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Abstract

This paper develops a novel asymptotic theory for panel models with
common shocks. We assume that contemporaneous correlation can be
generated by both the presence of common regressors among units and
weak spatial dependence among the error terms. Several characteristics
of the panel are considered: cross-sectional and time-series dimensions
can either be fixed or large; factors can either be observable or unobserv-
able; the factor model can describe either a cointegration relationship or
a spurious regression, and we also consider the stationary case. We derive
the rate of convergence and the limit distributions for the ordinary least
squares (OLS) estimates of the model parameters under all the aforemen-
tioned cases.
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1 Introduction

There is a growing body of literature dealing with limit theory for nonstationary
panels. While the first generation of these contributions assumed independence
across units (see for instance Phillips and Moon, 1999; Kao, 1999), in the second
generation this assumption is relaxed, and hypothesis testing and estimation
methods are evaluated assuming various degrees of cross-sectional dependence,
e.g., see Bai (2003, 2004), Bai and Ng (2002, 2004), Stock and Watson (2002).
We can distinguish the case where regressors are cross-sectionally dependent
(see Donald and Lang, 2004; Moulton, 1990) from the case where it is the
error terms across unit to be dependent (see for instance Bai and Kao, 2006;
Moon and Perron, 2004) or both (see for instance Ahn, Lee, and Schmidt, 2001;
Pesaran 2006).

The main aim of this paper is to propose a novel asymptotic theory for
panel models where common shocks are present among the regressors, thereby
introducing strong cross-sectional dependence. We generalize the asymptotics
developed by Phillips and Moon (1999) and Andrews (2005) by employing and
extending the theory for factor models in Bai (2003, 2004) and Bai and Ng
(2004).

Phillips and Moon (1999) analyze nonstationary panels when both cross-
sectional dimension n and time-series dimension 7" are large. They derive the
seminal result that as n — oo a long-run average relationship between two non-
stationary panel vectors exists even when the single units do not cointegrate.
A similar result is also reported in Kao (1999). However, the asymptotics de-
rived in Phillips and Moon (1999) is based on the assumption of cross-sectional
independence though the authors point out that their results still hold when
certain degree of weak cross-sectional dependence is allowed. Thus, the deriva-
tion of sequential and joint asymptotics with arbitrary dependence amongst
units remains largely unexplored, and it is likely to lead to different asymp-
totics. Asymptotic normality may not hold, for example, when all or part of

the regressors are common across cross-sectional units, and may result in mixed



asymptotic normality, as Andrews (2005) has demonstrated in a cross-sectional
context. Andrews (2005, Theorem 4, p. 1567) proves that the presence of com-
mon factors among the cross-sectional units makes the limiting distribution of
the OLS estimator of the regression slope mixed normal and not normal as in
the classical regression analysis. Note that in this case mixed normality of the
OLS estimator of the regression slope holds even if regressors are stationary,
i.e., I(0), and independent of errors. This finding is also obtained in our paper
when studying the distribution limit for the OLS estimator of the regression
slope for the fixed T case (see equation 20 in Theorem 2 below), while when we
consider the T' — oo case, not explored by Andrews (2005), we show that in the
stationary case as T' — oo the OLS estimator of the regression slope is normally

distributed.

1.1 Basic Model and Extensions

In this paper we consider the following panel regression model with common
shocks

Yit = o + B Fy + uit (1)
i=1,...,n,t=1,...,T, where 8 is a k x 1 vector of slope parameters and the

regressor Fy = (Fiy, ..., Fkt)' is a k x 1 vector of common shocks,
Ft = Ft—l + &¢.

Equation (1) could be either a spurious regression or a cointegration model de-
pending on whether u;; is I(1) or I (0), respectively. It is important to emphasize
that, as far as the presence of F; is concerned, equation (1) represents a panel
regression model with a set of regressors, Fy, which is common across units and
with common slope coefficient 5. Model (1) differs from a factor-loading specifi-
cation as in Bai (2004) and Bai and Ng (2004), for example. Thus, in our setup
F; is a genuine (observable or unobservable) regressor rather than a “common
factor”. A framework which is similar in spirit to the one in this paper is in
Stock and Watson (1999, 2002, 2005), where y;; in (1) (with n = 1) is the time-

. . . ! . . .
series variable to be predicted and z; = (21, 2i2, ..., zi7) is an n-dimensional



multiple time-series of candidate predictors; also, model (1) resembles the panel
cointegration model with global stochastic trends of Bai, Kao and Ng (2009),
although (1) assumes having common £.

When common shocks are not observable, we assume that a set of exogenous

variables, z;:, is observable such that
zit = N Fy + €t (2)

where \; is a vector of factor loadings and e;; is an idiosyncratic component.
We assume throughout the paper, for the sake of the simplicity of the notation,
that the number of the z;;s is the same as that of the y;;s. However, the panel
dimensions of y; and the z; may be different, for example y;; may refer to
individuals while z;; may index several macro variables.

To extend our results to the stationary panel model case, we also consider

the first-differenced form of model (1),
Ayir = B'AF; 4 Augy. (3)

Model (1) considers a very simple specification. However, it could be ar-
gued that a more complete and realistic framework should also embed a set of

idiosyncratic shocks, i.e.,
Yit = i + B'Fy + it + ui. 4)

For the sake of notational simplicity, the main results in the paper, reported
in Section 3, are derived under the restrictive assumptions of no idiosyncratic
shocks, i.e., under the constrain that v = 0. However, in Section 4 we show
that our main results concerning the asymptotics of the estimator of 5 are still
useful in presence of a more complicated specification as (4). This is obviously
true when the regressors F; and x;; are orthogonal. We also examine the case
whereby the x;; are allowed to be correlated with F; via the factor-loadings
specification

Ty = TGy + Wi (5)



where G; is a set of common factors that can be independent of the regressors
F; or (fully or partly) overlap with them, and w;: is a unit specific (stationary
or nonstationary) shock. A similar framework that allows for cross-sectional
dependence among the idiosyncratic regressors and dependence between the
idiosyncratic regressors and the common regressors is in Pesaran (2006) and
Kapetanios, Pesaran and Yamagata (2006), even though in our paper F} is a
set of regressors and not nuisance parameters. Note that allowing for z;; being
dependent upon F; through some possibly heterogeneous loadings 7; allows for
the response of y;; to Fy being (indirectly) heterogeneous across individuals.
Models (1) and (4) are frequently employed for the purpose of forecasting
(Stock and Watson, 1999, 2002, 2005), and they encompass a wide set of models
in economics and finance. As a general interpretation, such models represent the
decision of a microeconomic agent i (y;t), being influenced by macroeconomic
factors F; and by a set of individual specific characteristics, «; and possibly
x;+. Examples in the literature include, inter alia: demand for household food
consumption (see e.g., Dynarski and Sheffrin, 1985, where households are as-
sumed to have the same elasticity to food price, which is the common shock,
and to permanent income, which is the idiosyncratic variable); firm size evolv-
ing according to a random walk, a case known in the literature as Gibrat’s
law (see Sutton, 1997; Geroski et al., 2002); other examples can also be found
in micro demand for investment, consumption, labor demand. Moreover, the
forward rate unbiasedness hypothesis postulates that the forward rate is an un-
biased predictor of the corresponding future spot rate. This hypothesis has
been extensively tested for exchange rates (Baillie and Bollerslev, 1989; Liu and
Maynard, 2005; Westerlund, 2007). Another example in finance are models for
default intensity for firm ¢ at time ¢ expressed as function of common factors
(such as U.S. 3-month T-bill and the trailing 1-year returns) and idiosyncratic
covariates such as distance to default and trailing 1-year stock return of the firm
i (see Das, Duffie, Kapadia and Saita, 2007). Relevant is also the literature on
output convergence where output for country i at time ¢ depends on a set of

common, to all n countries, technological shocks/knowledge and heterogenous



degrees of access to the technological knowledge (Pesaran, 2007; Phillips and
Sul, 2007). Considering (3), which represents a stationary panel regression with
common shocks, the most natural application one may have in mind is to asset
pricing models, such as the APT, where asset returns are explained by common
factors (such as e.g., market return and powers thereof to represent coskewness
and cokurtosis, macro factors, etc.); see Cochrane (2005) for a comprehensive

review.

1.2 Main Results

Our asymptotic theory considers several features of the underlying model. First,
we assume that contemporaneous correlation can be generated by both the
presence of common regressors (e.g., macro shocks, aggregate fiscal and mone-
tary policies) among units and weak spatial dependence among the error terms.
Second, the common shocks can either be known or unobservable. Classical
examples of observed common shocks are index models such as those used in in-
ternational trade, labor economics, urban regional, public economics and finance
literature. Most often, shocks are unknown, as in the cases of index extraction
and indicators aggregation in economics, e.g., Quah and Sargent (1993), Forni
and Reichlin (1998), and Bernanke and Boivin (2000). Third, regression model
(1) may describe either a cointegration relationship or a spurious regression.
Fourth, the time-series dimension T and the cross-sectional dimension n can be
either fixed or large. We develop our limit theory by considering cases where
the time-series dimension 7" and the number of units n are large and we also
include the case of when either n or T'is fixed.

An overview of the results derived in this paper is reported in Table 1.

[Insert Table 1 somewhere here]

As Table 1 shows, this paper provides a unified framework for the asymp-
totics of panels with common shocks. Particularly, results for the case of large

n and large T with observable F; are novel and can be thought of as extensions



Table 1: Consistency (C) and Limiting Distribution (LD) of 8: ;s = o + B8 Fy + us

F; known F; unknown
(n,7) | C | LD (n,7) | C ] LD
|| Cointegration: u;z ~ I(0) ||
Fized n . )
T s oo Yes | Mixed Normal (Eq.11) Yes | Non Standard (Eq. 37)
Fi T
iwed Yes | Mixed Normal (Eq.13) Yes | Mixed Normal (Eq.13)
n — 00
(n,T) — oo
n/T — 0 Yes | Mixed Normal (Eq.15) | n/T — 0 | Yes | Mixed Normal (Eq. 27)
T/n—0 Yes | Mixed Normal (Eq.16) | T'/n — 0 | Yes | Non Standard (Eq. 32)
|| Spurious Regression: u;; ~ I(1) ||
Fizedn
T - oo No | Non Standard (Eq. 12) No | Non Standard (Eq. 38)
Fized T Yes | Non Standard (Eq. 14) Yes | Non Standard (Eq. 14)
n — 00
(n,T) — o0
n/T — 0 Yes | Non Standard (Eq. 17) | n/T — 0 | Yes | Non Standard (Eq. 29)
T/n— 0 | Yes | Non Standard (Eq. 18) | T/n — 0 | Yes | Non Standard (Eq. 30)
~FD
H First Differences: 5 : Ays = B'AF;, + Augy H
Fizedn
T - oo Yes Normal (Eq. 19) No Degenerate (Eq. 39)
Fized T Yes | Mixed Normal (Eq. 20) Yes | Mixed Normal (Eq. 20)
n — 00
(n,T) — o0
n/T — 0 Yes Normal (Eq. 21) n/T — 0 | Yes Normal (Eq. 31)
T/n—0 | Yes Degenerate (Eq. 22) T/n — 0| Yes | Degenerate (Eq. 32)




of the asymptotic theory for panels derived by Phillips and Moon (1999) and
Kao (1999), who consider a model with cross-sectional independence. Assum-
ing cross-sectional dependence in the panel changes the asymptotic theory, and
a typical feature (discussed in greater details hereafter) is the asymptotic dis-
tribution of estimates being no longer normal as opposed to the independence
case. An important result here is the extension of the joint limit theory to the
strong dependence case, and the development of a method of proof for the as-
ymptotics of double sums involving common shocks. Thus, although our results
are specific to model (1), the method of proof we follow can be extended to
study the asymptotics of estimators and tests for different models. For exam-
ple, the method of proof developed here extends readily to inferential theory
for cointegrated panels with common factors (Westerlund, 2007) or it can be
used to show the asymptotics of t-tests for long run parameters in mixed panels
(Fuertes, 2008; Ng, 2008); other applications to models where common factors
are treated either as nuisance parameters or are genuine observable regressors
are possible.

Results obtained for the case whereby the common shocks F; are not ob-
servable are also new. The asymptotic theory for the estimates of the common
shocks F} is based on previous work by Bai (2003, 2004) and Bai and Ng (2002,
2004), and extended to the case of finite n. When common shocks are not ob-
servable, the estimated latent variables F; are used as generated regressors to
estimate 8. This introduces a new error component in the regression equation.
An important contribution of our paper is to study the impact of the estimation
error when one needs to use an estimate of F} in the regression model; see e.g.,
although in a nonparametric set-up, Connor, Hagmann and Linton (2007). Note
that in Table 1, the “non standard” limiting distributions depend also on the
assumptions made on the data generating process (DGP). Section 3 provides
details on this.

Last, it is important to note that, as far as Theorems 1-4 are concerned,
when both n and T are large the limits we derived are joint limits, which we

obtain for (n,T) — oo under, as a restriction on the rate of expansion of n and



T, n/T — 0. Although more details on the method of proof are provided in
Theorem 9 in Appendix B and in the remarks and proofs (reported in Appendix
C) of the other theorems, the derivation of the joint limit is carried out by
conditioning on the o-field generated by the common shocks F;. We show, in a
similar spirit to Andrews (2005), that this entails that the quantities involved
in the derivation of the asymptotics are martingale difference sequences (MDS),
conditional on F;. For each of the cases considered here, we then prove a joint
Liapunov condition, under (n,T") — oo, which allows to apply the MDS central
limit theorem (CLT) discussed in Hall and Heyde (1980) as (n,T) — oco. The
restriction on the rate of expansion n/T is derived using similar arguments as in
Phillips and Moon (1999), based on the Beveridge-Nelson (BN) decomposition

of the series involved in the calculations.

The remainder of the paper is organized as follows. Section 2 introduces and
comments on the main assumptions. In Section 3, we report the asymptotic
theory of the ordinary least square (OLS) estimators of 5 in models (1) and (3).
We analyze both the cases of known factors (Section 3.1) and unknown factors
(Section 3.2), and we distinguish the cases of large n and T, finite T and large
n and finite n and large T'. Section 4 considers a discussion of the asymptotics
for the estimator of when the data are generated by (4). Some Monte Carlo
evidence is reported in Section 5. Section 6 concludes. Appendix A reports
and discusses a joint MDS CLT. The main proofs are reported in Appendix B,
contained in the present paper. Other proofs and preliminary Lemmas are in
Appendix C.

Notation is fairly standard. Throughout the paper, ||A|| denotes\/tr (A’A),
— the ordinary limit, = weak convergence, and 2 convergence in probability.
Stochastic processes such as B (r) on [0,1] are usually written as B, integrals
such as fol B(r)dr as [ B and stochastic integrals such as f01 B(r)dB(r) as
f BdB. We let M < oo be a generic positive number, not depending on 7" or n.



2 Model and Assumptions

We assume that y;; is generated as follows

yie = o+ 0F +uy
F, = Fii+eg (6)
Zit = )\;Ft + €t

i=1,..,n;t=1,..,T; Bis akx1 vector of slope parameters; F; = (Fiy, ..., Fit)’
is a k x 1 vector of common shocks; u;; may be I(1) or I (0) (spurious regression
or cointegration relationship); z; is a set of observed exogenous variables.
Define B, as the Brownian motion associated with the partial sums of ; with
covariance matrix Q.. and B. (r) as the demeaned Brownian motion associated
to the partial sums of F}, i.e., B. (r) = B. (r) — fol Bc (r)dr. The following set

of assumptions are used throughout the paper:

Assumption 1: (a) Either (i) (cointegration case) w;z = D; (L)n;,, or (ii)
(spurious regression case) Auy = F; (L)n, with F; (1) # 0 and such that
> uit ~ I (1); for both cases, 1;, vrE (0,02) over t and 4, with E ;> < M,
Ym0 d [Dij|l < M, 325207 |Fij| < M and D (1) o3 > 0, F7? (1) 07 > 0; the two
MA processes u;; = D; (L)n;, and Auy = F; (L) n;, are assumed to be invert-
ible; (b) (time-series and cross-sectional correlation) letting E (u;tujs) = Tij,ts =
Tigle—s| and B (AuitAujs) = 7515 = Vij|t—s|» 88 7 — 00 a law of large numbers
(LLN) and a CLT hold for the quantities n=*/2 3", u; and n=1/2 ", Auy,.
Assumption 2: ¢, = C'(L)w; where C'(L) =372, C;L7; (a) wy S (0,%,)
with E [lw||*"® < M for some § > 0; (b) Var (AF,) = Sap = >0 CiZuCy s
a positive definite matrix; (c) 3727 [|Cjl| < M and (d) C (1) has full rank.

Assumption 3: F HF0H4 <M and E |ui0|4 <M.

Assumption 4: The loadings A; are non random quantities such that (a)

[Ail] < M; (b) either n=t 3" | N\, = By if nis finite, or limy, oo n ™2 D00 MA] =

10



YA, if n — oo; in both cases, the matrix X, is positive definite and such that

the eigenvalues of the matrix E}\/ ) A FE}\/ 2 are distinct, and the eigenvalues of

the stochastic matrix Z}\/ 2 J BEBéZ}\/ ®are distinct with probability 1.

Assumption 5: e; = G;(L)v; where (a) vy idd (O,U%Ji), E\vit\s < M,
Z;?ioj |Gij| < M and GZ(1) 02, > 0; (b) E (vpvj) = 745 with Y0 [745] <
M for all j; (6) B |12 550 [ewei — B (esnern)]] < M for every (t,5); (d)
B0 1S i) = 1ans [as < M forall s and 7157 5T | <
M; (e) Eleqp|* < M.

Assumption 6: {e:}, {u;} and {e;:} are three independent groups; Fp is

independent of {u;;} and {e;}.

Assumption 1(a) considers the possibility that equation (1) is either a coin-
tegration or a spurious regression. Processes u;; and Awug; are assumed to be
invertible MA processes as in Bai (2004) and Bai and Ng (2004), in a similar
fashion to processes e; and e;;. Assumption 1(b) also considers the presence
of some, limited, cross-sectional dependence among the wu;s or the Auys and
therefore it rules out the possibility that all the cross-sectional dependence is
taken into account by the common factors Fj, e.g., see the related work by
Conley (1999).

Even if it refers to a different framework (panel data with common shocks as
opposed to factor models), we take a position similar to that in Bai (2003, 2004)
and Bai and Ng (2002, 2004). Using the factor models terminology, this means
having a model with an “approximate factor structure”, which differs from a
strict common factor model where the u;; are assumed to be independent across
i, e.g., Chamberlain and Rothschild (1983) and Onatski (2005).

The amount of cross-sectional dependence we allow for in Assumption 1(b)
is anyway limited, since we require that it allows a LLN and a CLT to hold for
the (rescaled) sequences >» ; u; and Y .| Augy.

Assumption 2 allows for some weak serial correlation in the dynamics of

€;. This process can be described as invertible MA process, implied by the

11



absolute summability conditions. Both the short run and the long run variance
of AF; are positive definite (Assumptions 2(b) and 2(d), respectively). Note
that Assumption 2(d) rules out the possibility that the (common) regressors F;
in model (1) are cointegrated. This requirement is standard in cointegration to
have non-degenerate limiting distributions.

Assumption 3 is a standard initial condition requirement. Assumption 4
serves to identify the factor loadings, which, merely for the purpose of a concise
discussion, are assumed to be non random. This requirement could be relaxed,
as in Bai (2003, 2004) and Bai and Ng (2004), assuming that the A; are randomly
generated and independent of ¢; and e;;, and our results would keep holding.
Assumption 4(b) ensures that the factor structure is identifiable. Note that
it would be possible to relax this assumption by constraining the minimum
eigenvalue of Y 7" | A\, to tend to infinity as n — oo, as pointed out by Onatski
(2005). This structure would allow factors to be less pervasive than in our
framework, thereby allowing the idiosyncratic component e;; in equation (2)
to have a greater impact in explaining the contemporaneous correlation among
the z;. Nonetheless, this would be made at the price of losing the possibility
to model the z; as a serially correlated process, whilst in our framework some
limited time-series and cross-sectional dependence in model (2) is allowed for
as one could realize from Assumption 5. As pointed out in Bai (2003), the
conditions in Assumption 5 are fairly general and allow for consistency and
distribution results to hold for the principal component analysis (PCA).

Assumption 6 also rules out the existence of any form of dependence between
factors Fy and u;. Therefore, it is a stronger requirement than the simple lack
of correlation, and we need it in order to prove the main results in our paper.

The following definitions are employed throughout the paper. Let h; (hiA)
and h; (hiAj) be the long run variance for u;; (Au;:) and the long run covariance
between processes u;r and uj; (Au;t and Auge) - we have h;; = limp_oo 771 Zthl Zle Tijts
and b = limp_oo T S, Vijpse Also, let b = limy, oon™" 370 Y70 by
and h® = lim,_eon 1> 0, > i1 h% Last, the following variances arising

from cross sectional aggregation of the u;; and the Au;; are often used in our re-

12



L= 1 —1 n B T —1 n
sults: Tes = limpoon™ 33001 D50 Tijitss and Yy = limp oo 0™ 35001 D00 Vije-

3 Asymptotic Theory

The main objective of this paper is to derive the rate of convergence and limiting
distribution of the OLS, B

-1
n

Z (Ft - F) Yit (7)

=1 t=1

5 [Z Tl (Fi - F) (5. - FY

=1 t=

_ ~FD
in equation (1), where F' =T~} Zle Fi, and 8 when using equation (3),

—1 n

> > AR Ay

i=1 t=1

Xn: > AFAF]

i=1 t=1

(8)

We consider several features of (1) and (3):

1. the shocks F; can either be known or (more likely) unobservable;

2. the relationship described by equation (1) can be either a cointegration
relationship or a spurious regression. As pointed out by Kao (1999) and
Phillips and Moon (1999), convergence is obtained at rate /n in panel

spurious regression models and /nT for panel cointegrated models;

3. the time series dimension 7" and the cross-sectional dimension n can be

either fixed or large.

We first start with the exploration of the case of known common shocks
(Section 3.1) and then move to the case of unknown common shocks (Section

3.2).

3.1 Observable F;

When F; is known we have:

b= [Z 3 Wth] : [Z > Wu] o)

i=1 t=1 =1 t=1

13



where W, = F, — F, and

n T

5= [Z Y ARAF

=1 t=1

(10)

-1 n T
lz Z AF,Augy

=1 t=1

The convergence rate and the limiting distribution for j are stated in the

following theorem.

Theorem 1 Suppose Assumptions 1-6 hold, and define Z ~ N (0, Iy,), indepen-
dent of the Fys. For fixed n and T — oo

R 1 o —1/2 non 1/2
T (5 - 5) = = (/ BSB;> SN hy | xz (11)
i=1 j=1
if equation (1) is a cointegration relationship, and
. 1/2
(-8)=([or) ([om)(LXm) .

i=1 j=1

if (1) is a spurious regression. For fized T and n — oo, we have

-1

T T T 1/2
Vi (5-8) = (ZWW{) (ZZMWQM) xZ,  (13)

t=1 s=1

if (1) is a cointegration regression, whilst if it is a spurious relationship we have

va(B-8)= (ZTj WtWt’> 7 (i Wm) , (14)

where @ = limy,_,oo " 1/2 D oiq Uit

Let equation (1) be a cointegration relationship; as (n,T) — oo with n/T — 0:
Vir (5-5) = [\/ﬁ (/383;)
as (n,T) — oo with T/n — 0:

T3/2 ([376) = (/ BEB;)lAl, (16)

where Ay is defined in the proof - see equation (61).

~1/2
X Z; (15)

Let equation (1) be a spurious regression; as (n,T) — oo with n/T — 0:
-1
vi(p-s)=([B8) ([ 88.)VEs (17)

14



as (n,T) — oo with T/n — 0:

VI(3-5) = ([ B.82)

where Ay is defined in the proof - see equation (64).

1
A, (18)

Proof. See Appendix B. m

Equation (12) is a standard results in the literature. With respect to the
speed of convergence, when (n,T) — oo our results lead to the same rates
of convergence as in Phillips and Moon (1999) and Kao (1999) for both the
cointegration and the spurious regression case. Consistency is achieved under
the spurious regression case as well, where the rate of convergence is \/n. Note
that, irrespective of model (1) being a cointegration regression or a spurious
regression, large n allows for consistency to hold.

For the case of (n,T) — oo with n/T" — 0, the rate of convergence for 3
is the same as in Phillips and Moon (1999) under the case of contemporaneous
independence across cross-sectional units. The limiting distributions in (15)
and (17) are mixed normal rather than normal, as in Phillips and Moon (1999).
The mixed normality is due to both F} being nonstationary and common across
cross-sectional units, as can be seen by considering equation (13) for T' — oo.
The design matrix (n7?) - Yo Zthl F,F) =T72 Zthl F,F] converge in dis-
tribution to a random matrix, namely [ B.B!, rather than to a constant. Of
course, (nTQ)_1 S 23:1 FF] would converge to a constant (in probability)
if Iy were not common shocks, i.e., if F} were replaced by Fj;. Theorem 1 also
explores the case of a “short” panel, where T'/n — 0. In this case, B is still con-
sistent, irrespective of whether (1) is a cointegration or a spurious regression,
although consistency is achieved at a “slower” rate than in the case whereby
n/T — 0. The limiting distributions, given in (16) and (18), are non standard,
and they depend upon A; and A,. As shown in Appendix C, these terms come
from the bias arising from the BN decomposition of F; and u;;, and thus they
depend upon the assumptions on the DGP of F; and u;. A similar argument is

discussed in Phillips and Moon (1999); of course, if F; and u;; had initial values
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set equal to zero, and if they were i.i.d. processes, then (15) and (17) would

hold for (n,T") — oo for all combinations of n and T

~FD
The convergence rates and the limiting distributions for 3 are reported

in the following theorem.

Theorem 2 Suppose Assumptions 1-6 hold and define Z ~ N (0, I},), indepen-
dent of the AF;s.
For firedn and T — oo

1/2
VT (BFD —B) = | | <z (19)
i=1 j=1
For T fixed and n — oo, we have
oo T 1, p 1/2
NG ([3 - ﬁ) = (Z AFtAFt’> (ZZAJ%F@J X Z.  (20)
t=1 t=1 s=1
When (n,T) — oo, under n/T — 0 it holds that
VT (377 = ) = (Sai*Vihd) x (21)
as (n,T) — oo, under T/n — 0, it holds that
~FD
T(58"7 - 8) & SakAs, (22)

where Ag is defined in the proof - see equation (77).

Proof. See Appendix C. m

Since the first differenced model is always stationary, irrespective of whether
equation (1) is a cointegration equation or a spurious regression, one can always
apply the CLT to obtain the limiting distribution of BFD - 0.

Equation (21) states that the limiting distribution of BFD — [ is normal
instead of mixed normal, despite the strong dependence across cross-sectional
units. This can be seen from equation (20), which gives the limiting distribution
for T fixed and n — oco. The matrix 7! Z;‘F:l AF;AF] is random for finite T,

but it converges to a constants as T" — oo due to a LLN.
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Equation (22) refers to a panel where T/n — 0, and thus the number of
cross-sectional units is “much larger” than the number of time-series observa-
tions. This case is similar to that found in Theorem 1: when T'/n — 0, the
bias in the BN decomposition dominates, thereby making the limiting distribu-
tion non standard and depending upon the assumptions on the DGP of F; and
u;¢. Of course, if one knows EZ}AP, (or could estimate it consistently at a rate
@,,7) then the remainder in the BN decomposition of BFD — (ﬁ + ZZ\},A3) has
mean zero (or of order O, (¢,,r)). Under additional assumptions, the bias in
the BN decomposition for X5 37 | Z;‘F:l AF;Au;; (see also equation (75) in
Appendix C) is of order O, (v/n) (resp., Op (n¢,r)). Therefore, when normal-
ized by v/nT, the bias is always dominated by the martingale approximation
to SALYT 23:1 AF,Aug - resp., of order O, (\/Z®, 7). The former case
implies that (21) holds as (n,T) — oo, with no restriction on the rate of ex-
pansion of n and T as they pass to infinity. This is consistent with Phillips and
Moon (1999, p. 1074, Remark (a)), and a similar argument could be in principle
applied to Theorem 1.

3.2 Unobservable F;

We turn now to the case when common shocks are unknown and thus they need
to be estimated. The asymptotics of B and BFD are affected by the errors in
estimating shocks Fj.

Let F} be an estimate of F;. Denote W, = F, — T~} 23:1 F,. Estimation of

[ using the model in levels or first differences respectively are now given by:

b= [iimm] : [zzw@/] )

i=1 t=1 i=1 t=1
and
FD n T -1 n T
B = lZZAFtAFtI [ ZAFL‘Ayit (24)
i=1 t=1 i=1 t=1

with estimation errors:
n

B—B= [ZZT:V%W{] : {iim [(Wt - Wt)’muit]} (25)

i=1 t=1 i=1 t=1
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and

BFD—le

n T
> AFAF
=1 t=1

. {iiAE {(AFt - AFt>IB + Auit] } .

i=1t=1
(26)

We assume that the number of common shocks k is known. This does not
lead to any loss of generality since the distribution of the estimated shocks does
not depend on whether k is known or estimated, and therefore the estimation
error that arises from using k instead of k does not play any role as long as k is

consistent, e.g., see Bai (2003, p. 143, note 5).
3.2.1 The case of n and T large

In this section, we estimate the common shocks F} using the principal component

estimator. This means minimizing either

n T
Vi (k) = niT SOST (e - NF)?

i=1 t=1
when considering F; in levels, or
1 n T )
Vo (k) = — Azyy — N,AF,
( ) TLT =1 ; ( o ' t)

when estimating shocks AF} from (2). Consider the T'xn matrix Z = (z1, ..., zT)/,
and the T x k matrix of shocks F' = (F, Fy, ..., Fr)'. Then each objective func-
tion V, (k) or V4 (k) can be minimized by concentrating out A and obtaining
estimates AF and F using the normalizations AF’AF/T = I or l:—”ls’/T2 = I.
The estimated shock matrices AF and F are v/T and T times respectively the
eigenvectors corresponding to the k largest eigenvalues of the T' x T matrices
AZAZ or ZZ'.

In the context of unobservable common factors, the problem of identification
arises. It is well known (see e.g., Bai, 2003, and Bai, 2004) that the solutions to
the above minimization problems are not unique, e.g., when estimating shocks
AF; and F;, these are not directly identifiable even though they are up to a

transformation. This entails that whilst it is possible to “consistently” estimate
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the space spanned by the common factors AF; and Fj, it is not possible to esti-
mate AF; and F; themselves. Thus, F, and AF, are, respectively, “consistent”
estimators for H{ F; and H{AF;, where H; is a non singular k X k matrix, mean-
ing that Ft — H{F; and Aﬁ't — H{ AF; converge to zero in some sense. This makes
it impossible to estimate § consistently, although once again the space spanned
by B can be estimated consistently. Due to the rotational indeterminacy of the
estimation of F; and AF;, the estimators B and BFD may “consistently” esti-
mate Hflﬁ7 so that B — Hflﬁ may converge to zero in some sense as n and T'
(or either) pass to infinity. Whilst there is no direct consistency result for 3,
being able to estimate the space it spans is sufficient for many purposes. For
example, the quantity SF; can be consistently estimated by Bﬁ't, and therefore
predicting using (1) is feasible. Also, it is possible to carry out inference on e.g.,
the significance of the Fis as regressors in (1) - see also a similar discussion in
Bai (2003, p. 145). Likewise, it is impossible to consistently estimate the load-
ings A; in (2), although it is possible to consistently estimate the space spanned,
ie. /A\l — Hs)\;, where the rotation matrix Hs is n X n, can be shown to converge
to zero in some sense.

The convergence rate and the limiting distribution for B are in the following

theorem.

Theorem 3 Suppose Assumptions 1-6 hold.

Let equation (1) be a cointegration relationship; as (n,T) — oo with n/T — 0:

v (B B Hflﬁ) - (Hi /BEBéHl) o [E + 5'H£’1QBFQ’BHJIB] oz

(27)
where Z ~ N (0, I1,) independent of the o-field generated by the common shocks

F, and of the random matriz Qp. Also

T
T_2 Z WtWt/ = QB

t=1
and
n n
I'= lim 7171 Z Z /\7,/\;E (eitejt) .
i=1 j=1
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When (n,T) — oo with T/n — 0, it holds that
-1
190 (3 00) = (1 [ Bopan) (28)

where Ay is defined in (61).

Let equation (1) be a spurious regression; as (n,T) — oo with n/T — 0:
—1
\/H(B—Hflﬁ) = (H{/BgB;Hl) (H{/BgBu> VRA, (29)

As (n,T) — oo with T/n — 0, it holds that
~1

VE (- me) = (i [ Bsmn) o (30
where Ay is defined in (64).

Proof. See Appendix B. m

The estimator B is always consistent, even though T'/n — 0 results in a
slower rate of convergence and in a degenerate behavior of the numerator of
B — H{'8. When n/T — oo, results for the case of (1) being a cointegrating
regression are essentially the same as in equation (15) in Theorem 1. The only
difference is that now the variance of B —H; 15 is “inflated” by the non-negative
random variable ,B/H{_IQ BFQ'BH 1 13, which arises from the estimation error
when replacing F; with Ft.

Notice the consequence of equation (1) being a spurious regression: as long
as the number of cross sectional units n is “smaller” than T, the classical v/n
consistency holds, and we have the same limiting distribution as in equation
(17).

In both cases, the limiting distributions become non standard when T'/n —

D
The convergence rate and the limiting distribution for 5 are in the fol-

lowing theorem.

Theorem 4 Suppose Assumptions 1-2 and 4-6 hold.
If -0
»FD ~15\ P, (pp -1
n (B~ H7'8) B (H{SarHh) ' % Z, (31)

20



where Z is N (0, Q) with

1 T T T
Q= ITITOOT—ZZZ

1s=lu=1lwv

~ !
H|AF, (AFS - H{AFS) V18 x

[M]=

AFle X

~— |l
~ =

t—
( AF, — H/AF,
Z Z E{leieis — E (eiteis)] [ejuejv — E (€juejv)l},
i=1 j=1
and V is the probability limit of the diagonal matriz consisting of the first k
eigenvalues of (nT) ' AZAZ' in decreasing order.
If % —0
where he is the long-run variance of lim,,_, .o n /2 ZZ eir and Az is defined

in (77).

_ Hf15> 2 he VIR (HSarpHY) " As (32)

Proof. See Appendix C. m
Notice that in this case we have a degenerate limiting distribution when
% — 0, despite having a consistent estimate. The distribution limit depends on

the bias arising in the BN decomposition, Az, but also on the presence of the

error term AF; — H{AF;.
3.2.2 The case of T fixed and n large

When T is fixed and n is large, consistent estimation of shocks is still possible, see
Connor and Korajzcyk (1986) and Bai (2003). However, the following restriction

is necessary:
Assumption 7: F (e;e;s) =0 for all t # s.

Assumption 7 rules out the possibility of serial correlation in the DGP of
the e;t, and therefore this is a constraint on Assumption 5(d). However, con-
temporaneous correlation and cross-sectional heteroscedasticity are preserved.

Under Assumptions 4-7, we know that shocks estimation is \/n consistent,

i.e., we have both

Fy~ H{F, = 0, (n™1/?)
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and

AF; — H{AF, = 0, (n712)

for all ¢.

Theorem 5 Suppose Assumptions 1-7 hold; then for every consistent estimator

F, of H{F; and for fired T and n — oo we have the same result as in equation

(14)-
Proof. See Appendix C. m

Theorem 6 Suppose Assumptions 1-7 hold; then for every consistent estimator

AF, of H{AF; and for fited T and n — oo we have the same result as in equation

(20).

Proof. See Appendix C. m

Theorems (5) and (6) do not anyway require /n consistency, since they
ensure the consistency of 3 and BFD for any consistent estimate of the shocks,
irrespective of the rate of convergence. In both cases we have the same results
as we would have if the Fis were observable. Therefore, when T is fixed, having
large n makes it indifferent to use observed or estimated shocks as long as shocks

are estimated consistently.

3.2.3 The case of n fixed and T large

In what follows, we develop the inferential theory for the case when shocks are
unknown and the cross-sectional dimension 7 is finite. Rewriting model (2) in
the vector form, one gets:

Zt = AFt + e (33)

where z; = (21t oy Znt) > €6 = [€1t s €nt], and A = (A1, A2, ..., A,)". One can
estimate A using PCA. A feasible estimator of A, A, is given by the /n times
the eigenvectors corresponding to the k largest eigenvalues of Z’Z. Notice that
this estimator exploits the normalization A’A/n = I, and it turns out to be

computationally convenient for the case of n < T. Henceforth, for sake of the
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notation and without loss of generality, we modify Assumption 4 by assuming
that n=! Z?:l /\1/\; = 1.

The following theorem characterizes consistency and limiting distribution of

A.

Proposition 1 Under Assumptions 3-6 we have

1
T@fmg é[%nWM(M/&QHQN%MJﬂ%QE>Oﬂ/&ﬂm)
—n"tAH, < / dWeB;H1> AH)
+Wﬂh—%*MbOﬂ/EEHQAW4me (34)

where W, is the Wiener process associated to the partial sums of e; and Q. =

E (ese}).

Proof. See Appendix B. m

Note that in this case we have a T-consistent estimate of A, even though the
PCA of F; is not consistent, e.g., see Bai (2004) and Proposition 2 below, when
n is finite.

Define the limiting distribution of T' ([\ — HgA) as D}, i.e., T (A — HQA) =
D}. Given the restriction A’A/n = I, the OLS estimator of F}, obtained

regressing the z; on the estimated loadings [\, is
Ft = nilf\/zt.

The following proposition characterizes (the inconsistency of) this estimator:

Proposition 2 Consider F, = n=*A’z, and also the first difference estimator,

AF, = n='A'Az,. Then

max HFt - H{FtH =0,(1) (35)
and
max HAE - H{AFtH =0,(1) (36)

uniformly in t.
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Proof. See Appendix C. m

Proposition 2 states that the estimates of the shocks and of their first differ-
ence are inconsistent, in that the estimation error does not die out as 7' — oc.
However this inconsistency has no impact on the consistency of B and BFD,
though it affects their asymptotic distributions. See the proofs of Theorems 7
and 8.

The convergence rate and the limiting distribution for B are in the following

theorem.

Theorem 7 For the estimator B, we have:

D, n n 1/2

N Cr J H{BedB, (S, Sy hij)

T(3-H7'8) > [Hl / BfBeHl] —n~ ' [H [ B-dBHpAH{ "B +n~'NHy . HoAHy 3]

—n~! (H{ [ B.B.H,) (D}\’HQA(— /)VHQD}\) H{'B
37

where B, is the demeaned Brownian motion associated to the partial sums of e
and X, = Var (e;). When this is a spurious relationship, one gets
1/2

—1 n n
B—H{'f= (H{/BEB;Hl) (Hl/BgBu> >SS hG . (38)

i=1 j=1

Proof. See Appendix C. m

Note that even though common shocks cannot be estimated consistently, 3
is consistent when (1) is a cointegration relationship but inconsistent when (1)
instead is a spurious regression. With respect to the case of observable shocks,
shock estimation has an impact on the limit distribution of B - H '3 when
equation (1) is a cointegration regression - see equation (37) above. On the
other hand, it does not affect the asymptotic distribution when equation (1) is
a spurious regression - see equation (38).

Equations (37) and (38) show an important common feature of this theo-
retical framework. Only the numerators of equation (37) and (38) depend on

whether equation (1) is a cointegrating or spurious regression, whilst the de-

nominators are not affected. This is due to the fact (detailed in the proof)
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that though F} is not a consistent estimator for F;, the quantity Zﬁtﬁt’ is a

consistent estimator for 3 F,F} for any consistent estimator of the loadings A.
~FD

The convergence rate and the limiting distribution of §  are in the follow-

ing theorem.

~FD
Theorem 8 For the first difference estimator § , we have:

B HTBE —H' B+ n[NSaA T [HS A HTYB (39)

where Yae = Var (Aet) and Xa, = A(H{ZarH1) AN 4+ Zac.

Proof. See Appendix C. m

The estimator BFD is inconsistent. This is due to the two terms > AF,AF]
and > Ae;Ae} in the denominator having the same asymptotic magnitude,
rather than to the common shock estimates being inconsistent. Also, this holds

for any consistent estimator A (see proof in Appendix C).

4 Extensions
In this section, we consider two extensions of our basic framework:

(i) the case of model (2), where our basic framework (1) also contains some

idiosyncratic shocks;

(ii) the case where model (1) is misspecified, and the common shocks F} actually

have unit specific slopes, say ;.

4.1 The case of idiosyncratic shocks

Model (1) assumes that the DGP of y;; depends only on a set of common shocks.
In this section, we briefly consider the case where the model is augmented to take
into account the presence of unit-specific variables. Even though the algebra
becomes more tedious, all the results derived in the previous section still hold.
The only novelty is the covariance between the common shocks F; and the unit

specific regressors.
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Recall the augmented model (4)

Yit = i + B'Fy + 9z + wit

withi=1,...,n,t=1,...,T, where 5 and y are (kx 1) and (px 1) vectors of slope
parameters. The idiosyncratic variables z;; are a (p x 1) vector of observable

I(1) individual-specific regressors, defined as
Tt = TiGy + wit (40)

where G; is an R x 1 vector of I (1) variables that may contain some elements

of F;, and 7; is a p X R matrix and
Wit = Wit—1 + €t (41)

with w; assumed for simplicity i.i.d. across ¢ and such that {e;+}, {e:}, {Fo} and
{w4o} are independent groups. Equation (40) considers the possible presence of
"correlation" between F; and z;;. A similar framework that allows for cross
dependence among the idiosyncratic regressors and dependence between the
idiosyncratic regressors and the common regressors is considered in Pesaran
(2006) and Kapetanios, Pesaran and Yamagata (2006). Thus, cross dependence

is accounted for directly, via F;, and indirectly, via the factor structure in ;.

The impact of the presence of the z;;s on the LS estimator of § will be dis-
cussed considering (for the purpose of a concise discussion) the case of observable

F. Let Ty = a5 — T7F Zthl Tt then,

R " n ~ -1 "
{ BB } — Zi:l 2;1 WtWt/ Zi:l 25:1 Wtw;t Zi:l 25:1 Wiuit
7= Doic1 2 TatWi Dy D i Ty Dic1 2or—1 TitUit
(42)

and

[ BFD -8 1 — [ Z?:l Zthl AFtAFt/ 2?21 Z?:l AFtAxgt

D P 23:1 Ay AF] YO0 25:1 AzryAxy,

-1
Z?:1 Z?:l AF Auyy
vy -

Z;L:l ZtT:I Az Ay
(43)
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Thus, the asymptotics of 8- B (and of 3FD — () depends on terms containing
the 2;s as well, due to the presence of the off-diagonal term Y7 Y7 7, W/
in the denominator of (42) and of >, Zle Az AF] in (43).

Depending on whether or not these quantities are asymptotically zero (i.e. F}
and x;; or their first differences are asymptotically orthogonal), the asymptotic
distribution of B and BFD may or may not change with respect to the results
reported in Section 3. In order to investigate the cases whereby B — B (or
~FD

B — B) is orthogonal to 4 — y (37" — ~ respectively), consider the following

preliminary assumption, where Gy = Gy — T~ ! ZLI G: and similarly @;;.

Assumption 8: (1) as n — oo, n” 'Y " 7 = 7; (2) as (n,T) — oo, (i)
2im1 23:1 TirZi = Op (nTQ)v (i) 325y 23:1 Wi, = Op (\/HTQ) and (iit) as

T — o0, T 2% GW] = [ BaBL; (3)as (n,T) — o0, (i) 1y Sy Az Az, =
0, (nT), (ii) 0, ST AwyAF! = 0, (\/ﬁ) and (iii) as T — 00, Y.L | AF,AG, =
O, (T7) with > =1/2 or 1.

Assumption 8 requires some asymptotic results to hold with respect to the
newly introduced variables x;;, Gy and w;;, and it could be expressed using some
more primitive assumptions. For example, parts 2(i) and 3(i) could be shown
using the same arguments as in Phillips and Moon (1999); likewise, 2(7i) and
3(ii) could be proved, under suitable assumptions, using similar derivations as
for the proofs of Theorems 1 and 2. Note that a necessary condition in order
for 3(ii) to hold is that Aw;; and AF; be uncorrelated. The result in 2(iii)
could be proved using a FCLT argument. Note that 3(iii) accommodates both
situations whereby F; and G are independent of each other or overlap. The
former case holds under » = 1/2, which implies that a CLT is required to hold
for the sequence Zle AF;AG,; the latter case is entailed by » = 1, which
requires a LLN to hold for 23:1 AF,AG,.

The following theorems provide a summary of the values of 7" | Zthl TaW]

n T / . . .
and Y ;" >, Azi AF/ under various combinations of n and T.
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Proposition 3 Let Assumptions 8(1) and 8(2) hold, and define 3", 23:1 W] =
Sy Y @ W]+ iy i Yy G, = a+b.
As (n,T) — 00, a = Op (v/nT?) and b = O, (nT?) with
1 & o~ .
—5 ;n;@wg = %/BGB;.
For fized T and as n — oo, a = O, (y/n) and b = O, (n) with n='b =
?Zthl GW/. For fizedn and as T — o0, a =b = O, (T?).

Proof. See Appendix C. m

Proposition 4 Let Assumptions 8(1) and 8(3) hold, and define 3", Zle Az AF] =
> ?:1 AwyAF/+ Y0 7 23:1 AGiAF, = a+b. As (n,T) — o0, a =
0, (\/nT> and b= O, (nT*). When s =1, it holds that

n T
1
n

i=1

t=1

For fized T and as n — oo, a = O, (y/n) and b = O, (n) with n=1b =
7"23;1 AGAF]. For fitedn and as T — 00, a = O, (\/T) and b= O, (T%).

Proof. See Appendix C. m

. ~FD
Propositions 3 and 4 illustrate the cases when 5— 0 (8 ~ —f3) is orthogonal

~ ~FD
toy—v (¥~ —

. ~FD
irrelevant for the asymptotics of 8 — 8 (or 8~ — ). Orthogonality between

), thereby making the presence of the idiosyncratic shocks x;;
38— B and 4 — ~ requires two necessary conditions to hold: n — oo and 7 = 0.
Note that when n is fixed, B — B and 4 — 7 cannot be orthogonal, irrespective
of the presence of the common factors G; in the DGP of z;;. As far as BFD -p
and &F b_ ~ are concerned, n — oo and 7 = 0 are only sufficient conditions but
they are not necessary: if the x;;s are purely idiosyncratic variables, i.e. with
no common factor structure (7; = 0), or if the z;;s do have a common factor
that is unrelated to F} (i.e. » = 1/2), then this suffices to have asymptotic
orthogonality between ﬁFD — 3 and ’yF b_ ~. Similar results could be proved

for the case of unobservable Fj;.
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4.2 The case of heterogeneous slopes

In this section, we consider the case of heterogeneous slopes, i.e., the case
whereby the coeflicient of common shocks F; is unit specific. This entails that
(1) now becomes

Yir = a; + BiFy + wig. (44)
Although 5, is different across units, the researcher could however be interested
in estimating the average [3; a typical case of this is in the literature on conver-
gence (see e.g., Temple, 1999, p. 126). Thus, the model that will be used for
estimation is

it = o + B'Fy + vy
where vy = ui+(8; — B)" Fy; when unobservable common shocks are considered,
the model becomes

yir = ai+ B (Hi) ™ Fi +vi (45)

where now the error term vy = u;; + (8; — ) Fy — ' (Ft - H{Ft); it is impor-
tant to note that, as it is well known from Phillips and Moon (1999), neglected
heterogeneity introduces a further, nonstationary components in the error term,
given by (8; — 8)' Fy. Thus, (45) is always a spurious regression. When first

differenced data are used, (45) becomes
Ayit = /BI (H]i)_l AFt + Avit (46)

where Aviz = Aug, + (8; — B) AF, — 8 (H) ™! (AFt - H{AFt).
For the sake of brevity, we will focus our attention to the case whereby F;
is unobservable, thus analyzing the estimates of § from (45) and (46). The

estimation errors are, respectively

(48)

n T -1 n T ,
B—-H'p = [ZZW}W[ {ZZWt [Uit - (Wt - H{Wt> Hi '8+ W, (8 — 5)}‘}7)
zzl t;l _1121 t=1
~FD 1 7 !
#7n = |33 akaR
i=1 t=1

i=1 t=1
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Consider also the following assumption on the f;s.

Assumption 9: It holds that (i) 5, ~ % (8,Xp) with E||8, — [3||4+(s < oo and
(ii) B; is independent of all other quantities.

Assumption 9 yields the usual asymptotic results for {/Bi}?:h such as a CLT
and a LLN. Part () entails that the long run average parameter 8 (see Phillips
and Moon, 1999 and 2000) is genuinely E (53;).

To illustrate the main point (summarized in a theorem hereafter), con-
sider (47) - similar arguments hold for (48) and can thus be readily extended.
Looking at the numerator, we know from Lemma 2 in Appendix A that, as
(n,T) — o0, S0 STL W, (Wt - H{Wt)lelﬁ = 0, (nTC,}). Also, as far
as >, 23:1 Wiy is concerned, its magnitude depends on whether (44) is a
cointegrated or a spurious regression, being of order O, (v/nT') + O, (n\/_ ) in
the former case and of order O, (/nT?) + O, (nT?/?) in the latter - the terms
O, (n\/T ) and O, (nT?/?) come from the remainders in the BN decomposi-
tion. Neglecting the heterogeneity of the ;s entails that a further error term,
S Zle WtWt/ (8; — ), is present. To evaluate its magnitude, consider the
denominator as well

n T toaoT
oy vvtvv;] S w5, ()
i=1 t=1 i=1 t=1
) T i “trro e
iy Z 8= B+ | W ] [ZWt (wi—w7) ] lgl (@—6)1

t=1 i=1
I+ II.

Assumption 9 yields I = O, (n*1/2). Also, II = O, (T’Q) O, (TC’;%) O, (n’1/2),
and thus IT is always dominated. Therefore, > , Zle WW/! (8, — B) =
O, (v/nT?), thereby making the estimation error B-pB=0, (n=Y/2). This
result is in line with the findings in Phillips and Moon (1999) and Moon and
Phillips (2000), and it is consistent with the idea that neglecting heterogeneity
creates an extra, nonstationary, error term, thereby making the model equiva-

lent to a spurious regression. Thus, when (44) is a cointegrating equation, as
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(n,T) — oo with n/T — 0, we have § — H '3 = O, (n=%/2) and the limiting
distribution of 3 — H; '3 is driven by n=/2H; S (8, — B). When (44) is a
spurious regression, the numerator is driven by both n=%/2H;*S°" | (3, — B)
and by n~Y2T7-23°" Zthl H;'Wiu. However, Assumption 9 (i) entails in-
dependence (conditional on the common shocks F;) between the two terms.
The following propositions summarize the asymptotics of 3 — H. '8 and

~FD
8 —H{ 13: results are presented in two cases, namely n — oo and fixed n.

Proposition 5 Let Assumptions 1-6 and 9 hold and assume (n,T) — oo with
n/T? — 0. Then,
» - —1l/2
NG (ﬁ — H; 15) = H'sY? x 7 (50)
when (45) is a cointegration relationship, where Z ~ N (0,1;), and

~FD

Vn (5 — Hf15> = HflE}D/Q x Z. (51)
Also, when (45) is a spurious regression under n/T — 0
-1
Vi (B H7'6) = (H{/BEB;H1> (H{l/BeBu> NI
(52)

where the two random variables are independent.
Proof. See Appendix C. m

Proposition 6 Let Assumptions 1-6 and 9 hold and assume T — oo. Then

B—H'6=0,(1) with E (5 — H;'8) =0, Also, B —mp=0,().

Proof. See Appendix C. m
. ~FD
Propositions 5 and 6 characterize the asymptotics of 8 — H '3and g~ —

H 13, under the cases of n passing to infinity and being fixed respectively.

As Proposition 5 shows, neglecting heterogeneity always results in y/n-consistency;

this result is already well known in the nonstationary case, as proved by Phillips

and Moon (1999), and it essentially follows form the fact that in the numerators

of both (47) and (48), the terms that dominate are, respectively, > ; Zle WiW! (8; — )

Op (vnT?) and Y7, S AEAF! (8, — ) = O, (v/nT). This is also shown
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in greater detail in the proofs. The main result is that the error arising from
neglected heterogeneity dominates the common shock estimation error.
Proposition 6 states that, when n is fixed, 5 cannot be estimated consistently.
Whilst this is in line with Theorems 7 and 8 for the case of spurious regression
and for the first-differenced model respectively, it is now also the case for (44)

being a cointegrated equation. However, albeit inconsistent, B is unbiased.

5 Conclusion

This paper developed limiting theory for the OLS estimator for panel models
with common shocks, where contemporaneous correlation is generated by both
the presence of common regressors (e.g., macro shocks, aggregate fiscal and
monetary policies) among cross-sectional units and weak dependence among the
error terms. We derived rates of convergence and limiting distributions under a
comprehensive set of alternative characteristics of panels: several combinations
of the cross-sectional dimension n and the time series dimension T'; shocks
being either observable or unobservable; and stationary and nonstationary panel
models, the latter representing either a cointegrating equation or a spurious
regression.

When the common shocks are observable, the OLS estimator always pro-
vides consistent estimates of the (3, the case of spurious regression with fixed n
being the only exception. Consistency holds for all possible combinations of the
dimensions of n and T, including the case of n fixed, which so far has not been
addressed in the literature on nonstationary panel factor models. We extend
the study of consistency of OLS estimators to the case when the shocks are
unobservable and we prove that consistency always holds, the cases of spurious
regression and stationary regression when n is fixed being the only exceptions.
All the asymptotics for (n,7) — oo has been derived in the joint limit, using
an approach based on the application of a conditional MDS CLT.

A central result is represented by the limiting distributions derived under the

strong cross-sectional dependence induced by the presence of common shocks.
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In this case, we obtained mixed normality as consequence of the common shocks
being nonstationary; when shocks are stationary, normal distributions are ob-
tained.

In this paper, we primarily consider a panel regression model with only latent
shocks F; as regressors. As we discuss in Section 4, this formulation can be
extended to a more general framework containing also idiosyncratic regressors,
ie., yir = oy + B'F + 'z + ui, and with heterogeneous slopes, i.e., y; =
i + BiF; + wis.

The results derived in this article are asymptotic, and therefore it would be
important to assess the finite sample behavior of the estimates via Monte Carlo
exercises. Another important extension is to relax the exogeneity hypothesis in
Assumption 6(a). In this case, fully modified OLS (Phillips and Hansen, 1990)
and/or instrumental variable estimators may be employed. These interesting
issues are beyond the scope of the present paper, and we leave them for future

studies.
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Appendix A: Central Limit Theorem for
Multi-index Martingale Difference Sequences

In this Appendix, we provide a joint CLT for MDS, based upon the theory
in Hall and Heyde (1980). This is the building block employed to prove the

joint limits in Theorems 1 to 4.

Theorem 9 Consider the sequence of k-dimensional random variables {&;}"_, .
Let C be an invariant o-field such that, conditionally on C, (i) the &, are in-
dependent across i; (ii) E €| C] = 0 for all i; (iii) for some & > 0 it holds
that

E|[€z| CI*™* < 00 (53)

as T — oo. Then, as (n,T) — oo, it holds that conditional on C

1 n
NG Y r=Vixz (54)
=1

where Z ~ N (0, 1) is independent of V a conditional variance and defined as

% i i (ﬁin;T

i=1 j=1

C) 2y, (55)

Proof. In order to prove this theorem, we show that all the conditions re-
quired in Corollary 3.1 in Hall and Heyde (1980, p. 58) are satisfied, and thus
this corollary can be applied here to prove (54). Consider the o-field defined as
I;={&7s -, & }UC; as n expands, the o-fields I, ; are nested since I,, ; = I;
for any ¢ < n, and therefore condition (3.21) in Hall and Heyde (1980, p. 58)
holds. Henceforth, we therefore use the simpler notation I;, thus suppressing the
dependence on n. According to Assumptions (¢) and (), the £, are indepen-
dent across i conditional on C; this entails that E[£,r| [;—1] = E[£,1|C] = 0,
where the last equality holds by assumption. Thus, the &, are (conditional
on C) a zero mean martingale difference array. Equation (53) is essentially a
conditional Liapunov condition, which requires conditional integrability of order

2+ 8. This also implies that E || &7 i_1]|* = E||£,7] C||” < oo, and therefore
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the conditional variance of £, is finite. Also, the conditional Liapunov condi-
tion (53) is sufficient for a conditional Lindeberg condition to hold, whereby as

n — oo for some € > 0 it holds that

n

Z [ngd(|§zT| > 8)‘ Ii—l} LN 0

i=1
where d (+) is the indicator function. Thus, all the assumptions required for
Corollary 3.1 in Hall and Heyde (1980, p. 58) are satisfied, and a (cross-
sectional) CLT holds for the sequence Y I | &p, and as n — oo, the sequence
n=1/2 Yo & converges to a normal random variable, whose asymptotic vari-
ance is given in (55). ®

Remarks

R1 Theorem 9 is a joint CLT for MDS sequences, of a similar type to those
studied in Hall and Heyde (1980). The only difference is that the random
sequence y ., & depends on two indexes, n and T, both allowed to pass
to infinity, which makes the result applicable in a panel data framework.
From the technical viewpoint, Theorem 9 lays out some sufficient con-
ditions whereby Corollary 3.1 in Hall and Heyde (1980, p. 58) holds. A
key role is played by the conditional Liapunov condition (53), which states
that the sequence &, is (conditionally upon C') integrable of order 2+¢ as
T passes to infinity. This ensures that the MDS is square integrable, and
that a Lindeberg condition holds for the &, as T" — oo; see also Phillips
and Moon (1999, p. 1071) for the case of i.i.d. panel models.

R2 Theorem 9 can be applied to the panel models when (n,7) — oo and in
presence of e.g., strong cross-sectional dependence arising from the pres-
ence of a common factor structure. Cross sectional independence among
&, 1s not required, unlike in Phillips and Moon (1999), as long as the &,s
are cross sectionally independent conditionally on some invariant o-field
C. When this is the case, the joint asymptotic theory follows from the
MDS CLT.
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R3 A similar approach was employed to derive asymptotic results in cross-
sectional regressions with common shocks by Andrews (2005). To the best
of our knowledge, this is the first time that the MDS CLT is applied to
study the asymptotics of multi-index sequences. Although the MDS CLT
is essentially a cross-sectional result, the role played by T in Theorem 9 is

still quite evident, e.g., from (53).

R4 Theorem 9 suggests a methodology to derive the joint asymptotics for panels
with possibly strong cross-sectional dependence as (n,T") — oo, with no
need to make appeal to sequential limit. To illustrate this, consider the
double sum >, >, \; frwit, where e.g., x; is ii.d. across 4, A; is non
random and f; is a variable common to all ¢ - this term could arise when
studying the estimation error in a panel regression where the error term
has a factor structure such as y;: = o + Bz + wir with w;y = A\ fr. The
asymptotic theory derived in Phillips and Moon (1999) cannot be applied
to Zi Zt i ftxi, since the sequence A; fix;; is not independent across
i. The limiting distribution of Y, >", A; frz;x can be studied by applying
Theorem 9 to the sequence &;7 = s Y, fi (\ixit), where sy is a suitable
normalization, and by considering the o-field generated by the f, say C.
If E[&r|Cf] =0 for T — oo and if it can be proven that as T — oo (53)
holds, then Theorem 9 ensures that (n‘l/ 2ST) Zl Zt i frxir converges to

a normal random variable with mean zero and variance V.

R5 Equation (55) suggests a method to calculate V. Note that V' can be a
constant or a random variable, depending on the assumptions on &;7, and
thus the limiting distribution of n~1/2 > & can be mixed normal, as

already suggested by Andrews (2005) in the cross-sectional case.
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Appendix B: Proofs

Henceforth, we define Cy,7 = min {/n, T} and §,r = min {\/ﬁ, \/T} Also,
in order to keep the notation simple, in this and in the other appendices, we set
the rotation matrices H; and Hs to be identity matrices of dimensions k and n
respectively.

Proof of Theorem 1. Consider the estimation error 3—3 = [32. 37, w,w)) ! D> Wiy
as defined in (9).

Let us start with the denominator ), >, W,W/. When T'" — oo and n is
fixed, it holds that >, >, W,W/ = O, (T?) irrespective of whether (1) is a
spurious or a cointegrating regression from Assumptions 2 and 3, and

1 -
— 2; ; W,W, = /BEB;. (56)

As n — oo, and for fixed T', we have ). %", W, W/ = O, (n)

1 n T 1 T
— DWW, =5 > W (57)
t=1

i=1 t=1
whilst as both n and T are large we have -, >, W, W/ = O,, (nT?)
1 o
— S W = /BEB;. (58)
i=1 t=1

As far as the numerator is concerned, we derive the asymptotics with re-
spect to three separate cases, following the same structure as in the theo-
rem. We firstly derive the rate of convergence and the limiting distribution
of 7.5, Wiuy for the case when T is large and n is fixed; we then study the
opposite case, when T is fixed and n is large; last, we analyze the case when
both T" and n are large.

Case 1: large T and fized n.

We firstly focus our attention to the case where equation (1) is a cointegration

relationship. Denote

o =T'W, (Z uit)
i=1
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and
T
gnT = Z gnt'
t=1

Assumption 6 ensures that F; and the u;s are independent. Also, according to

Assumption 1(a), the process ), u;; has covariance structure given by

i=1 j=1

E

Then the absolutely summability condition on 7;;;s over time implied in As-
sumption 1(b), and Assumptions 2 and 3 ensure that a functional central limit

theorem (FCLT) holds such that

Eor = /BgdW

where W is a Brownian motion with variance
| Lro o n n
759 9 3) SR 3) 18
t=1 s=1 i=1 j=1 i=1 j=1
An alternative way to write the limiting distribution of &, is
n n 1/2 1/2
Enr = ZZhU </ BEB::) x 7
i=1j=1
where Z ~ N (0, I,).

This entails that the rate of convergence of the numerator of B —B1is O, (T);
therefore, given equation (56) that ensures that the denominator of 8- B is
O, (TQ), we have that ,6’ -B8=0, (T‘l). As far as the distribution limit is
concerned, we know, combining the asymptotics of £, with equation (56), we
have that

1/2
n n

1 n T 1 o —-1/2
T ZZWtUit] =~ (/ BeBé> ZZhij xXZ
i=1 t=1

i=1 j=1

1 n T
=y

i=1 t=1

which proves equation (11). Independence between Z and B. is ensured by

Assumption 6.
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We now consider the case when equation (1) is a spurious regression, i.e.,
uit ~ I (1).

Define &5, = T=2W; (X0, uir) and €5, = S €5, The process 20", wi
is still a unit root process with long run variance given by Z?:l 2?21 hlAj
Therefore, a FCLT, which follows from Assumptions 1(a), 2 and 3, ensures that
€5, =0, (1). Together with (56), this proves that 5—3 = O, (1). As far as the
limiting distribution is concerned, the asymptotics of the numerator of B —Bis
given by

. L . ) Y 1/2
bur =7 > Wt <Zuz~t> = (/BEBU) > hG
t=1 i=1 i=1 j=1
Combining this with the asymptotics of the denominator given in (56), we get
equation (12).
Case 2: large n and fized T.

Consider first the cointegration case. Define £,, = W, (n_1/2 S uy) and

T n
gnT = ZWt <n1/2 Zuzt> .
t—1 i=1

Assumption 1(a) ensures that a CLT holds for n=1/2 3" | u;, so that as n —
oo we have that, for every ¢, n~1/2 Z?:l U;g = Ug, where u; is a normally

distributed, zero mean random variable with, after Assumption 1(b)
E [tsis] = Tes.

Therefore, the quantities W;a,; are mixed normals random variables (due to the

randomness of W;) and

T T T 1/2
Eur ~ N lo, ZZWtWa{”s] = (ZZWtW;Tts> xZ

t=1 s=1 =1 s=1
where Z ~ N (0, I); Assumption 6 ensures independence between Z and the
random variable Zthl 23:1 WiW T s.
Therefore, the rate of convergence of the numerator of 3 — 3 is O, (V/n).

Combining this with the rate of convergence of the denominator, given by (57),
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we have that B— B=0, (n_1/2). As far as the distribution limit is concerned,
combining the asymptotic law of &, with (57), we obtain (13).

Under the spurious regression case, define éit = W, (n=Y23"  uy) and
éiT = Zthl Eit Assumption 1(a) ensures the validity of the CLT for n=%/2 Y"1 |,
so that uniformly in ¢ we have, as n — oo, n~1/2 Z?:l u;y = Uz. We have
that EiT = O, (1), and combining this with equation (57), we obtain B—p=
Op (nil/ 2). As far as the limiting distribution is concerned, since EiT is a finite
sum, we have %57« = 23;1 W,y as n — oo. Combining this with equation (57),
we prove the validity of equation (14).

Case 3: large n and large T.

The proof is largely based on Theorem 9.

Let us start with the case where equation (1) is a cointegration relationship.
Define éiT =71 Zle Wiuge, and consider the BN decomposition for W; and

u;¢, given respectively by

W, = W+ Wo + g — Wy,

a.s.  x - ~
Uit = Uz + Uio + M0 — Nits

where Wy = C (1) Z;Zl wj, ufy = Di (1) 0y, W = 372 (Z;ﬁjﬂ C’i> wy—; and
7+ defined similarly. Thus

T
. 1 ok
§ir = 7 > Wiuj + Rir = §r + Rir, (59)
t=1

where, as far as the remainder R;7 is concerned, it can be proved using sim-
ilar arguments as Phillips and Moon (1999) that R,r = O, (T*I/Q). Con-
sider E:T and let C be the o-field generated by the Fis. Then E [E:T C} =
Tt 23:1 WrE (u},) = 0 for all ¢ and T'. Defining I; as the o-field generated by
F, and (EIT,...,EZT), it holds that {éjT,Ii} is an MDS since E [éjT Ii_l] -

E [E:T C’] = 0. For some constant My and some § > 0, we have that, uniformly
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in e

- 245
&* 240 1 * %k
E|&;, C’H = B[z Y wruplc
t=1
T 1 246
< MY E| i
t=1
1 T
*112+0 * 1246
MamZHWt 177 E g [
t=1
245

Since E |u}| < oo for all ¢ and constant over ¢ by Assumption 1, it holds
. 245
that E) §ir CH < oo if TS Wy |> is stochastically bounded

as T — oo. This is ensured by Theorem 5.3 in Park and Phillips (1999),

which holds due to Assumption 2. Thus, a Liapunov condition holds whereby
a 246

El&r C < oo for some § > 0 - in light of Assumptions 1 and 2, this is

ensured for up to 6 > 2. Thus the joint MDS CLT can be employed to get, for

(n,T) — o0
1/2

C) X Z

n n

A 1 -
%;&‘T: EZZE(gingT

i=1 j=1

with Z ~ N (0, I1,) independent of E (éjTéj}
LG:é a_sizn:é* o2 (60)
\/ﬁ P I \/ﬁ P T T
1/2
RN -
= ﬁ Z Z E (ﬁiTﬁjT

2.2 C’) X Z,

C) . Thus

under n/T — 0. Last, n=' 300, 3% | E (E:TE:/T
by

C’) for (n,T) — oo is given

n n

S B (&) =

i=1 j=1




where the last equality holds because E (ujul,) =0 for all t # s. As (n,T) —

00, the FCLT implied by Assumption 2 and the definition of & entail n =1 3", Z?Zl E (

h ([ B.B.), and therefore as (n,T) — co with n/T — 0 we have

1 & _ N2

WZZWW” = h (/BEB;) % Z.
Note that in this proof the restriction whereby n/T — 0 arises for the same
reason as in Phillips and Moon (1999), i.e., from the fact that (either or both) W}
and wu;; could be time dependent and the initial conditions W and u;y need not
be zero. Combining this with equation (58), we get that 3—3 = O, (n‘l/QT_l).
As far as the limiting distribution is concerned, combining the asymptotic law
of &, with equation (58), we have:

ers » Wtuit] = Vi ( [ B.5) "y

i=1 t=1

1 n T -1
T ZZWW{]

i=1 t=1

which corresponds to equation (15). When T'/n — 0, the term that dominates
in (60) is the second one, and thus the order of magnitude of the numerator of

B—Bis Oy (n\/T) To prove (16), define
T < c
T >R (61)

where “5” denotes here convergence in some sense (e.g., in distribution or in
probability) and R;7 is defined in (59). When normalizing B — B by T3?, the
asymptotic law of the numerator is therefore given by the quantity A; defined
n (61). Combining this with equation (58), (16) follows immediately.

We now turn to the case when equation (1) is a spurious regression. Let
éfT = T2 Zle Wi, and consider the BN decomposition of Wy and w,

whereby

a.s. ~ ~
W, 2 W 4 Wy + @ — i,
a.s.  x . -
Uit = Ui + Wio + Mo — Nigs

with u}, = F; (1) 23:1 7;; and the other variables defined accordingly. It holds
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that

T
S 1 * ok
Sir = T2 E Wiug, + Rir = sz + R (62)

again, it can be shown that Rf. = O, (T~'/2). Conditioning on C, it holds
that E [EZS; ] =72 Zle W E (uf,) =0 for all ¢ and T. Defining I; as the
o-field generated by F; and (éls;, ,EZT), it therefore holds that {flT,I } is
an MDS since F [Ef; z‘ﬂ} =K {@T

proved noting that for all ¢ and some § > 0

8
B||&r

C| = 0. A Liapunov condition can be

2+4

1 T
EZW;U;C
t=1
LT 1/2 LT 1/2
* 12 * |2
£|(zxmir) (Fxwr) e
t=1 t=1
L 146/2 L 146/2
(mwere) | (3]
t=1 t=1

The FCLT and the Continuous Mapping Theorem (CMT) ensure that as T —

2+6

IN

1s bounded

for all ¢ and the (joint) MDS CLT can be employed to get, for (n,T) — oo

1/2
1 ¥ Sx 1 " & S/
%Zm =Y > EB(Grén|c)| xz
i= i=1 j=1
. . S/
with Z ~ N (0, I};) independent of F (ngng ) Thus

under n/T — 0. Note that

1 i < Sx/
_ZE( zTézT
n =1




. . . = S*
and an alternative representation for the random variable [n_l S E ( T nE ZT/

Z is

)"

1/2 1/2

B 1 n n
x 72 (/BEBU> EZZhiAj

i=1j=1

)

5% _ 1/2
where “2” means equality in distribution. Thus, n~1/2 S §fT = ([ B:B.) (% doim1 Xt hiAj) .
This result, together with equation (58), proves that B—B= O, (n‘l/Q). As

_ 2 < S/
|"I’L ! ZE ( zTé.zT
i=1

far as the limiting distribution is concerned, combining this result with the one
reported in equation (58), we get equation (17). When T/n — 0, the term
that dominates in (63) is the second one, and the order of magnitude of the

numerator of 3 — 3 is O, (nT3/2). To prove (18), define
VT &
— STRE S A, (64)
i=1

where again “5” denotes convergence in some sense, and RfT is defined in (62).
When normalizing B —fB by VT, the asymptotic law of the numerator is therefore
given by the quantity Ay defined in (64). Combining this with equation (58),
(18) follows immediately. m

Proof of Theorem 3. According to equation (25)

_1 {ZZW (W) 5 e } |

Let us first consider the denominator of this expression. Assumption 3 and

= [y

i=1 t=1

Lemma 2.1 imply that

n T
> Y W =0, (nT?) (65)

i=1 t=1

and
n T

(nT?) 1ZZWtW’:>/BEB;; (66)

=1 t=1

this holds under both the cases of cointegration and spurious regression.
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We now prove Theorem 3 for the case when equation (1) is a cointegration

relationship. Following Theorem 9, define

éiT = %ZT:W:& [(Wt - Wt)lﬂ-i-uit]
t=1
= %éWt [(WtWt)lﬁwLuit] +%Z(Wt*Wt) (Wt*Wt)/ﬁ

o t=1
+T Z (Wt - Wt) Uit
t=1
= Er+&r+&r

Consider first &,,; applying the BN decomposition to W; and wu;; with W, =

W 4+ Rwr and ui = uy + Ry, we have

T
1 N,
Sir = 7 ZW; [(Wt - Wt) B+ U:t] + Rir
=1
= &r+ Rir (67)

where following similar arguments as in Phillips and Solo (1992) it follows that
Rir =0, (T‘l/ 2). Conditioning on the o-field C' generated by the Fy, it holds
that

E[&r

T T
1 1 )
Cl =2 Y Wi B+ 7> W E [Wt W,
t=1 t=1

|o-o(77)

because E (u;;) = 0 and

W

T
R 1 . 1
—F |:Wt — Wt’ C] = ﬁ Z_; WS’Ys—t S ﬁ lgltaSXT

; ”Ys—t}
_ %op (vT)om=o, (T_\I/T) .

Thus, letting I; the union between the o-field generated by {ETT, ,E:T} and
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C, {E:T, I;} is an MDS as T — oo. Also for some constant M < oo

246
7* 1 & N/
E|&c) = E =Wy [(Wt—Wt> ﬁ—l—u;‘t} c
t=1
1 Z 2is o 245
< My S IWGI B (W= 102) 64 i €
t=1
T R 2+6
< gl | () o
t=1

T
1 w1246 . 1246
My S B
=1
= I+1I

249

Counsidering I, given that F |u};] < oo for all ¢ and for some & > 0, and

since Z;F:l W20 = O, (T?7), it follows that IT = O, (1). As far as I is

concerned, note that for some Mj§ < oo
T
< MY
s=1
T
MY |
s=1

2446

246
T22+0) H (Wt _ Wt) ‘ CHH(S P, |

n

F,

245 ois T
Byl CFF 4+ M3y |
s=1

and Assumption 2 ensures that E|e;e§/n| < 00, E|17$t|C’|2+6 < oo and
~ |12+

E|&,|C)*™ < co. Since Zstl F, =0, (T?*"?), as T — oo, II = 0, (1).

Thus, E ’ ng C’HQH < ooasT — oo and therefore an MDS-CLT can be applied

to &ip. As far as €% and &% are concerned, note that

Y= 3 (Wi wi) (w- ) 5 -0, ()

nT

according to Lemma 1.2(b); Lemma 2.2 ensures that n=1/2 3" ¢ = O, (Cit).
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Thus, as (n,T) — oo with n/T — 0

1 &< 1 & 1 -, 1 &
_ngng:_n;ng"i_ﬁ;ng"i_ ;5%
as. 1 o=ox NG 1
:ﬁ;gﬁjuop(\/g)+0,,<C£)+op<cﬂ) (68)
n o on 1/2
= =S B(&grc)| xz
i=1 j=1

with Z ~ N (0, 1) is independent of £ (&/7&7

1 T 1 n o n
C) = SN WW =N B (u)

c). It holds that

n n

=33 (E

i=1j=1 t=1 s=1 =1 =1
IR R — ) AR,
(i) o] S
n T T . X )
tom )Y WiWBE {(Wt —~ Wt) (Ws - WS) C] 3
 rengrIn

Note that, as in the proof of Theorem 1, I = \/Zf B.B!. Also, since £ (u;s) =
0 for all j and s, 1T = 0. As far as I11 is concerned, this is given by the variance

of
T
YOS W (W - 6.
Under n/T — 0, Lemma 1.4 hotl:ils and
Vi (1) = e S S e 0, ()
s=1 i3 VT

Thus,

\/_ZWt (Wt Wt) t i 1Wtezt/\ (TzzWW> B+o,(1).

As far as (\/ﬁTf thl S, WienX; is concerned, similar arguments as in the

proof of Theorem 1 lead, as (n,T) — oo under n/T — 0, to
1/2

T n
ﬁZZWmA;: (/BB’) ZZ)\X (eieje)| % Z
t=1

=1 i=1 =1 j=1
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and lim, oon™ !> | Z?Zl )\i)\;-E (eirejt) = T by definition. Since by defini-
tion T2 23:1 W,W! = Qp, we have

T X , N2 o
S (w5 ([B8) (7Qurdss) <z
t=1
Therefore
1 n_ o 1/2 - — —

combining this with (66), we obtain (27). Note that when T'/n — oo, the term
that dominates in (68) is the second one, of magnitude O, (\/n/_T ) Thus,
the numerator of 3 — 8 is of order Op (nﬁ), and since the denominator is
O, (nTQ) one has B -B8=0, (T’3/2). When normalizing B — B by T3/2, the
asymptotic law of the numerator is given by the quantity A; defined in (61);
(28) follows.

We now turn to the case where (1) is a spurious regression. Considering the
numerator of B — (3, we have

T

ZWt [(Wt_wt)//@“"uit} = nZWt(Wt_Wt)/B
i=1t=1 =1
n T n
+ZZWtuit+ZZ(Wt*Wt)Uit
i=1 t=1 i=1 t=1
= I+ I1I+1I1.

Lemma 1.3.(c) ensures that I = O, (nT'C,}). Equation (62) in the proof of
Theorem 1 states that

n T n
I o= Y Y Wrup +T°) R
=1 t=1 =1

= 0, (VAT?) + 0, (nT?2)
— II,+1II,

Last, I1I = O, (\/HT3/ZC’;%) after Lemma 2.4. Thus, as (n,T) — oo with
n/T — 0, the asymptotics of the numerator of B — (B is driven by II,, and
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therefore

ﬁ(@—ﬁ) a.s. [éWtWt’ ) [%i I Wiwg | + o, (1)

- (fam) (fan)

As far as the case whereby (n,T) — oo with T/n — 0, note that the term

3

that dominates the asymptotic law of the numerator of B — B is now IIy;
thus, as (n,T) — oo with T/n — 0, S0 S°F W, [(Wt - Wt)lﬁ —&-uit} =
O, (nT3/2), and therefore 3 — 8 = [0, (nT?)] ™ O, (nT3/2) = 0O, (T~/2),
Equation (30) follows from the definition of (64). m

Proof of Proposition 1. Let F; be the principal component estimator
for F} as defined in Bai (2004). Then we know (see e.g. the proof of Lemma 3
in Bai, 2004) that T (A — A) can be decomposed as

-1

T T T T
A 1 _ / _ = 1 _
(69)
As far as the denominator of this expression is concerned, let = = [ B.B.. We
have
T T T o ST B /
N ERF =Y FF+Y (F—F)F+Y F(F-F)+Y (F-F)(F-F)
t=1 t=1 t=1 t=1 t=1
where
T
ZFtFt/ = Op (T2) ’
t=1
T
> (F—F)F =0,(T),
t=1
and

Y (B —F) (F,— F) =0,(T);

t=1
the last two equalities come directly from Lemma B.4(ii) and Lemma B.1 in Bai

(2004). Therefore

T T
T2 Zﬁt =172 Z EF +0,(T™)
t=1 t=1
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and
T
As far as the numerator of equation ( 9) is concerned, we study each term. First

of all we know that 71 thl etF] = [dW.B.. The limiting distribution of

Z;‘F:l er (Fy — Ft)/ can be obtained from the following decomposition - see Bai

(2004, p. 164) for details:

T T
=72 Z Foy,, (s,t) +T72 Z I3
s=1 s=1

where (as in Lemma 1) we let v,, (s,t) = E (ejes/n), (, = etes/n —,, (s,1),
ng = FiNei/n, &, = F{AN'es/n. Hence

T
SWICEREE S

M’ﬂ

Fnst+T 2ZF£st

s=1 s=1

T
Ze s’Yn & t +T1" SZZEtFCﬁ

Ma

T s=1t=1 s=1t=1
+77° Z Z erFyng +T7° Z Z erF o
s=1t=1 s=1t=1
= I+ IT+I1IT+1V

and
=0, (T7) since E Hetﬁ’s”yn (s,t)H < |y, (s,%)] <makxE H
S,
O, (T);

Il = n= 773 Zstl Zthl etFlele, — T3 Zstl Zthl e Flvy, (s,t) and we

have

T T T T
n_lT_?’E E etFleles = n_lT_?’g g ereres .

s=1t=1 s=1t=1
T T ~
n~ Tt <T1 Zete;> <T1 Zest’> =0, (T™Y);
t=1 E
IIT=n'T35" ST e, F/F!/Ne; with

T T T T
nilegzZetF;FS/A'et TflegzZete;AFsFS/

s=1 t=1 s=1t=1

T T
nt (Tl Zete;> A <T2 ZFF’) =0,(1);
t=1 s=1
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IV =n=17-3 23:1 Zthl e F/F!Neg and

T T T T
nile?’ZZeth/Ft'A/es n71T73ZZetFt/A'65FS/

s=1 t=1 s=1t=1

T T
= poirl <T1 Zeth> A (Tl Zesﬁg> =0, (T™).
t=1 s=1

Therefore the term that dominates is 111 and
T T }
n~t (T_l Zewi) A (T_2 ZFSFS’> = n"10.AQ.
t=1 s=1

Finally, as far as the term AZthl (Ft — F’t) F! in equation (69) is concerned,

we have

T T T B T T B
THAY (B FR)F = —TY S FF/y,(st) -T2 Y FF(,
t=1

s=1t=1 s=1t=1
T T B T T B
TN Y EFng —T7°) Y FF,
s=1t=1 s=1t=1
= a+btctd

We have that the terms a and b follow from the proof of Lemma B.4 in Bai,
2004):

a=0, (T_l) ;
b=0,(T7"),
the term .
c=n"1T73 Z Z Fs 775IFsAlet7
s=1t=1
with
T T T
TN N RFFAMNe, = nT' T3> N FFNeF]
s=1t=1 s=1t=1
} T
= n! (T‘2ZFSFS’> A (T—l Zeth> =0, (1);
s=1 t=1
and



with
T T ToT
nilegzZFs I E/Ne, = nilegzZFse;AFt’Ft’
s=1t=1 .
} T
= n! (leFse;) A (leFth> =0,(1).
t=1

Thus the limiting distribution of A 23:1 (F; — Fy) F} is determined by ¢ and d,

and we have
T T
c = nt (T_2 ZFS ~S'> N (T_l Zeﬁi’)
s=1 t=1
T T
= pn! (T‘2 > F, N;) A (T‘l Zetﬂ>
s=1 t=1
T T
nt (T‘2 ZFF’) NN TN e (F - F)
s=1 t=1

= n QN [ / AW, B! +n196AQ}

and
T ~ T

d=n""! <T1 Zm;) A <T1 ZFJ{) =n! U B.dW! +n1QA/Qe} AQ.
s=1 t=1

Combining the limiting distributions of all terms 23:1 F,F, Zle et F, Zle er (Fy — Ft)l
and AZZ;I (Ft — F’t) F/ in equation (69), we obtain equation (34). m
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Appendix C: Supplementary Material
C.1 Useful Lemmas

Lemma 1 Let Assumptions 1-6 hold. Then the following results hold for the
estimated shocks Fy, when (n,T) — co:

1.

b (R=F) = TYF

T
+T2Y F, Qst+T2Zanst+T22F§7O
s=1 s=1 s=1

where v,_, = E [n"teje,],

and Vy,r is a diagonal matrixz containing the largest k eigenvalues of

(nT)"' ZZ' in decreasing order;
2. Denote C,,p = min{\/n,T}. Then

(a) max ’

Fy — F
1<t<T

=0, (T—l) +0, (n‘1/2T1/2);
(b) Zt:l HFt - FtH2 =0, (TC'&%) :
(0 L W wi| = 0, (1),

8. It holds that:

(a) 23121 (Ft — Ft)/ e = 0, (TC’_I) ;
(b) ZtTﬂ (ﬁt - Ft>/F =0, (TC.});

(c) Zt 1(Ft Ft) F =0, (TC‘l).
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4. Whenn/T? — 0 as (n,T) — oo, we have

R 1 T R 1 n
Vn (Wt - Wt) =T ;WSW;% i:ZlAieit

with .
n71/2 Z)\ieit = Zt

i=1
where Zy « N (0,T') and T2 Z?Zl WW, = Qp; Qp and Z are inde-

pendent.

Proof. Part 1 of the Lemma corresponds to expression (A.1) in Bai (2004,
p. 164). Part 1.2(a) is Proposition 1 in Bai (2004, p. 143), and Part 1.2(b)
is Lemma 1 (Bai, 2004, p. 143). To prove 1.2(c), let a; = F; — F, and @ =
T-! Zle a; and note that

T R 2 T
S| we-w = 3 fe-al?
t=1 t=1

T
_ / T—/—
= aar —Taa.
t=1

Then we have

da= L[S (- R)| [ (5 - )
t=1 t=1
so that
—/= _ 1 a - ’
aa = ﬁ tZ:; (Ft - Ft)

| Z
< x|
t=1
after part 2(b) of the Lemma, and thus
T 2
S| - =0, (102 + 0, (C32) = 0, (1C;)..
t=1

Part 3 of the Lemma is a direct application of 1.2(b) and the Cauchy-Schwartz

inequality. Finally, to prove 1.4 note
Vi (W= wi) = v (B - ) - vina,
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and since @ is a dominated term we can treat \/n (Wt - Wt) as \/n (ﬁ't — Ft).
Lemma 1.4 now corresponds to Theorem 2 in Bai (2004, p. 148). =

Lemma 2 Lemma 1 ensures that
1. T7? Zthl WtWt/ =T ZtT:1 WiWy + Oy (Tﬁl/QC;%) ;

2. ifuiy ~ I(0), thenn=Y/2T-13°" Zthl Wyug, = n~ /271 S Zthl Wi+
Op (Coz) s

3. T W (Ft _ Ft) D (Ft . Ft) +0,(C2);

4o ifuig ~ I (1), thenn= /27230 Z;F:l Wiy = n= V272 Sy 23:1 Wi+
0, (T7'Cpz)

Proof. Consider the following decomposition:

1 T . 1 T . R l
S = 32 () ()

t=1

1 & 1 & X '
_ ﬁZWtwg+ﬁZWt(Wt—Wt)
t=1 t=1

1 I 1 L, . /
+ﬁ Z (Wt — Wt) W, + T2 Zl (Wt - Wt) (Wt - Wt)
t=1 t=

= I+IT+IIT+1V.

Consider IT and III. Using the Cauchy-Schwartz inequality

5 ) =0 () () <0 ()

Consider now IV. In this case, Lemma 1.2.(c) states that
T N N !
T2 (W - w) (W= W) =0, (T7'C2).
t=1
Then

T T
(NP , 1 1
7 2 WiVl =7 2 Wili o, (776 ) + 0 (72
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which proves part 1 of the Lemma. Consider now part 2:

Z Z Wi = Z Z Wottit—or Z Z (Wt Wt) wi = I+11.

zltl zltl zltl

Using the Cauchy-Schwartz inequality we get

I = HﬁZZ(Wt—WO Ust

i=1 t=1

1< . 1 &
f;(WtWO%;uit
1/2

(33w} -o.(c)

. 2
given that 71 Zthl HWt —Wi|| = 0, (C7) and n=Y237" uye = O, (1).

IN

2
1 n
\/T_l izzluzt

Hence,

\/_TZZWtun \/_TZZWtun—FO (e )

i=1 t=1 =1 t=1

proving part 2 of the Lemma. To prove part 3, we note that
1 = 17! r 1 o / - 1 d T ! -
=W, (Ft - Ft) == > W (Ft - Ft)+f 3 (Wt - Wt) (Ft - Ft> — [+11.
t=1 t=1 t=1
We have
1/2 T 1/2
1 2 1 ~ 112
(Fxlwl) (7))

t=1
1 1 1
Or (c—w) O (c—ﬂ) Or (c%)'

Last, as far as part 4 is concerned, we have

11

IN

also,

izwf,uzt = \/_TQ)
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Asper " | Zthl (Wt — Wt) ug¢, application of the Cauchy-Schwartz inequal-

ity leads to

A I
S

i E
/—\

M

g
~

1
= Op ( nT) Op (V ”T) =0, (VT Cpp)
and therefore Y, Zthl (Wt — Wt) ;¢ is always dominated by Y, Zle W

Lemma 3 Let Assumptions 1-2 and 4-6 hold. Then, for the estimated shocks
AFE}, it holds that

Vir (AE - AFt>

T T T r
= TN ARy, 4T Y ARG+ T Y AR, + T Y ARE,,

s=1 s=1 s=1 s=1

where v,_, = E [n_l Sy eiteis] ;

n
-1
Cst =n €it€is — Vs—t»

i=1
Ng =n 'AF/N ey,
Eq=n"'AF/Ne,,

and V1 is a diagonal matrixz containing the largest k eigenvalues of (nT)f1 AZANZ'

in decreasing order;
2. Denote §,7 = min {\/ﬁ, \/T} Then

(a) 11;1%XT HAE —AF|| =0, (T—1/2) +0, (n_1/2T1/2);
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T - 2 5
() Ty AR - AR|| = 0, (T6.3);
3. It holds that:
T ; ! 9
(a) Zt:l (AFt - AFt) € = Op (T(SnT) ;
A I
(0) S, (AF — AR) AF, = 0, (T6,3)
“ ’ .
(¢) Sy (AF - AR) AR, = 0, (T6,3);
4. It holds that "1, "1 ARAF!C,, = O, (n=Y/2T%/2).

Proof. Part 1 is equation (A.1) in Bai (2003, p. 158). Results (a) and
(b) in part 2 corresponds to Proposition 2 and Lemma A.1 in Bai (2003, p.
147 and 159 respectively). The three statements in part 3 of the Lemma are,
respectively, Lemmas B.1, B.2 and B.3 in Bai (2003, p. 163-165). Finally, part
4 is discussed in Bai (2003, p. 165). m
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C.2 Proofs

Proof of Theorem 2. Consider the estimation error BFD 8=, > AFAF] ]
D > AF, Auy), defined in (10).

Let us start with the denominator ), >, AF;AF/. When T' — oo and n
is fixed, under both the cases that equation (1) is a spurious or a cointegrating

regression, Assumption 2 and the LLN entail ), >, AF,AF} = O, (T') and

n T

1

— > > ARAF, 5 Sar. (71)
=1 t=1

As n — oo, and for fixed T', we have

1 n T T
~ Z Y AFAF =) AFRAF (72)
i=1 t=1 =1
whilst as both n and T are large we have
1 n T
— > 2 AF,AF! 2 Sap (73)
i=1 t=

with 7SS ARAF] = O, (nT).

Consider the numerator. We firstly derive the rate of convergence and the
limiting distribution of ), >, AF;Au; for the case when T is large and n is
fixed; we then study the opposite case, when T is fixed and n is large; last,
we analyze the case when both T" and n are large. The proofs for each of the
three cases are along the same lines as in Theorem 1, although here there is no
distinction between cointegration and spurious regression.

Case 1: large T and fixed n

Denote

ErALt =T '2AF, (Z Auit)

i=1
and

T
A A
fnT = Z fnt'
t=1
Assumption 6 ensures that AF; and the Augs are independent. Also, according

to Assumption 1(b), the process ), Au;; has zero mean and covariance structure

(é Auit> (é Aui5>] “ Y e

i=1 j=1

E
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A . .
Therefore the process &,,;, has zero mean and covariance structure given by

Bleaed] = L[S v | EaRAR).

=1 j=1

Assumptions 1(b) and 2 entail that a CLT holds. Therefore, as T' — oo, we

have
1/2
A
£ = Tlgréﬁ Z;Z;%m (AF,AF)|  Z (74)
=1y
1/2
A 1/2
- (Xxm) sz
i=1 j=1

where Z ~ N (0, I). Thus, the rate of convergence of the numerator of BFD —p
is O, (\/T), combining this with (71), we have that BFD - B8=0, (T_1/2).
As far as the distribution limit is concerned, combining the asymptotics of fﬁT
with (71), we have that

n T
l% > > AFRAF

i=1 t=1

1/2

-1 n T n n
l%ZZAth” ;»% SN s | saiz

i=1 t=1 i=1 j=1

which proves equation (19).
Case 2: large n and fixed T.
Define éft =AF, (n"Y23" | Auy) and
T
= Zgnt

Assumption 1(a) ensures that a CLT holds for n=%/23°" | Awuy, so that as
n — oo we have that, for every t, n~1/2 Z?:l Au;y = g, where Ay is a

normally distributed, zero mean random variable with covariance structure
T T
E[AGAG] =Y Ay
t=1 s=1

.. . A .
Hence, in light of Assumption 6, &,, is a zero mean random variable whose

covariance structure is given by (after Assumption 1(a))

E &) = ZZ% (ARAF).

t=1 s=1
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Since %jT is a finite sum of normally distributed random variables, we have that
T T 1/2
gTALT ~ (ZZ ARA s/’7ts> Z
t=1 s=1
where Z ~ N (0, I;); Assumption 6 ensures independence between Z and the
random variable >, > AF;AF!%,,. Therefore, in this case the rate of con-
vergence of the numerator of BFD — B is Op (y/n). Combining this with the
rate of convergence of the denominator, given by equation (72), we have that
3FD — B =0, (n"1/%). Also, combining this with (72), we obtain (20).
Case 3: large n and large T.
The proof is, as in the case of Theorem 1, an application of Theorem 9.

Define élAT =7T-1/2 Zil AF;Au;s, and consider the BN decomposition
AF, = AF] + Rpy,
Auyy = Aujy + Ry,

where the expression for the remainders Rp; and R,;; can be found in Phillips

and Solo (1992), AFy = C' (1) wy and Auf, is i.i.d. across t. Then we may write

T

<A 1 « % v Ax

§ir = T ZAFt Auj, + Riy = & + Riy (75)
t=1

with RS, = O, (T*1/2) - see Phillips and Solo (1992). Then letting I2 be the
union of the o-field generated by the F; (referred to as C') and {élA;, ey éﬁ«* }7 it
holds that {E?T*, Ii} is an MDS since F [éﬁ«* Ii,l} =F [éﬁ«*

0. Also, for all § > 0 and for some constant My < 0o

T
2| |2+ 1 245 245
EB||&r| | < Moz YO IR P B law
t=1
CAx 2446
and since F |Au;‘t\2+6 < oo and constant over t and E | AF}||*™ < 0o, E || &rr C’H

O, (T=%/?) for all i. Thus, an MDS-CLT can be applied and
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under n/T — 0, with Z ~ N (0, I;) independent of F (ng ng*’

that

—ZZE( Erén|C

=1 j=1

C). It holds

T T non
) = ?g; AF;AFY %ZZE(MZ}AU;S)

i=1 j=1

n n

T

1 * * ]' * *

= |- >3 E(AujAuj,) (f > AF;AF; /)
i=1 j=1 t=1

and by definition [n~1 Y1, S, B AunAu )] (T S AR AR ) - BASar.

Combining this with (73), we get that B -8=0, (n‘l/zT_l/z), and also,

as (n,T) — oo with n/T — 0,

n T -1

% Z Z AF,AF]

i=1 t=1

= VAN 27

[ New Z Z AF, Auiy

i=1 t=1

which corresponds to equation (20). When (n,T) — oo with T//n — 0, the term
that dominates in (76) is the second one, and thus order of magnitude of the

numerator of BFD — B1is Oy (n). Define

g ; R 5 A (77)
where “5” denotes convergence in some sense and R%. is defined in (75). When
normalizing B — [ by n, the asymptotic law of the numerator is therefore given
by the quantity As defined in (77). Combining this with equation (73), (22)
follows. m

Proof of Theorem 4. Recall equation (26):

XH:XT:AEAF; h {Xn:imﬁt {(AFt _ Aﬁt>'5 n Auu] } ,

i=1 t=1 i=1 t=1

We firstly study the rate of convergence and the distribution limit of the de-

nominator. The following decomposition holds:

n T T T

S STARAE, = Y ARAF +2) AF, (Apt*AFt)'

=1 t=1 t=1 t=1
+n ET: (A~ AR) AF/ +n ET: (F - AR) (AF, - AFt>/

t=1 t=1

= I+ IT+I1IT+1V.
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After Assumption 2 we have

T
I=nY ARAF/ =0, (nT).

t=1
Also
I=nY" (AE - AFt) AF] = 0, (nT5,32)

t=1

and

v = ni (AE — AFt) (AE - AFt>/ =0y (”T‘Sr_z%)

using Lemma 2.3.(b) and 2.2.(b) respectively. Therefore

n T n T
1 A A 1
5D Y ARAF = =3 T ARAF] 40, (5,7) (78)
=1 t=1

=1 t=1

and, for (n,T) —
n T
1
— Z Z AF! 2 Sap. (79)

Let us now turn to the numerator of B — B. We have
n T
IV {(AFt - Aﬁ;)/ B+ Auit]
zzl t;l . .
i=1 t=1 i=1 t=1
/
A

T
+n Y AR (AFt _ Aﬁt) B=1+II+III
t=1

As far as I is concerned, (75) ensures that

I_ZZAF Aun+\/_ZR1T_I + 1

=1 t=1

where I, = O, (\/TlT) and I, = O, (n) - see also (76). Also, following Bai
(2003, p 163-164), we could prove

n T
II = ZZ (AFt — AFt) Auy = Op (VNT6,7) ;

i=1 t=1
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last, Lemma 2.3.(c¢) ensures that

T ~ ~ !
III =n> AF, (AF, — AFE,) 8=n0, (T %) =0, (nT672).
Z ( ) P ( nT P nT

t=1

Note that term III dominates term I by a factor y/n. Also, ITI always dom-

inates I, since it always holds that nTéT:% > v/nT'; in fact, this is the same as
writing

2

\/ﬁﬁ = min (\/ﬁ, \/T) max (\/ﬁ, \/T) > 5721T = [min (\/ﬁ, \/T)] .

Last, note that as (n,T) — oo with n/T — 0, term I}, is dominated by I, and

thus by 111 as well; conversely, as (n,T) — oo with T/n — 0, III = O, (n) and

therefore the asymptotics of the numerator of BFD — B is driven by I, and I11.

According to Lemma 3.1, I1] can be decomposed into four terms of magnitude

n i AF, (AF, - Aﬁt)/ B = 0, (wTo,1) + 0, (VTs,4) + 0, (VAT) + 0, (VaT)
- = a+b+c+d. (80)

Thus, two cases may occur:

1. & — 0; in this case, 0,7 = /n. The asymptotics of the numerator of

~FD

B8~ — B is driven by III and in (80) the dominating term is b with
~FD

b=0,(T). Thus, 5 -8 =0, (nil); the limiting distribution of

n (BFD — ﬁ) is driven by

-1

X )

1 T
T > AFAF]

s=1

i AF, (AF, - AE)' 3
t=1

n
T

(o = %Z (eiteis — ’ys_t) =0, (n’1/2) 7

i=1
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after rearranging we have:

b o= _TZ{ ZZAFt (AF AF) [eiteis—E(eiteis)}Vl,B}

t=1 s=1
+op (1)

1 n
= %ZX@'TJFOP(D'
=1

Conditional on C, x;r is a zero mean MDS, and therefore the MDS CLT
ensures that

1/2

%ZZXiTX;'T x N (0, 1)

i=1j=1
Equation (31) follows directly from the definition of x;7;

. L 0, and in such case, given that 6,7 = /T, asymptotics of the

~FD
numerator of 3 — [ is driven by III and by I as well. Let us consider
first the term IIT; the asymptotics, according to (80), is given by a. Given

its definition, after Lemma 2.2(a), we have

T T ~
Z Z AF,AF!y, V718 +0,(1).

HIB

Consider Zthl ZST:1 AFE,AF!7y, ,; we have

T T
Z Z AFtAﬁg’Ys—t

t;l s;l -
= S S ARAFA, L+ (AE - AFt) AF'~,_,
t:l;:lT t=1 s:/l
+3°Y AR, (AFS - AFS) Yoy +
Tt:%TSZI A ) /
D (AFt - AFt> (AFS - AFS) S
t=1 s=1

= aj + a2+ az+ ay.
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It holds that a; = O, (T); also

IN

a

max [|AF|| max ’
1<t<T 1<s<T

= 0,10, (T7) 0,(T) = 0, (T”Q) :

and a similar argument holds for a3. Last

) XX bl =0, 0,1 =0, ().

t=1 s=1

ay < ( max HAFt — AF;
1<t<T

Thus, a; dominates in IIT as (n,T) — oo with T/n — 0 and therefore
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’ﬂ |

T T
Z Z AFAFyy, +0p(1) =0y (n).
t=1 s=1

Since I, = O, (n) as well, the order of magnitude of the numerator is
O, (n). To derive the distribution limit, as far as I1[ is concerned, after

normalizing by 1/n, we have as (n,T) — oo with T'/n — 0

T T
Z Y ARAFy, VB hSarV B
t=1 s=1

’ﬂ |

as far as Ij is concerned, this follows from the definition of Az in (77).
Combining this with equation (79), and recalling the definition of YA,

we can derive equation (32).

Proof of Theorem 5. The results stated in the theorem hold for any
consistent estimator of F;; we therefore consider an estimator, Ft, such that for
all ¢

F,—F = Op (nf‘s)

for some 6 > 0. In this case we have

iiﬁ}uit = iiﬂuit +ii ( 2 _Ft) Uit
t=1 i=1 t=1 i=1 t=1 i=1
= O (n1/2) +0, (n—a) 0, (n1/2) -0 ( 1/2)
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where the first term is O, (nl/ %) as proved in Theorem 1 and the second one is
always dominated. Note that the summation over ¢ does not play any role since

T is fixed. Moreover, in light of the consistency of F, we have

Proof of Theorem 6. This theorem can be proved following the same
lines as for Theorem 5 and therefore is omitted. m

Proof of Proposition 2. Consider the estimation error

Ft—Ft = ’I’L_lAIZt—Ft
= Tllil[\IAFt + nilf\/et - Ft

= n 'NAF, +n A (A — [X) Fy+n 'ANe, — F,.
Since we know that, by construction, NA =nI &, we have
n~Nz — Fy=n A (A - A) Fy4n'Ne, =1+ 11
As far as I is concerned, it holds that, omitting n~! for the sake of brevity

w1 (1) ] <

A (A—A)H max || ;

1<t<T 1<t<T
since
v (v-1)] =ortr)
and
max | =0, ('),
we get
s A (A= 8) B = 0, (1772).

Therefore I = O, (T‘l/z) uniformly in ¢. As per I, we have

(A—A)let

Al s flee] + [[(A = &) | mas fleell = 0, (1) + 0, (17) 0, (1).

R . /
Ne, = Ne, + (A — A) e; < max ||Ae]| + max
1<t<T 1<H<T

IN
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Hence, IT = O, (1). Thus we have

Ft —Ft :Op (1)

max )
1<t<T

which proves equation (35). Equation (36) can be derived following a similar
argument. H

Proof of Theorem 7. Recall equation (25)

B-p= liimm’ : {anzm [(Wt_wt)'muit”.

i=1 t=1 i=1 t=1

As far as the denominator of B — [ is concerned, we have

T T
1 PSS 1
t=1 t=1

We prove this with respect to Y, FiF}; extension to Y1, W, W/ is straight-
forward though notationally more involved. First, consider the following de-

composition:
T T T U
ZFt t/ = ZFtFtI+ZFt(Ft7Ft>
t=1 t=1 t=1
T L T R N
—|—Z (Ft - Ft) F + Z (Ft - Ft) (Ft - Ft)
t=1 t=1
+I+I1I+ 111 +1V.

We have .
1= RF =0,(T?.
t=1

As far as II and III are concerned, it holds that

1171 =

B

{nilf\’AFt +n'ANe, — Ft} z,’ef\nfl

t

1

Il
N

{n_lf\’[XFt —n A (A — A) Fo+n*ANe, — Ft} zé]\n_l

t

1
T

ZFpZé

t=1

T

E ez

t=1

= —n2j\ (A - A) A+n 2N A
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with

T
w2 (A= A) | Yo Fet| A= 0, (T71) 0, (T?) = 0, (T)
t=1
and
~ T ~
n2A\ Z ez, | A =0, (T);

t=1

therefore 11 = O, (T'). As far as IV is concerned

o= n2[\'ZT:[(A[\)Ft+et] KA—[\)FHLEJIA

t=1

E

= a2 (A-A) Y R (A-A)'A

t

1
T
Fieh+n Y e (A-4) A

1 t=1

E

+n 2N (A — A)

t

T
+n 72N <Z ete;> A
t=1

with .
no2A (A~ ) ;FF (A-4)'A=0,(),
n=2A (A — A) i FteQ[X =0,(1),
and -

n=2A <i ete;> A=0,(T);
t=1

therefore, IV = O, (T'). Thus we get

T T

T2y FBF =T FF/+0,(T).

t=1 t=1
Note that even if the estimated shocks are not consistent, 72 23:1 EFis a
consistent estimator for 72 ZZ;I F,F]. This holds for any consistent estimator
A such that A — A = O, (T“;); in such case, consistency would be ensured at a
rate min {1, 6}.

With respect to the numerator of equation (25), this is equal to

n T n

SO W + 305 (We - ) 5= 141

i=1 t=1 i=1 t=1
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We have:

n T n T
I = ZZWW” + Z (Wt Wt) Uit
i=1 t=1 =1 t=1
T n T n T n
= ZWt (Zu”> +n A (A—f\) ZWt (Zu”> +n lA'Zet (Zu”> ,
t=1 =1 t=1 i=1 t=1 =1
with
T n
Z Wt (Z uit> = Op (T) 5
t=1 i=1
T\ (A A) S w, (Zuit> =0, (T™1)0,(T) =0, (1),
t=1 i=1
and

T n
n A Zet (Z Uz‘t) = Op (T1/2> ,
t=1 i=1

which follows from Assumption 6. As far as I is concerned, we have

n T ,
II = nflA’ZZzt (Wt —TflA/Zt) B

=1 t=1

T

= n_lAl Z Zt |:Wt - n_llA\'AWt + TL_IAI (A - A) Wt - n_lf\/et - TL_I (A

t=1
. T R T ) o )
= A zens +n Ay AW, (A - A) A—n 2R
t=1 t=1 t=1

= 0,(T)+ 0y (Tﬁl) Op (TQ) + Op (Tﬁl) Op (T?) = O, (T).

Hence, the numerator of equation (25) is O, (T'). Combining this result with

the asymptotic magnitude of the denominator of equation (25), we get
T

B {i;m {(Wt - Wt)/BJruitH

=1

To find the limiting distribution of the numerator of (25) is concerned, we first

70

7~
KNIl
Dy
/
>
\
-
N—
@



study the term > , Zle W, (Wt — Wt)/ B. We have:
n , T T
Z Wt (Wt - Wt) ,6 = —Tl_QA/ Z Zt€;Aﬁ — Tl_QA/ Z thg (A - A) ﬁ
—1t=1 t=1 t=1
T
w0 ?A Y 2wy (A A) A

t=1

(2

= I+II+1II
Since z; = AW; + é&;, we have
T
I = —n?N> (AW +&)elAB

t=1

T T
= —n 2N AWEAB —n A ) el AB

t=1 t=1
= —n_l/BgdBéAﬁ—n_zA’EeAﬁ. (81)
As far as IT is concerned, recalling that T' ([\ — A) = D}, we have
~ T ~
I = 02K (AW + &) (AW, + &) (A - A) 3

t=1

= —n2A ZT: AW, WA’ (A - A) B —n 2N ZT:AW@; (A - A) 3

t=1 t=1

nT2R ZT: ERTAN ([\ - A) B —n 2N ZT: &2, ([\ - A) 3
t=1

t=1
= —nt /

Likewise

0@|

B!N'D}p. (82)

DYAB (83)

Thus, combining equations (81), (82) and (83) we have

n T
PPIAU Wt)' B=-n"! / B.dBiAB—n"* NS Af+n~" / B.BL[DYA - A'D}] 8.

i=1 t=1
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As far as the term Zle Wi (32, uir) is concerned, we have
T n T n
Z W, (Z uit> = plA Z Z (Z uit>
t=1 i=1 t=1 i=1
T n T n
= nilA/ZAWt (Zun> —‘rnil]\/Zét (Zuit> ,
t=1 i=1 t=1 i=1

which asymptotically leads to

1/2
n n

T n
1 44 _
LAy, (Zu> = [ Baan. 33 hy
t=1 i=1 =1 j=1
This completes the proof of (37).

Finally, we consider the case when equation (1) is a spurious relationship.

Since wu;; ~ I (1), we have that
T N ~ !/
S W (Wt —Wt) B=0,(T),
t=1

and

T T T T
Z Wtuit = Z Wtuit + ’I’L_l/A\/ (A — A) Z Wtuit + n_lf\’ Z CtUgt
t=1 t=1 t=1

= O:p (TQ) +0p (T) + Op (T) )

so that Zthl W, {(Wt — Wt>/ b+ uit] =0, (T2).

In this case the limiting distribution of the numerator is given by the lead-
ing term 23:1 Wy (321, uit), which converges to VhA ([ B-By). This proves
equation (38). m

Proof of Theorem 8. Consider equation (26)

. {iiAE {(AFt - AFt)IB + Auit] } .

i=1 t=1

n T
> Y ARAF

i=1 t=1

~FD

5=

As far as the denominator is concerned, we have

T T
S ARAF, =n?A) Az AzA =0, (T).

t=1 t=1
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~FD .
As far as the numerator of 3 — [ is concerned, we have

T T
> AR (AF - Aﬁt)' = n2A Y Az {AF[ (A- A)' = Aeg} A
t=1 t=1

T
> Az A

t=1

T
— p2A lz Az AF!
t=1

= 0p(T) 0, (T™) + 0, (T) = 0, (T).

(A-a)A-n
@)

Also we have
i AFAuy = i AFAug + i (AFt - AFt) Augy
=1 t=1 t=1

= 0,(VT)+0,(VT) =0, (VT).

The limiting distribution of BFD — B can be obtained as follows. Consider first
the denominator of BFD—B. Given that T—! Z;F:l AFAE] = n=2T-1A Zthl Az Az N,
and recalling that
1 X
plim T ; Az Az, = 3ps,

we have

T

n P TAY T AR AA B n A DA
t=1
~FD
As far as the numerator of §  — [ is concerned, the term that dominates is
~ ~ !
Z;‘F:l AF, (AFt — AFt) 5 and we have:
1 I

. N/ 1 - Z .
— Y AF, (AF, —AF,) B==n"A"Y Az (AF —n 'AZA )3
P Y AR (a7 - AR) 4= K'Y A (AR -1 A4K)

t=1

T T
LR > AnAF/B - %n—%\’ > AzAzNB

T
t=1 t=1

T T T
1. 1. 1. )
?’I’L 1AI E AAFtAFt/B-F?'I’L lAl E AetAFt'ﬁ—?n 2AI E AZtAZQA/B

t=1 t=1 t=1

where n 1T~ 1A’ Zle Ae,AF]B is of order O, (T~%/?). Since

T
n*l%A’ > AARAFB 5 n ' Sapp,
t=1
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and
N2 ET: Az AZN B L n 2N SALAB
T p ’
we have
1o, £ -/
=Y AR (AFt — AFt) B2 0 IS arS — n 2N SaL AL
t=1

Recalling that the denominator converges to n~2A’Ya.A in probability, we fi-
nally obtain equation (39). m

Proof of Proposition 3. The results follow directly from Assumption 8,
parts (1) and (2). =

Proof of Proposition 4. The results follow directly from Assumption 8,
parts (1) and (3). =

Proof of Proposition 5. Equation (47) follows from Assumption 9
and (49). Similarly, (52), and the restriction n/T — 0, follow from (49) and
the proof of Theorem 3. Finally, consider (51). As far as the denominator is
concerned, we have (nT) ™" S Zthl AFAF! 2 S ap. As far as the numer-
ator is concerned, it holds that that > , Zthl AF,Auy; = O, (\/n_T), and
S USE AR, (AF} - AFt>/ = 0, (nT9,}) from Lemma 3.3(b). This, to-
gether with Assumption 9, also yields S0, ST AFRAF! (8, — 8) = S0 ABAE S (8, — B)+
0, (1) = O, (VAT). Thus, B — B = O, (n~"/2) with yn (BFD -8) =
n~Y23 " (B; — B)+o0p (1), whence (51). The proof of Proposition 6 is similar

and thus omitted. m
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