� 1p

T

 
1

n

nX
i=1

1

T 3=2

TX
t=1

xit

! 
1p
n

nX
i=1

�i

!

+
1p
n

nX
i=1

1

T 2

TX
t=1

xit�it �
 
1

n

nX
i=1

1

T 3=2

TX
t=1

xit

! 
1p
n

nX
i=1

1

T 3=2

TX
t=1

�it

!
= I � II + III � IV:

11



For a �xed n,

III =
1p
n

nX
i=1

1

T 2

TX
t=1

xit�it

) 1p
n

nX
i=1

�
$"$

1=2
e:"

Z
WiVi +$"e

�Z
W 2
i

�
+ �"e

�

as T !1 by a CLT. As (n; T )
seq! 1, we have

1p
n

nX
i=1

1

T 2

TX
t=1

xit�it �
p
n

" 
1

n

nX
i=1

1

T

TX
t=1

xi(t�1)"it

!
$"e

$2
"

+ �"e

#

) 1p
n

nX
i=1

�
$"$

1=2
e:"

Z
WiVi +$"e

�Z
W 2
i

�
+ �"e

�
� 1p

n

nX
i=1

�
$"e

�Z
W 2
i

�
+ �"e

�

=
1p
n

nX
i=1

�
$"$

1=2
e:"

Z
WiVi

�
) N

�
0;
$e:"$

2
"

6

�
:

Also it is easy to see that

I =
1p
T

1p
n

nX
i=1

" 
1

T 3=2

TX
t=1

xit

!
�i

#
=

1p
T
Op (1) ;

II =
1p
T

 
1

n

nX
i=1

1

T 3=2

TX
t=1

xit

! 
1p
n

nX
i=1

�i

!
=

1p
T
op (1)Op (1)

and

IV =

 
1

n

nX
i=1

1

T 3=2

TX
t=1

xit

! 
1p
n

nX
i=1

1

T 3=2

TX
t=1

�it

!
= op (1)Op (1)

as (n; T )
seq! 1. Hence, we have

1p
nT 2

nX
i=1

TX
t=1

�
xit � x

�
uit�

p
n

" 
1

n

nX
i=1

1

T

TX
t=1

xi(t�1)"it

!
$"e

$2
"

+ �"e

#
) N

�
0;
$e:"$

2
"

6

�
;

as (n; T )
seq! 1.

B Proof of Theorem 1

Proof. The proof is straightforward by using lemmas 1 and 2.

12



C Proof of Theorem 2

The following lemmas will be used to prove Theorem 2.

Lemma 3 If Assumptions 1� 2 hold, then

1. If j�j < 1, 1
nT

Pn
i=1

PT
t=1 (xit � xi)

2 p! �2"
1��2 +

2�
2"
(1��)2(1+�) :

2. If � = 1, 1
nT 2

Pn
i=1

PT
t=1 (xit � xi)

2 p! $2
"

6 :

Proof. Consider (1). For a �xed n, it is clear to see that

1

nT

nX
i=1

TX
t=1

(xit � xi)2

=
1

n

nX
i=1

"
1

T

TX
t=1

x2it

#
� 1

n

nX
i=1

�
x2i
�

p! 1

n

nX
i=1

"
�2"

1� �2
+

2�
2"

(1� �)2 (1 + �)

#

=
�2"

1� �2
+

2�
2"

(1� �)2 (1 + �)

as T !1 because xi = 1
T

PT
t=1 xit

p! E (xit) = 0. Hence,

1

nT

nX
i=1

TX
t=1

(xit � xi)2
p! �2"
1� �2

+
2�
2"

(1� �)2 (1 + �)

holds for all n and hence it holds for a large n as well. This proves (1).

Next we consider (2). Note for a �xed n

1

nT 2

nX
i=1

TX
t=1

(xit � xi)2

=
1

n

nX
i=1

"
1

T 2

TX
t=1

(xit � xi)2
#

) 1

n

nX
i=1

�
$2
"

Z
~W 2
i

�
as T !1. As n!1,

1

n

nX
i=1

�
$2
"

Z
~W 2
i

�
p! $2

"

6
:

13



by a LLN since

E

�Z
~W 2
i

�
=
1

6
:

Hence,

1

nT 2

nX
i=1

TX
t=1

(xit � xi)2
p! $2

"

6

as (n; T )
seq! 1:This proves (2).

Lemma 4 If Assumptions 1� 2 hold, then

1. If j�j < 1 and j�j < 1,

(a) 1
nT

Pn
i=1

PT
t=1 (xit � xi)uit

p! lim 1
nT

Pn
i=1

PT
t=1E (xit�it)

(b) 1p
nT

Pn
i=1

PT
t=1 (xit � xi)uit �

p
nT lim 1

nT

Pn
i=1

PT
t=1E (xit�it)

) N
�
0;

 00+
P1

r=1 �
2r 0r+

P1
r=1 �

2r r0
(1���)2

�
where  0r = E

�
"2t�re

2
t

�
,  r0 = E

�
"2t e

2
t�r
�
, and  00 = E

�
"2t e

2
t

�
.

2. If � = 1 and j�j < 1,

(a) 1
nT

Pn
i=1

PT
t=1 (xit � xi)uit

p! � 1
2$e"+�e"
1��

(b) 1p
nT

Pn
i=1

PT
t=1 (xit � xi) �it�

p
n

�
( 1n

Pn
i=1

1
T

PT
t=1(�it���i)eit)

$e"
$2
e
+�e"

1��

�
)

N
�
0;

$":e$
2
e

6(1��)2

�
:

3. If j�j < 1 and � = 1,

(a) 1
T

PT
t=1 (xit � xi)uit ) 1

1��

h
$"$

1=2
e:"

�R fWidVi

�
+$"e

�R fWidW
0

i

�
+ �"e

i
;

(b) 1
nT

Pn
i=1

PT
t=1 (xit � xi)uit

p! � 1
2$"e+�"e
1�� ;

(c) 1p
nT

Pn
i=1

PT
t=1 (xit � xi) �it�

p
n

�
( 1n

Pn
i=1

1
T

PT
t=1(xit�xi)"it)

$"e
$2
"
+�"e

1��

�
)

N
�
0;

$e:"$
2
"

6(1��)2

�
:

4. If � = 1 and � = 1,

(a) 1
T 2

PT
t=1 (xit � xi)uit ) $"$

1=2
e:"

�R fWi
~Vi

�
+$"e

�R fWi

2
�
+ �"e;

(b) 1
n

Pn
i=1

h
1
T 2

PT
t=1 (xit � xi)uit

i
p! $"e

6 + �"e;

14



(c) 1p
n

Pn
i=1

h
1
T 2

PT
t=1 (xit � xi)uit

i
�
p
n
h�

1
n

Pn
i=1

1
T 2

PT
t=1 (xit � xi)

2
�
$"e

$2
"
+ �"e

i
)

N
�
0;

$e:"$
2
"

90

�
:

Proof.

Consider (1). For part (a), note that

1

nT

nX
i=1

TX
t=1

(xit � xi) �it

=
1

n

nX
i=1

"
1

T

TX
t=1

xit�it

#
� 1

T

1

n

nX
i=1

" 
1p
T

TX
t=1

xit

! 
1p
T

TX
t=1

�it

!#

Because

1

n

nX
i=1

"
1

T

TX
t=1

xit�it

#
= lim

1

nT

nX
i=1

TX
t=1

E (xit�it) + op (1)

as (n; T )
seq! 1. Also it is easy to see that

1

T

1

n

nX
i=1

" 
1p
T

TX
t=1

xit

! 
1p
T

TX
t=1

�it

!#
= op (1) :

Hence, we have

1

nT

nX
i=1

TX
t=1

(xit � xi) �it = lim
1

nT

nX
i=1

TX
t=1

E (xit�it) + op (1) :

This proves (a).

For part (b), for a �xed n,

1p
nT

nX
i=1

TX
t=1

(xit � xi) �it

=
1p
n

nX
i=1

 
1p
T

TX
t=1

xit�it

!
� 1p

T

1p
n

nX
i=1

" 
1p
T

TX
t=1

xit

! 
1p
T

TX
t=1

�it

!#

Because

1p
n

nX
i=1

 
1p
T

TX
t=1

xit�it

!
�
p
nT lim

1

nT

nX
i=1

TX
t=1

E (xit�it)

) N

 
0;
 00 +

P1
r=1 �

2r 0r +
P1
r=1 �

2r r0

(1� ��)2

!

15



as (n; T )
seq! 1, where  0r = E

�
"2t�re

2
t

�
,  r0 = E

�
"2t e

2
t�r
�
,  00 = E

�
"2t e

2
t

�
.

Also it is easy to see that

1p
T

1p
n

nX
i=1

" 
1p
T

TX
t=1

xit

! 
1p
T

TX
t=1

�it

!#
= op (1)

Hence, we have

1p
nT

nX
i=1

TX
t=1

(xit � xi) �it �
p
nT lim

1

nT

nX
i=1

TX
t=1

E (xit�it)

=

"
1p
n

nX
i=1

 
1p
T

TX
t=1

xit�it

!
�
p
nT lim

1

nT

nX
i=1

TX
t=1

E (xit�it)

#

� 1p
T

1p
n

nX
i=1

" 
1p
T

TX
t=1

xit

! 
1p
T

TX
t=1

�it

!#

) N

 
0;
 00 +

P1
r=1 �

2r 0r +
P1
r=1 �

2r r0

(1� ��)2

!
:

Consider (2). For part (a), for a �xed n, note that

1

nT

nX
i=1

TX
t=1

(xit � xi) �it

=
1

n

nX
i=1

"
1

T

TX
t=1

xit (�it � �i)
#

) 1

n

nX
i=1

24$e$
1=2
":e

�R eVidWi

�
+$e"

�R eVidVi�+ �e"
1� �

35
as T !1, by a CLT because

1

n

nX
i=1

24$e$
1=2
":e

�R eVidWi

�
+$e"

�R eVidVi�+ �e"
1� �

35
p!
� 1
2$e" + �e"

1� � ;

as (n; T )
seq! 1. Hence, we have

1

nT

nX
i=1

TX
t=1

(xit � xi) �it
p!
� 1
2$e" + �e"

1� �

as (n; T )
seq! 1.

16



For part (b), for a �xed n,

1p
nT

nX
i=1

TX
t=1

(xit � xi) �it

=
1p
n

nX
i=1

"
1

T

TX
t=1

xit (�it � �i)
#

) 1p
n

nX
i=1

24$e$
1=2
":e

�R eVidWi

�
+$e"

�R eVidVi�+ �e"
1� �

35
as T !1, by a CLT. Hence, we have

1p
nT

nX
i=1

TX
t=1

(xit � xi) �it �
p
n

24
�
1
n

Pn
i=1

1
T

PT
t=1 (�it � ��i) eit

�
$e"

$2
e
+ �e"

1� �

35
) 1p

n

nX
i=1

24$e$
1=2
":e

�R eVidWi

�
+$e"

�R eVidVi�+ �e"
1� �

35� 1p
n

nX
i=1

24$e"

�R eVidVi�+ �e"
1� �

35
=

1p
n

nX
i=1

24$e$
1=2
":e

�R eVidWi

�
1� �

35
) N

 
0;

$":e$
2
e

6 (1� �)2

!
:

as (n; T )
seq! 1.

Consider (3). For part (a), note that for a �xed n,

1

nT

nX
i=1

TX
t=1

(xit � xi) �it

=
1

n

nX
i=1

"
1

T

TX
t=1

(xit � xi) �it

#

) 1

n

nX
i=1

24$"$
1=2
e:"

�R fWidVi

�
+$"e

�R fWidWi

�
+ �"e

1� �

35
as T !1, by a central limit theorem. And

1

n

nX
i=1

24$"$
1=2
e:"

�R fWidVi

�
+$"e

�R fWidWi

�
+ �"e

1� �

35
p!
� 1
2$"e + �"e

1� � ;
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as n!1. Hence, we have

1

nT

nX
i=1

TX
t=1

(xit � xi) �it
p!
� 1
2$"e + �"e

1� �

as (n; T )
seq! 1:

For part (b), for a �xed n,

1p
nT

nX
i=1

TX
t=1

(xit � xi) �it

=
1p
n

nX
i=1

"
1

T

TX
t=1

(xit � xi) �it

#

) 1p
n

nX
i=1

24$"$
1=2
e:"

�R fWidVi

�
+$"e

�R fWidWi

�
+ �"e

1� �

35 ;
as T !1, by a central limit theorem. Hence, we have

1p
nT

nX
i=1

TX
t=1

(xit � xi) �it �
p
n

24
�
1
n

Pn
i=1

1
T

PT
t=1 (xit � xi) "it

�
$"e

$2
"
+ �"e

1� �

35
) 1p

n

nX
i=1

24$"$
1=2
e:"

�R fWidVi

�
+$"e

�R fWidWi

�
+ �"e

1� �

35
� 1p

n

nX
i=1

24$"e

�R fWidWi

�
+ �"e

1� �

35
=

1p
n

nX
i=1

24$"$
1=2
e:"

�R fWidVi

�
1� �

35
) N

 
0;

$e:"$
2
"

6 (1� �)2

!
:

as (n; T )
seq! 1:

If � = 1 and � = 1,
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Consider (4). For part (a), note that

1

nT 2

nX
i=1

TX
t=1

(xit � xi) �it

=
1

n

nX
i=1

"
1

T 2

TX
t=1

(xit � xi) �it

#

) 1

n

nX
i=1

�
$"$

1=2
e:"

�Z fWi
~Vi

�
+

�Z fWi

2
�
$"e + �"e

�
as T !1, by a central limit theorem. And

1

n

nX
i=1

�
$"$

1=2
e:"

�Z fWi
~Vi

�
+

�Z fWi

2
�
$"e + �"e

�
p! $"e

6
+ �"e

as n!1. Hence, we have

1

nT 2

nX
i=1

TX
t=1

(xit � xi) �it
p! $"e

6
+ �"e

as (n; T )
seq! 1:

For part (b), for a �xed n,

1p
nT 2

nX
i=1

TX
t=1

(xit � xi) �it

=
1p
n

nX
i=1

"
1

T 2

TX
t=1

(xit � xi) �it

#

) 1p
n

nX
i=1

�
$"$

1=2
e:"

�Z fWi
~Vi

�
+

�Z fWi

2
�
$"e + �"e

�
;

as T !1, by a central limit theorem. Hence, we have

1p
nT 2

nX
i=1

TX
t=1

(xit � xi) �it �
p
n

" 
1

n

nX
i=1

1

T 2

TX
t=1

(xit � xi)2
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as (n; T )
seq! 1:

D Proof of Theorem 2

Proof. Te proof of Theorem 2 is straightforward with above lemmas.

E Proof of Theorem 3

The following lemmas will be used to prove Theorem 3.

Lemma 5 If Assumptions 1� 2 hold, then
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holds for all n and hence it holds for a large n as well. This proves (1).
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Next we consider (2). If � = 1,
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Lemma 6 If Assumptions 1� 2 hold, then

1. If j�j < 1 and j�j < 1,
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(b) 1p
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Proof. Consider (1). For part (a), it is easy to see that
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For part (b), note that
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Consider (2). For part (a), it is easy to see that
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For part (b), using Lemma A0 in Choi (1999), we have
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For part (b),
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Consider (4). For part (a),
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For a �xed n,
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Proof of Theorem 3:

Proof. By b�FD � � =
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is straightforward with above lemmas.

F Proof of Theorem 4
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It can be shown A�1 = CC0, where C =
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(xit � �xit�1)2

x0iA
�1�i = x

0
iC

0C�i �
TX
t=1

(xit � �xit�1) eit

x0iA
�1�T = x

0
iC

0C�T � (1� �)
TX
t=1

(xit � �xit�1)

�0TA
�1�i = �

0
TC

0C�T�i � (1� �)
TX
t=1

eit

� = �0TA
�1�T = �

0
TC

0C�T �
TX
t=1

(1� �)2 = O
�
(1� �)2 T

�
:

When � = 1, A =

2666664
1 1 1 � � � 1
1 2 2 � � � 2
1 2 3 � � � 3
...
...
...
. . .

...
1 2 3 � � � T

3777775, A�1 =

26666664

2 �1 0 � � � 0
�1 2 �1 � � � 0

0 �1 2 � � �
...

...
...

...
. . . �1

0 0 0 �1 1

37777775.
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It can be shown A�1 = CC0, where C =

266666664

1 0 0 � � � 0 0
�1 1 0 � � � 0 0
0 �1 1 � � � 0 0
...

...
...

. . .
...

...
0 0 0 �1 1 0
0 0 0 0 �1 1

377777775
.

Hence

Cxi =

266666664

x0i1
x0i2 � x0i1
x0i3 � x0i2

...
x0iT�1 � x0iT�2
x0iT � x0iT�1

377777775
, C�i =

266666664

�0i1
�0i2 � �0i1
�0i3 � �0i2

...
�0iT�1 � �0iT�2
�0iT � �0iT�1

377777775
=

266666664

e0i1
e0i2
e0i3
...

e0iT�1
e0iT

377777775
, C�T =

266666664

1
0
0
...
0
0

377777775
.

And

x0iA
�1xi = x

0
iC

0Cxi �
TX
t=1

(xit � xit�1)2

x0iA
�1�i = x

0
iC

0C�i �
TX
t=1

(xit � xit�1) eit

x0iA
�1�T = x

0
iC

0C�T = x0i1

�0TA
�1�i = �

0
TC

0C�T�i = �0i1

� = �0TA
�1�T = �

0
TC

0C�T = 1:

The following lemmas will be used to prove Theorem 4.

Lemma 7 If Assumptions 1� 2 hold, then

1. If j�j < 1 and j�j < 1,

(a) 1
nTG1

p! 1
$2
e

�
(1�2��+�2)�2"

1��2 +
2(��2��2+�2���)
2"

1��

�
;

(b) 1
nTG2

p! 1
$2
e
lim 1

n

Pn
i=1

1
T

PT
t=1E [(xit � �xit�1) eit] ;
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(c) 1p
nT
G2�

p
nT 1

$2
e
lim 1

n

Pn
i=1

1
T

PT
t=1E [(xit � �xit�1) eit]) 1

$2
e
N

�
0;
(1�2��+�2) 00

1��2

�
:

2. If � = 1 and j�j < 1,

(a) 1
nTG1

p! 1
$2
e

�
2�2"
1+� +

2(�2�2+2��1)
2"
1��

�
;

(b) 1
nTG2

p! 1
$2
e
lim 1

n

Pn
i=1

1
T

PT
t=1E [(xit � xit�1) eit] ;

(c) 1p
nT
G2�

p
nT 1

$2
e
lim 1

n

Pn
i=1

1
T

PT
t=1E [(xit � xit�1) eit]) 1

$2
e
N
�
0; 2 001+�

�
:

3. If j�j < 1 and � = 1,

(a) 1
nT 2G1

p! (1��)2$2
"

6$2
e

;

(b) 1
nTG2

p! 1
$2
e

�
(1� �)

�
� 1
2$"e + 
"e

�
+ �"e

�
;

(c) 1p
nT
G2� 1

$2
e

1p
n

Pn
i=1 (1� �)

h�
1
T

PT
t=1 (xit � �xi) "it

�
$"e

$2
"
+ 
"e +

�"e
1��

i
)

N
�
0;

(1��)2$2
"$e:"

6$4
e

�
;

4. If � = 1 and � = 1,

(a) 1
nTG1

p! �2"
$2
e
;

(b) 1
nTG2

p! �"e
$2
e
;

(c) 1p
nT
G2 �

p
nT �"e

$2
e
) 1

$2
e
N
�
0; $2

e$
2
"

�
:

Proof.

Note that

1

nT
G1 =

1

nT
x0��1x� 1

T

x0��1�nT
n

�
�0nT�

�1�nT
n

��1
�0nT�

�1x

n

First consider

1

nT
x0��1x

=
1

$2
e

1

n

nX
i=1

 
1

T
x0iA

�1xi �
T�2�

$2
e + ��

2
�

x0iA
�1�T
T

�0TA
�1xi
T

!
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For a �xed n,

1

T
x0iA

�1xi

=
1

T

TX
t=1

(xit � �xit�1)2

=
1

T

TX
t=1

x2it + �
2 1

T

TX
t=1

x2it�1 � �
1

T

TX
t=1

2xit�1xit

p!
�
1 + �2

�� �2"
1� �2

+
2�
2"
1� �

�
� 2�

�
�

�
�2"

1� �2
+
2�
2"
1� �

�
+


2"
1� �

�
=

�
1� 2��+ �2

�
�2"

1� �2
+
2
�
�� 2��2 + �2�� �

�

2"

1� �

by a CLT and also

1

T
x0iA

�1�T = (1� �)
1

T

TX
t=1

(xit � �xit�1)
p! 0

as T !1. So, with � = O
�
(1� �)2 T

�
when j�j < 1,

1

nT
x0��1x

=
1

$2
e

1

n

nX
i=1

 
1

T
x0iA

�1xi �
T�2�

$2
e + ��

2
�

x0iA
�1�T
T

�0TA
�1xi
T

!
p! 1

$2
e

1

n

nX
i=1

"�
1� 2��+ �2

�
�2"

1� �2
+
2
�
�� 2��2 + �2�� �

�

2"

1� �

#

=
1

$2
e

"�
1� 2��+ �2

�
�2"

1� �2
+
2
�
�� 2��2 + �2�� �

�

2"

1� �

#

holds for all n and hence it holds for a large n as well.

Also because

1

n
x0��1�nT =

1

n

nX
i=1

1

�2e + ��
2
�

�
x0iA

�1�T
� p! 0

because � = O (T ) and 1
T x

0
iA

�1�T
p! 0. And

1

n
�0nT�

�1�nT =
1

n

n�

$2
e + ��

2
�

p! 1

�2�
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Hence, we have

1

nT
G1 =

1

nT
x0��1x� 1

T

x0��1�nT
n

�
�0nT�

�1�nT
n

��1
�0nT�

�1x

n

p! 1

$2
e

"�
1� 2��+ �2

�
�2"

1� �2
+
2
�
�� 2��2 + �2�� �

�

2"

1� �

#

as (n; T )
seq! 1:

Note that

1

nT
G2 =

1

nT
x0��1u� x

0��1�nT
n

�
�0nT�

�1�nT
n

��1
�0nT�

�1u

nT

First consider

1

nT
x0��1u

=
1

$2
e

1

n

nX
i=1

"
1

T

�
$2
e�iT

$2
e + ��

2
�

x0iA
�1�T
T

�
+

 
x0iA

�1�i
T

�
�2�T

$2
e + ��

2
�

x0iA
�1�T
T

�0TA
�1�i
T

!#
:

Because 1
T x

0
iA

�1�T
p! 0, which has been proved in part (a), and

1

T
x0iA

�1�i =
1

T

TX
t=1

(xit � �xit�1) eit
p! lim

1

T

TX
t=1

E [(xit � �xit�1) eit] ;

and
1

T
�0TA

�1�i = (1� �)
1

T

TX
t=1

eit
p! 0

as (n; T )
seq! 1: Hence,

1

nT
x0��1u

=
1

$2
e

1

n

nX
i=1

"
1

T

�
$2
e�iT

$2
e + ��

2
�

x0iA
�1�T
T

�
+

 
x0iA

�1�i
T

�
�2�T

$2
e + ��

2
�

x0iA
�1�T
T

�0TA
�1�i
T

!#
p! 1

T
o (1) +

1

$2
e

lim
1

n

nX
i=1

1

T

TX
t=1

E [(xit � �xit�1) eit]

=
1

$2
e

lim
1

n

nX
i=1

1

T

TX
t=1

E [(xit � �xit�1) eit]

as (n; T )
seq! 1:
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Also because

1

nT
�0nT�

�1u =
1

n

nX
i=1

�

�2e + ��
2
�

�
�i
T
+
�0TA

�1�i
T

�
p! 0

and 1
nx

0��1�nT
p! 0 and 1

n�
0
nT�

�1�nT
p! 1

�2�
, which are proved in part (a).

Hence, we have

1

nT
G2 =

1

nT
x0��1u� x

0��1�nT
n

�
�0nT�

�1�nT
n

��1
�0nT�

�1u

nT

p! 1

$2
e

lim
1

n

nX
i=1

1

T

TX
t=1

E [(xit � �xit�1) eit]

as (n; T )
seq! 1:

Note that

1p
nT

G2 =
1p
nT
x0��1u� x

0��1�nT
n

�
�0nT�

�1�nT
n

��1
�0NT�

�1up
nT

First consider

p
nT

1

nT
x0��1u

=
1

$2
e

1p
n

nX
i=1

"
1p
T

�
$2
e�iT

$2
e + ��

2
�

x0iA
�1�T
T

�
+

 
x0iA

�1�ip
T

�
�2�T

$2
e + ��

2
�

x0iA
�1�T
T

�0TA
�1�ip
T

!#

For a �xed n, 1T x
0
iA

�1�T
p! 0, which has been proved in part (a), and

p
T

"
1

T
x0iA

�1�i � lim
1

T

TX
t=1

E [(xit � �xit�1) eit]
#

=
p
T

"
1

T

TX
t=1

(xit � �xit�1) eit � lim
1

T

TX
t=1

E [(xit � �xit�1) eit]
#

=
p
T

"
1

T

TX
t=1

("it + (�� �)xit�1) eit � lim
1

T

TX
t=1

E [(xit � �xit�1) eit]
#

=
p
Tf 1

T

TX
t=1

��
"it + (�� �) "it�1 + � (�� �) "it�2 + �2 (�� �) "it�3 + � � �

�
eit
�

� lim 1

T

TX
t=1

E [(xit � �xit�1) eit]g

= N

 
0;

�
1� 2��+ �2

�
 00

1� �2

!
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where  00 = E
�
"2t e

2
t

�
and

1p
T
�0TA

�1�i = (1� �)
1p
T

TX
t=1

eit ) (1� �)$eN (0; 1)

as T !1. Hence,

p
nT

"
1

nT
x0��1u� 1

$2
e

lim
1

n

nX
i=1

1

T

TX
t=1

E [(xit � �xit�1) eit]
#

=
1

$2
e

1p
n

nX
i=1

"
1p
T

�
$2
e�iT

$2
e + ��

2
�

x0iA
�1�T
T

�
+

 
x0iA

�1�ip
T

�
�2�T

$2
e + ��

2
�

x0iA
�1�T
T

�0TA
�1�ip
T

!#

� 1

$2
e

p
nT lim

1

n

nX
i=1

1

T

TX
t=1

E [(xit � �xit�1) eit]

) 1

$2
e

1p
n

nX
i=1

N

 
0;

�
1� 2��+ �2

�
 00

1� �2

!

=
1

$2
e

N

 
0;

�
1� 2��+ �2

�
 00

1� �2

!

as (n; T )
seq! 1.

Also consider that

1p
nT
�0nT�

�1u =
1p
n

nX
i=1

1p
T

�

�2e + ��
2
�

�
�i + �

0
TA

�1�i
�

=
1p
T

1p
n

nX
i=1

�

�2e + ��
2
�

�i +
1p
n

nX
i=1

�

�2e + ��
2
�

�0TA
�1�ip
T

It is easy to see that

1p
T

1p
n

nX
i=1

�

�2e + ��
2
�

�i =
1p
T
op (1)

Also, for a �xed n,

1p
n

nX
i=1

�

�2e + ��
2
�

�0TA
�1�ip
T

) 1p
n

nX
i=1

�
(1� �)$e

�2�
N (0; 1)

�
as T ! 1 because 1p

T
�0TA

�1�i ) (1� �)$eN (0; 1), which has been proved

in part (e). Also,

1p
n

nX
i=1

�
(1� �)$e

�2�
N (0; 1)

�
) (1� �)$e

�2�
N (0; 1)
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as n!1. Therefore,

1p
n

nX
i=1

�

�2e + ��
2
�

�0TA
�1�ip
T

) (1� �)$e

�2�
N (0; 1)

as (n; T )
seq! 1. So,

1p
nT
�0nT�

�1u) (1� �)$e

�2�
N (0; 1)

Hence, we have

1p
nT

G2 �
p
nT

1

$2
e

lim
1

n

nX
i=1

1

T

TX
t=1

E [(xit � �xit�1) eit]

=
1p
nT
x0��1u�

p
nT

1

$2
e

lim
1

n

nX
i=1

1

T

TX
t=1

E [(xit � �xit�1) eit]

�x
0��1�nT
n

�
�0nT�

�1�nT
n

��1
�0NT�

�1up
nT

) 1

�2e
N

 
0;

�
1� 2��+ �2

�
 00

1� �2

!
:

Note that

1

nT
G1 =

1

nT
x0��1x� 1

T

x0��1�nT
n

�
�0nT�

�1�nT
n

��1
�0nT�

�1x

n

First consider that

1

nT
x0��1x

=
1

$2
e

1

n

nX
i=1

 
x0iA

�1xi
T

�
�2�

$2
e + ��

2
�

x0iA
�1�Tp
T

�0TA
�1xip
T

!
for a �xed n,

1

T
x0iA

�1xi

=
1

T

TX
t=1

(xit � xit�1)2

=
1

T

TX
t=1

x2it +
1

T

TX
t=1

x2it�1 �
1

T

TX
t=1

2xit�1xit

p! 2

�
�2"

1� �2
+
2�
2"
1� �

�
� 2

�
�

�
�2"

1� �2
+
2�
2"
1� �

�
+


2"
1� �

�
=

2�2"
1 + �

+
2
�
�2�2 + 2�� 1

�

2"

1� �
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and
1p
T
x0iA

�1�T =
1p
T
xi1

p! 0;

as T !1. Hence

1

nT
x0��1x

=
1

$2
e

1

n

nX
i=1

 
x0iA

�1xi
T

�
�2�

$2
e + ��

2
�

x0iA
�1�Tp
T

�0TA
�1xip
T

!
p! 1

$2
e

1

n

nX
i=1

"
2�2"
1 + �

+
2
�
�2�2 + 2�� 1

�

2"

1� �

#

=
1

$2
e

"
2�2"
1 + �

+
2
�
�2�2 + 2�� 1

�

2"

1� �

#

holds for all n and hence it holds for a large n as well.

Also because that

1

n
x0��1�nT =

1

n

nX
i=1

1

�2e + ��
2
�

�
X 0
iA

�1�T
� p! 0

since � = 1, and
1

n
�0NT�

�1�nT =
1

n

n�

$2
e + ��

2
�

p! 1

�2�

Hence, we have

1

nT
G1 =

1

nT
x0��1x� 1

T

x0��1�nT
n

�
�0nT�

�1�nT
n

��1
�0nT�

�1x

n

p! 1

$2
e

"
2�2"
1 + �

+
2
�
�2�2 + 2�� 1

�

2"

1� �

#

as (n; T )
seq! 1:

Note that

1

nT
G2 =

1

nT
x0��1u� x

0��1�nT
n

�
�0nT�

�1�nT
n

��1
�0nT�

�1u

nT

First consider that

1

nT
x0��1u

=
1

$2
e

1

n

nX
i=1

"
1p
T

�
$2
e�i

$2
e + ��

2
�

x0iA
�1�Tp
T

�
+

 
x0iA

�1�i
T

�
�2�

$2
e + ��

2
�

x0iA
�1�Tp
T

�0TA
�1�ip
T

!#
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For a �xed n, because 1p
T
x0iA

�1�T
p! 0 which is proved in part (a), and

1

T
x0iA

�1�i =
1

T

TX
t=1

(xit � xit�1) eit
p! lim

1

T

TX
t=1

E [(xit � xit�1) eit] ;

and
1p
T
�0TA

�1�i =
1p
T
�0i1

p! 0;

as T !1. Hence,

1

nT
x0��1u

=
1

$2
e

1

n

nX
i=1

"
1p
T

�
$2
e�i

$2
e + ��

2
�

x0iA
�1�Tp
T

�
+

 
x0iA

�1�i
T

�
�2�

$2
e + ��

2
�

x0iA
�1�Tp
T

�0TA
�1�ip
T

!#
p! 1

$2
e

lim
1

n

nX
i=1

1

T

TX
t=1

E [(xit � xit�1) eit]

as n!1.

Also because that

1

n
�0nT�

�1u

=
1

n

nX
i=1

�

$2
e + ��

2
�

�
�i + �

0
TA

�1�i
�

=
1

n

nX
i=1

1

$2
e + �

2
�

(�i + �
0
i1)

p! 0

and 1
nx

0��1�nT
p! 0 and 1

n�
0
NT�

�1�nT
p! 1

�2�
, which are proved in part (a).

Hence, we have

1

nT
G2 =

1

nT
x0��1u� x

0��1�nT
n

�
�0nT�

�1�nT
n

��1
�0nT�

�1u

nT

p! 1

$2
e

lim
1

n

nX
i=1

1

T

TX
t=1

E [(xit � xit�1) eit]

as (n; T )
seq! 1:

Note that

1

nT
G2 =

1

nT
x0��1u� x

0��1�nT
n

�
�0nT�

�1�nT
n

��1
�0nT�

�1u

nT
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First consider that

p
nT

1

nT
x0��1u

=
1

$2
e

1p
n

nX
i=1

"�
$2
e�i

$2
e + ��

2
�

x0iA
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part (a). Hence, we have
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Proof of Theorem 4:

Proof. By b�GLS�� = G�11 G2 =
h
x0��1x� x0��1�nT

�
�0NT�

�1�nT
��1

�0NT�
�1x

i�1h
x0��1u� x0��1�nT

�
�0NT�

�1�nT
��1

�0NT�
�1u

i
; the proof of Theorem 4 is

straightforward with above lemmas.
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