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Introduction & Motivation

@ Uncertainty about the future development of mortality gives rise to
longevity risk (idiosyncratic and systematic)

o Conventional life annuities are the classical tool in the management of
individual longevity risk

@ In a conventional life annuity the annuity provider takes all risk

e Longevity risk management solutions include loss control/financing
techniques (reinsurance, longevity swaps, Securitization,...)

@ Traditional reinsurance is expensive and has limited capacity

@ Regulatory capital charges are expected to increase for annuity
providers under Solvency Il framework

@ What about sharing longevity risk between annuity provider and
annuitants?

@ What is the size of annuity premium discounts that should be offered
to policyholders for them to accept to (partially or totally) sacrifice
certainty in their annuity benefits?
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Longevity linked life annuities

@ A number of alternative structures which allow participants to pool
mortality and longevity risk have been proposed in the literature

@ Group Self-Annuitization Schemes (Piggott et al., 2005; Valdez et al.,
2006; Qiao and Sherris, 2013)

» Pool participants are insured against individual longevity risk but agree
to share systematic mortality and longevity risks

Annuity Overlay Fund (Donnelly et al., 2014)

» investment risk is separated from mortality risk, each individual retains
absolute control over their own investments, the fund does not protect
against longevity risk

Mortality indexed annuity (Richter and Weber, 2009)

Longevity-indexed life annuities (Denuit et al., 2011, Bravo et al.,
2009)

» benefits are adjusted over time according to a longevity index
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Conventional life annuity

@ Consider an individual buying a conventional immediate life annuity at
age xp in calendar year ty

@ The random life annuity single premium, computed using a cohort

approach, is
[}_] TXo(tO) w—Xp ]
axo0 (tO) =E Z Z(O' k) |]:0 = Z Z(O,k pxo (t )
k=1 k=1
where -
kpXo H — Axo+j t0 +J)]
j=0

kp)[fo](to) : probability of a person aged Xp in year tg being alive at age

Xo + k, based on a forecast of some reference population
Z (t, T) : zero coupon bond price
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Longevity-linked life annuities

The structure of the contract

o Consider now a longevity-linked life annuity (LLLA) structured as in
Denuit et al. (2011)
@ Annual annuity payments depend on a longevity index

Fol(ey) k2 pa(to +))
Ito+k:kp)[?:k](0)_ Dot k=1, w—x (1)

_ o Z,
WP () =0 pl (1 + )

@ If the contract specifies an annual benefit payment equal to one unit
of currency, the annuitant receives a stream of payments Z; 1,
Zty42, - Lty+w—x, as long as he/she survives

@ More generally, define the following adjustment mechanism:

bt0+k = bt‘g ft0+k (It0+k) , k = ]., ., W — X, (2)

where by, denotes the benefit determined at annuity inception and
where f; 4k is a suitable function
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Longevity-linked life annuities

The structure of the contract

@ The random life annuity single premium under a LLLA is

w—Xp
LA (10| Tik) = Y Z (0, k) - P2 (10) - broFio ik (Tioik)  (3)
k=1

o Assume by, = 1 and fy 1k (Zyy+k) = Lty+k, Vk € [1, w — xo]

@ From (1) we can write

P2 (1) = P (1) - Ty s
so that atttA (tg|Zy, 1k ) becomes
w—Xo w—Xo
Y Z(0,K) kP (1) Topn = Y Z(0,K) -« P2 (10)
k=1 k=1
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Longevity-linked life annuities

Embedded longevity options

@ Without loss of generality, assume that:
v by =1
> froak (Zork) = Lotk
o Benefit payments at time ty + k (k =1,...,w — xp) can then
expressed as:

CASE A: T, . =1

@ mortality rates evolve has expected

bto+k = Ito+k =1 (4)

The longevity-linked life annuity resembles a traditional life annuity with
level benefit
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Longevity-linked life annuities

Embedded longevity options

CASE B: T, < 1

@ Observed longevity improvements are higher than predicted

@ The annuity benefit payment is given by the current value of the
longevity index capped by its inception value, i.e.,

beyic = min (1, Zo k) (5)

@ This benefit can be expressed in terms of the final (maturity) payoff of
an European-style longevity put option on the value of the longevity
index with strike the minimum (initial) amount guaranteed, i.e.,

bty+k =1 —max (1 — Zy44;0) (6)

/

longevity floorlet
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Longevity-linked life annuities

Embedded longevity options

CASE C: 7, > 1

@ Observed longevity improvements are actually worse than forecasted

@ Benefit payments at time ty 4+ k are floored by the annuity benefit at
inception
beo+k = max (1, Ly 1.k ) (7)

@ The benefit can be expressed in terms of the final payoff the final
payoff of a long position in a conventional level life annuity and a long
position in an European-style longevity caplet with strike equal to the
annuity benefit at inception and underlying Z;  «

bt0+k =14 max (It0+k - 1, 0) (8)

-
longevity caplet
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Capped Longevity-linked life annuities

Embedded longevity options

@ Objective: delimitate the systematic longevity risk beared by the
policyholder in order to eliminate the possibility that annuity benefits
may become extremely low in a scenario in which observed longevity
improvements are significantly higher than predicted

@ The longevity index is replaced by its capped version
Ty (Tt Tig3ic) = max{min (Zoo 1 T24) s Tighuc }
with 0 <Z7\ <1 <ZP%.

@ The upper and lower barriers for the longevity index may change over
time or be constant during the whole contract

@ In this latter case, ;‘;ixk = 7™M and Ig;ifk =7Imn k=1, .. w-— X0
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Capped Longevity-linked life annuities

Embedded longevity options

Alternative decompositions for the annuity payments in terms of
European-style longevity options:
1. A protective longevity collar, i.e., a combination between the
underlying, a long position in a longevity floorlet with strike Im'”k and

a short position in a longevity caplet with strike Z;7%%

_ min . max .
btk = ZLegrk + max( to+k Tiyiks 0) — max (It0+k — Liyrko 0)

longevity floorlet longevity caplet

2. A long position in a longevity caplet spread, i.e., a combination
between the minimum guarantee, a long position in a longevity caplet

with strike Im'"k and a short position in a longevity caplet with strike

max
to+k

__ gmin min . max .
bk = Ligis +max (Zgrk — I 14 0) — max Lk — I3 4 0)

/ 34
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Capped Longevity-linked life annuities

Alternative decompositions for the annuity payments in terms of
European-style longevity options:

3. A short position in a longevity floorlet spread, i.e., a combination
between the maximum benefit, a long position in a longevity floorlet

with strike I{‘;Ik and a short position in a longevity floolet with strike

max
Il’o-i—k

__ gmax min . max .
bt0+k = Ifo-l-k -+ max (It0+k - It0+k, 0) — maXx (It0+k - It0+k, 0)

Remark: Contrary to traditional financial options that give the buyer the
right, but not the obligation, to buy or sell the underlying asset at a
specific strike price on or before a certain date, the longevity options
embeeded in a LLLA will be automatically exercised if expiring
in-the-money.
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Structuring products using longevity options

@ By combining a long position in a longevity caplet with a short
position in a longevity floorlet we are able to build a synthetic long
forward position in the longevity index, i.e., for by, = 1

max (Zy+k — 1;0) —max (1 —Zy14;0) = (Zty4k — 1)

@ In a symmetrically designed longevity-linked life annuity at any time
to+k (k=1,..,w — xp) the benefit payment can be expressed as a
combination of a long position in a conventional life annuity with a
long position in a synthetic forward on the longevity index, i.e.,

bty+k = 1+ max(Zyik —1;0) —max (1 — Zy44;0)
1 + (Ito-i-k - ]-) = Ito+k
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Pricing longevity-linked life annuities

@ The single premium of a symmetrically designed LLLA can be
calculated by adding the price difference between an European-style
longevity cap £ and the corresponding longevity floor £LOOR
(both with maturity w — xp, underlying asset Z,« and constant
strike equal to 1) from a conventional life annuity premium

3 A (0| Zegk) = axo (t0|Ito «) + LCAP — FLOOR (9)

where
LAP = 2 Z (0, k), pH (tg) max (Tpys —1;0)  (10)
k=1
LFLOOR _ 2 Z (0, k), pH (tg) max (1 — Ty s: 0) (11)

k=1
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Pricing longevity-linked life annuities

e Similar to an interest rate cap, the embedded longevity cap (floor)
entails a series of European call (put) options or longevity caplets
(floorlets), each of which expiring at each period the longevity linked
life annuity is in existence

o Finally, the premium for a Capped longevity-linked life annuity

(CLLLA), afOLLLA = afOLLLA (t()]Itﬁk,Igixk,IgIk) can be written as

w—Xp
F . X i
A = Y Z(0.k), pl (o) max {min (T TR 1 THES)
k=1

@ The premium afg;LLLA (t0|Ito+k:IgiXk:Ig$k) represents the

systematic risk remaining with the annuity provider
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The valuation framework

@ The valuation of longevity-linked derivatives with non-linear payoff
structure has received little attention in the literature:

>

Blake et al. (2006a) suggest that the payoff of an option should be
linked to a survivor index or futures price

Lin and Cox (2007) study the pricing of a longevity call option linked
to a population longevity index for older ages by combining a GBM and
a compound Poisson process allowing for jumps

Cui (2008) uses the Equivalent Utility Pricing Principle to valuate
longevity options

Dawson et al. (2010) derive a closed-formula for European swaptions
Milidonis et al. (2011) price longevity options using a Markov
regime-switching model

Wang and Yang (2013) price survivor floors using an extension of the
Lee-Carter model

Boyer and Stentoft (2013) evaluate both European and American-style
short-term survivor moving strike options using risk-neutral simulation
methods

Jorge Bravo, Najat El Mekkaoui (UNL/UPD) Valuation of longevity-linked life annuities Lyon, September 7-9, 2015 17 / 34



The valuation framework

@ Because of market incompleteness, the valuation of Longevity-linked
securities is difficult

@ Various methods have been proposed to approximate the prices of
longevity-linked securities in an incomplete market

arbitrage-free pricing framework (e.g., Cairns et al. 2006)
Instantaneous Sharpe ratio (e..g, Milevsky et al. 2005)

Equivalent Utility Pricing Principle (e.g., Cui 2008)

CAPM- and CCAPM-based approach (Friedberg and Webb 2005)
Distortion operators, e.g., Wang transform (e.g., Lin and Cox (2005),
Dowd et al. (2006), Blake et al. (2006b), Denuit, Devolder, and
Goderniaux (2007)

» Risk-neutral simulation approach (Boyer and Stentoft, 2013)

vV v vV VY
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The valuation framework

@ We use the risk-neutral simulation approach to price the longevity
options embedded in LLLA

o Risk-adjusted distributions of future mortality rates are simulated
using the Wang transform and assuming the dynamics of mortality
rates is modelled using the log bilinear Lee-Carter model under a
Poisson setting

@ The Wang-distortion methodology is simple to implement in practice,
has nice properties and preserves Gaussianity

@ Wang (1996) defines the following risk adjusted distribution:

Fx)=@[@7! (F(x) - A)]
where F (x) is the CDF of variable X, ® is the normal CDF, and A is
the market price of risk
o If applied on a Gaussian distributed variable X, i.e. X ~ N (y,a2),

the Wang operator yields a transformed variable X that also follows a
Normal distribution with N (;t — Ao, (72)
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Log bilinear Lee-Carter model under a Poisson setting

@ Brouhns et al. (2002), Renshaw and Haberman (2003)
@ The model is defined by

Dyt ~ Poisson (i, (t) Ex.¢) (12)
with

p (t) = exp (ax + B Kt) (13)
s.t. identification constraints

tmax Xmax

Z;ctzo and Zﬁle_

t=tmin X=Xmin

o Parameters estimated using an iterative algorithm (Goodman, 1979)
@ Denuit and Goderniaux (2005) closure method was applied, with
pi2s =0
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Estimation results for the Poisson Lee—Carter model

o Mortality Data: French total population 1950-2013, ages 50-95
@ Source: Human Mortality Database (2015)

Crude (logrates) mortality rate by year
FRANCE: Total Population, Combined sexes

fitted logrates

T T T
1950 1960 1970 1980 1990 2000 2010

Calendar year
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Estimation results for the Poisson Lee—Carter model

alpha beta kappa
T T T T T T T T T T T T T T T T T
50 60 70 80 90 50 60 70 80 90 1950 1960 1870 1980 1880 2000 2010
age age year

Figure: Poisson Lee-Carter parameter estimates
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Forecasting/Simulating with the Poisson Lee—Carter model

o We model x; using a random walk with drift time series model

Ky = 9 +Kt—1 —‘Fet, €t ~ N (0,02)

[ 0 [se(®] o | AIC [ BIC | R |
| -0.6995 | 0.1818 | 2.083 | 229.01 | 233.29 | 0.989 |

Table: Parameter estimates and goodness-of-fit measures for ARIMA(0,1,0)
model using data for France from 1950 to 2013.

@ To simulate risk-adjusted distributions of future mortality rates, we
use draws from a € ~ N (—Ac, ¢?) distribution, with A € [0.0,0.3]
@ A simulation consists of N = 10000 trajectories for x; generated

recursively, one for each year necessary to price the longevity
derivatives
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Pricing results: Longevity floor

Panel A: Conventional life annuity pure premium (r = 0%)
Age 50 55 60 65 70 75 80 85 90

A2 () 3680 31.80 2698 2234 17.89 1370 993 679 4.44

Panel B: Longevity Floor price
Age 50 55 60 65 70 75 80 85 90

A=0.0 0.51 0.46 0.40 0.34 0.27 0.21 0.14 0.09 0.05
A=0.1 1.17 1.01 0.84 0.68 0.52 0.37 024 0.14 0.08
A=02 2.08 1.76 1.44 1.13 0.84 058 037 021 0.11
A=03 3.08 2.60 2.13 1.66 1.23 0.84 051 028 0.14
Panel C: Longevity Floor price as a % of aLfO} (to) (in b.p)

Age 50 55 60 65 70 75 80 85 90

A =00 137 143 148 151 153 151 144 132 115
A=0.1 317 316 312 303 289 269 242 207 171
2 565 553 534 508 472 425 368 304 241
3 837 819 789 745 685 609 518 417 323

Jorge Bravo, Najat El Mekkaoui (UNL/UPD) Valuation of longevity-linked life annuities Lyon, September 7-9, 2015



Pricing results: Capped Longevity floor

Panel A: Capped Longevity Floor price (r = 0%)
Bounds/Age 50 55 60 65 70 75 80 85 90

[0.0,1 3.08 260 213 166 123 084 051 028 0.14
091 153 133 112 092 071 052 034 021 0.11
08,1 221 191 160 129 098 070 045 026 0.14

]

]

]

] 260 224 18 148 111 078 049 027 0.14
] 284 242 200 158 1.18 081 051 028 0.14
] 297 252 207 163 121 083 051 028 0.14
] 3.03 257 211 165 122 083 051 028 0.14
] 3.07 259 212 166 122 083 051 028 0.14
] 308 260 213 166 123 084 051 028 0.14
] 3.08 260 213 166 123 084 051 028 0.14

Table: Life annuity pure premium and longevity floor price for cohorts of
individuals with selected ages between 50 and 90 years old in 2013. Results are
based on a flat yield curve at zero percent and a longevity risk premium equal to
0.3.
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Pricing results: Capped Longevity floor

Panel B: Capped Longevity Floor price as a % of aLfO] (to) (in b.p)

Bounds/Age 50 55 60 65 70 75 80 8 90

[0.0,1 837 819 789 745 685 609 518 417 323
091 417 418 416 410 398 378 347 304 256
081 601 601 593 577 550 510 452 379 305

]

]

]

] 708 703 689 663 623 567 493 405 318
] 770 761 741 708 659 593 509 413 322
] 806 793 768 730 675 604 515 416 323
] 825 809 781 740 682 608 517 417 323
] 833 816 787 743 685 609 518 417 323
] 836 818 788 744 685 609 518 417 323
] 837 819 789 745 685 609 518 417 323

Table: Life annuity pure premium and longevity floor price for cohorts of
individuals with selected ages between 50 and 90 years old in 2013. Results are
based on a flat yield curve at zero percent and a longevity risk premium equal to
0.3.
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Pricing results: High interest rate scenario

Panel A: Conventional life annuity pure premium (r = 3%)
Age 50 55 60 65 70 75 80 85 90

A2 () 2112 1937 1745 1534 1303 1056 8.07 578 3.92

Panel B: Longevity Floor price
Age 50 55 60 65 70 75 80 85 90

A=0.0 0.17 0.17 0.17 0.16 0.15 0.13 0.10 0.07 0.04
A=0.1 0.37 0.36 0.35 0.32 0.28 0.22 0.16 0.10 0.06
A=02 0.64 0.63 0.59 0.53 0.44 0.35 0.24 0.15 0.08
A=03 0.94 0.91 0.86 0.76 0.64 049 034 020 0.11
Panel C: Longevity Floor price as a % of aLfO} (to) (in b.p)

Age 50 55 60 65 70 75 80 85 90

A =00 79 88 98 107 115 120 121 115 103
A=0.1 175 188 199 208 212 209 199 178 153
2 305 323 336 343 341 327 299 259 214
3 446 472 490 498 490 464 417 353 284
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Pricing results: High interest rate scenario

Panel A: Capped Longevity Floor price (r = 3%)
Bounds/Age 50 55 60 65 70 75 80 85 90

[0.0,1 094 091 086 076 064 049 034 020 0.11
09,1 055 054 051 047 041 033 024 016 0.09
081 0.74 073 069 063 054 043 030 019 0.11

]

|

] 084 082 078 070 060 046 032 020 0.11
] 089 087 082 074 062 048 033 020 0.11
] 092 090 084 075 063 049 034 020 0.11
] 093 091 085 076 064 049 034 020 0.11
] 094 091 08 076 064 049 034 020 0.11
] 094 091 086 076 064 049 034 020 0.11
] 094 091 086 076 064 049 034 020 0.11

Table: Conventional and Capped longevity-linked life annuity pure premium and
prices for longevity floor options for cohorts of individuals with selected ages
between 50 and 90 years old. Results are based on a flat yield curve at three
percent and a longevity risk premium equal to 0.3.
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Pricing results: High interest rate scenario

Panel B: Capped Longevity Floor price as a % of aLfo] (tg) (in b.p)
Bounds/Age 50 55 60 65 70 75 80 85 90

[0.0,1 446 472 490 498 490 464 417 353 284
091 261 279 294 306 313 311 297 269 232
08,1 350 375 395 409 413 403 374 326 271

]

]

]

] 397 423 444 457 457 440 402 344 281
] 422 449 470 480 477 455 412 350 284
] 436 463 482 491 485 461 416 352 284
] 443 469 488 495 489 463 417 352 284
] 445 471 490 497 490 464 417 353 284
] 446 472 490 498 490 464 417 353 284
] 446 472 490 498 490 464 417 353 284

Table: Conventional and Capped longevity-linked life annuity pure premium and
prices for longevity floor options for cohorts of individuals with selected ages
between 50 and 90 years old. Results are based on a flat yield curve at three
percent and a longevity risk premium equal to 0.3.
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Pricing results: Deferred longevity options

@ We now consider the results for the longevity (floor) options
embedded in a deferred longevity-linked life annuity

@ Similar to a conventional deferred annuity, in a deferred
longevity-linked life annuity benefits are linked to the longevity index
(1) but the annuitant does not begin to receive payments until some
future date ty 4+ d, where d is the deferment period in years
(d =5,10,15,20)

@ The price of an European-style deferred longevity floor £LFLOOR,
underlying asset Z; yx and constant strike equal to one unit of
currency is calculated as

wfxofd
LFLOOR — Y. Z(0,k), p)[fk](to) max (1 — Zy,14;0)
k=d+1
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Pricing results: Deferred longevity options

Panel A: Conventional Deferred life annuity pure premium (r = 0%; A = 0.3)
Age 50 55 60 65 70 75 80 85 90

d=5 3171 2671 2190 1727 1285 8.74 518 253 1.03
d=10 26.86 2193 17.20 1270 849 484 214 0.70 0.16
d=15 2215 1734 1276 851 480 206 062 0.11 0.01
d=20 1761 1297 866 490 210 062 010 0.01 0.00

Panel B: Deferred Longevity Floor price

Age 50 55 60 65 70 75 80 85 90
d=5 301 252 203 156 1.11 071 037 0.14 0.04
d=10 293 243 193 144 096 052 0.19 0.04 0.00
d=15 283 231 178 124 070 0.27 0.05 0.00 0.00
d=20 269 213 154 092 037 0.08 0.01 0.00 0.00
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Pricing results: Deferred longevity options

Panel C: Deferred Longevity Floor price as a % of Longevity Floor price

Age 50 55 60 65 70 75 80 85 90
d=5 97.78 96.85 95.63 93.87 90.75 8451 71.79 5059 27.23
d=10 95.28 9337 90.72 86.36 78.06 6197 36.93 13.77 2091
d=15 9193 88.67 8357 7445 5748 3203 10.02 146 0.06
d=20 8739 8185 7243 5555 3053 9.07 113 0.03 0.00

Table: Results are based on a flat yield curve at zero percent and a longevity risk
premium equal to 0.3.
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Pricing results: Summary

@ For a given strike price the longevity floor option prices decrease with
the age of the policyholder at inception, i.e., increase with time to
maturity

@ This relation augments as the risk premium increases

@ For all ages (maturities), that the higher the risk premium A the more
valuable are the longevity options

@ Option prices increase faster the higher the risk premium A for ages in
the range 50-80 since these are the ages for which the mortality rates
are more affected by changes in the time trend parameter x; because
of higher estimates of

@ The embedded longevity option premium ranges between 1.15% and
8.37% of a conventional life annuity premium

@ The results for capped LLLA show that allowing for a 30% reduction
in annuity payments transfers most of the risk to policyholders

@ An increase in interest rates reduces longevity option prices,
particularly for a low market price of longevity risk

@ Deferred longevity floors must be cheaper than longevity floors
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Final remarks

@ Linking the annuity benefit to the mortality experienced in the group
of annuitants offers an alternative longevity risk management tool to
annuity providers

o Call and put options embedded in a longevity-linked life annuity gives
the annuity provider the right to periodically adjust the benefit
payments if the observed survivorship rates are different from those
expected at the contract initiation

@ Longevity-linked life annuity contracts (and GSA and PAF schemes)
include embedded longevity options that have to be taken into
account in pricing/reserving

@ Further research

» Allow for model & parameter risk in pricing the longevity options

» Estimate the impact of considering alternative reference life tables

» Allow for alternative risk sharing arrangements between annuity
providers and annuitants

» Allow for yield curve risk
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