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Abstract

The classical factor analysis may no longer be consistent when number of variable is large.
Unfortunately when estimating a mortality model, one usually finds the number of variable
is large. The problem is particular severe when we consider multi-population modeling. In
addition, mortality rates are correlated and heteroskedastic. This implies that the assumption of
classic method is violated; therefore may not even suits the need of mortality rates analysis. We
introduce a robust method called asymptotic principal component analysis (APCA) to mortality
modeling. It allows correlation and heteroskedasticity, in both cross-sectional and time series
dimension. It is compatible to current mortality model such as [Lee and Carter| (1992)). Using
mortality data from Human Mortality Database, our (preliminary) result show that it is an
efficient and accurate method and does capture the cross-sectional heteroskedasticity and time

series heteroskedasticity in many populations.

1 Introduction

Principal component analysis (PCA) is widely used in the mortality modeling. The application
of PCA in mortality modeling goes back to Bell and Monsell (1991). The famous Lee and Carter
(1992)) can be seen as a mortality model with one component, as described in |Girosi and King
(2007). Renshaw and Haberman (2003b) extended Lee-Carter model to two sets of component.

Hyndman et al. (2007)) applied functional PCA to mortality model. [Yang et al.| (2010) developed
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a mortality model using PCA as an exploratory tool. Recently [Hunt and Blake (2014) developed
a general framework around principal component analysis, also use it as a tool to identify the
appropriate function of age and period effect in a mortality model.

A concept that deeply relates to PCA is factor model. Factor models of random variables
(here mortality rates) decompose variables into common factors and idiosyncratic errors. These
factors often will be used in subsequent analysis or forecasting. The factors are associated with
factor loading, which is variable’s sensitivity toward factor. Both factor and factor loading are
unobservable, so without other assumption the factor model alone cannot gives us any information.
To uniquely (up to column sign changes) identify a factor model, one needs to assume some empirical
restrictions to factor loading and factor. After restrictions are set, the method used in PCA can also
be used to estimate the factor model. Common methods used include singular value decomposition
(SVD) and spectral decomposition. As an example, the original paper of Lee and Carter| (1992)
used SVD to estimate the model, and restricts the sum of factor loading equals to 1 and sum of
factor equals to 0 to uniquely identify the model.

Brouhns et al|(2002) and Renshaw and Haberman| (2006) developed a Newton-Raphson type
estimation procedure based on maximum likelihood estimation (MLE), with the same identification
restriction in Lee-Carter model. Brouhns et al.| (2002) relaxed the assumption of normality as well
as cross-sectional heteroskedasticity. However, these estimation procedures did not consider the time
series heteroskedasticity.

In practice, one often encounters the situation where the population of interest has larger
number of variable (mortality rates) than number of observation. This is particularly true in a
multi-population context, since the number of mortality rates increase proportionally with number
of population. We introduce a better way to estimate the common factor under such circumstance.
The new methodology, proposed by (Connor and Korajczyk (1986), is called asymptotic principal
component analysis (APCA). The main advantage of APCA is in its wide range of applications.
It can be applied to wherever a factor model can be applied to. The method accounts for both
cross-sectional and serial correlation, as well as heteroskedasticity. Particularly, We show that it
is fully compatible with the traditional Lee-Carter model but render better estimation results in
many cases without apparent negative effect.

In addition, the asymptotic property of APCA makes it very attractive when we are interested



in estimating a multi-population model, where the number of variable is large. |Lin et al.| (2013
pointed out that correlation among populations exists and significantly affect the pricing of mor-
tality security, where APCA is robust against correlation. We plan to apply the APCA to modified
version of [Li and Lee (2005) to demonstrate the performance of approximate factor model.

We also consider the heteroskedastic version of APCA, namely heteroskedasticity factor analysis
(HFA) proposed by |Jones| (2001)). Jones| (2001)) relaxed the assumption of time series heteroskedas-
ticity of APCA, which it is non-trivial when we are interested in mortality data with a long history.
HFA accounts for time series heteroskedasticity in idiosyncratic error by using an iterative estima-
tor based on MLE to update the cross-product matrix until convergence. The idea is analogous
to the estimation of generalized least square method (GLM), which is also used in Renshaw and
Haberman (2003a) for cross-sectional estimation.

Using mortality panel data of every available population from Human Mortality Database
(HMD), we compare the efficiency of different estimators. The cross-sectional and time series
correlation and heteroskedasticity in mortality rates is well documented in the literature, which
motivates the use of robust PCA method such as APCA and HFA. Our preliminary result suggests

that APCA and HFA are more accurate and more robust than traditional Lee-Carter model.

2 The Factor Model

Given a data matrix X with IV variables, the factor model of X can be written as:

X - X =8F+e, (1)

where X is the vector of average of X,,, a 1 x T vector of the nth variable n = 1,2,...,N. The
factor F' = (F1, Fy,...,Fy,)" is a m x T matrix, each row represent a latent random variable that
is (linearly) uncorrelated to each other. The term f is called factor loading, which describe the
sensitivity of each variable to these factors. Since § and F' are both latent variable, one has to
impose further restrictions to uniquely (up to the sign of variables) identify them. The standard
restriction are (1) E(F) = 0. (2) Cov(F) = E(FF") = I, where I, is a m xm identity matrix. (3)
E(e) = 0. (4) Cov(e) = diag(c?,03,...,03%) = D. And (5) F and € are independent. Based on the



assumption, the factor loading 5 can estimated from covariance matrix via spectrum decomposition

using the following relation:

Q= Cov(X)=88" +D. (2)

The factor estimate F' can obtained from regress X — X on 3
F=@"p)6" (X - X). (3)

3 APCA and HFA

The estimation of 5 and F' is not trivial. In practice, often the situation dictates that the available
data has less observation in year than the number of age we are interested in. In other word, it is
quite often that N > T. The dimensionality hence leads to inefficient estimate of the factor model,
especially when we estimate the common factor with multiple populations. The classical factor
analysis does not allow serial or cross-sectional correlation, which make application to mortality rate
less appealing. [Chamberlain and Rothschild| (1983) first developed the “approximate” factor model
to allow for weakly serial or cross-sectional correlation. |Connor and Korajczyk (1986) proposed
the idea of asymptotic principal component analysis (APCA), which is designed specifically to
estimate the factor model efficiently when N >> T, and at the same time allows for cross-sectional
correlation and serial correlation.

Connor and Korajczyk (1986) and |(Connor and Korajczyk (1988) showed that the factor model

can estimated from the T x T cross-product matrix S/)}, ie.,
_ 1 X
Or = = ;(Xn — X)) (X — X)) " (4)

Specifically, |Connor and Korajczyk| (1986) showed that the first K eigenvectors of the T' x T cross-
product matrix would converge to the true pervasive factor given that residuals were not serially
correlated and homoskedastic. The first K factor estimates, ﬁ, are equal to the first K eigenvector
of S/l;

The result of |Connor and Korajczykl (1986) suggests that when we are interested in estimating

a N x T factor model, if T" >> N then the traditional spectrum decomposition to the N x N



covariance matrix, or equivalently, the singular value decomposition (SVD) used in Lee-Carter
model is more efficient; if N >> T then the APCA estimate is more efficient, which is often
true in our application. Our empirical estimates at the end of section show that, in most of the
application, APCA produce more accurate estimate than Lee-Carter model. [Connor and Korajczyk
(1988) improved estimation procedure by considering conditional heteroskedasticity.

The estimate algorithm of APCA is as follows:
1. Compute (fl;

2. Obtain first K eigenvectors.

3. For each n = 1,2,..., N, regress first K eigenvector on X, — X,,, and compute residual

. —~9
variance o, .

4. Scale X as XD~1/2, where D = diag(@12, 035 ..., on°)

5. Compute the new cross-product from X D12,

6. Repeat step 1 - 3 to obtain first K eigenvector as factor estimate I , and regression coefficient
as B

Jones| (2001) proposes heteroskedasticity factor analysis (HFA) that further relaxes the ho-
moskedasticity assumption on the idiosyncratic errors. In |Connor and Korajczyk (1986) they
assume that there exists an average residual variance and it is constant through time. In [Jones
(2001) the average residual variance in each period is allowed to be varying. Using the Strong Law of
Larger Number, the off-diagonal elements of residual covariance matrix converge to 0 almost surely.
The diagonal elements of residual covariance matrix converge to the he average idiosyncratic vari-
ances in period. The estimation of HFA is based on |Joreskog (1967). |Joreskog| (1967) provide
an iterative procedure based Maximum Likelihood Estimation (MLE) to estimate the factor. The

consistency of MLE ensure convergence to the true €2. The procedure is as follows:

1. Compute Si;

2. Set 1/7\0 as the initial guess of diagonal residual covariance matrix D.

12~ ~—1/2
3. Obtain first K eigenvectors for Dy / QrDyg / .



4. Let V be be the eigenvector matrix, where the kth column is the eigenvector associated with
kth eigenvalue. Let A be a diagonal matrix of eigenvalue, with descending order. Compute
1/2

Fby Dy "V(A—T1)12

5. Update the estimate of D by D= S/]; —FTF.
6. Iterate step 3 - 5 until convergence criterion is achieved.

7. (Optional) To compare with APCA estimate of factor, the factor estimate F is orthonor-
malized to FN. The first column of FV , ﬁlN is the normalized first eigenvector. Every
other eigenvectors is regressed on ﬁlN without intercept. The residual of the kth regression is
the new kth orthonormalized factor ﬁév . This step yields the factor estimate FN such that

FNTEN

4 Preliminary Results

To conclude the section, Table 1 and 2 shows a comparison of estimation performance among
Lee-Carter, APCA, and HFA with 1 factor and 2 factors, respectively. The data is obtained from
Human Mortality Database. We gather mortality data of every male population from age 1 to age
100. The only exception is Belarus, because of the missing data problem, possibly due to WWIL.
We use the percentage of variance explained of the factor as a measure of estimation performance.
Variance explained is equal to the ratio of first K eigenvalue to the sum of all eigenvalue. In Table
1 we set the number of factor K to 1 and Table 2 to K = 2. First column lists the code name of
populations. Second to fourth column report the percentage of variance explained for SVD, APCA,
and HFA, respectively. The last column lists the length of observation. Table 3 is for abbreviation
used in Table 1 and 2.

[Insert Table 1 near here]

[Insert Table 2 near here]

[Insert Table 3 near here]



The result shows that APCA and HFA provide more accurate estimate in almost every popu-
lation. Second, for those population which one or two factor does not explained the mortality well,
APCA and HFA often provide better estimate, sometimes twice of as much boost to accuracy, for
example in Israel (ISR) and Luxembourg (LUX). These populations are relatively smaller, hence
cross-sectional variation is larger than the average. This suggests APCA is particularly suitable
small population. Third, HFA tends to outperform the other two for populations with long histori-
cal data, for example in France (FRACNP, and FRATNP), UK (GBR_NIR, GBR_NP, GBR_SCO,
GBRCENW, and GBRTENW), Italy (ITA), Norway (NOR), and Spain (ESP). These empirical

evidences suggest APCA and HFA provide robust and accurate estimation to mortality model.

5 Future Research

We would like to apply our method to multiple populations. Since the number of variable increases
when the number of population does, it might be good application to illustrate APCA and HFA’s
advantage when N is large. Our method has the potential to improve estimation of common factors
among multiple populations.

Other plans include conducting the cross-sectional comparison in more detail. We plan to
investigate the effect of cross-sectional and time heteroskadasticity on hedge effectiveness. Our
second plan is to determine the number of factor via statistical method such as|Bai and Ngj (2002)
and Onatski| (2010). Also we would like to derive the MLE estimator under the assumption that

death count is a heterogeneous Poisson distribution.
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Table 1: Percentage of variance explained by SVD, APCA, and HFA in the 1-factor model. The
number in parentheses indicates the ranking of accuracy among three methods. 1 = best, 2 =
second, 3 = worst. NA for population with missing data.

Population Code LC APCA HFA Span
AUS 89.18 (3) 90.17 (1) 90.02 (2) 1921-2009
AUT 80.93 (3) 89.39 (1) 82.37(2) 1947-2010
BEL NA (NA) NA (NA) NA (NA) NA
BGR 71.01 (1) 67.98 (2) 66.72 (3) 1947-2010
BLR 70.80 (3) 84.63 (1) 73.40 (2) 1959-2010
CAN 93.99 (3) 94.00 (2) 94.38 (1) 1921-2009
CHE 90.09 (3) 95.80 (1) 91.58 (2) 1876-2011
CHL 48.56 (3) 67.87 (1) 52.00 (2) 1992-2005
CZE 74.45(2) 77.70 (1) 73.64 (3) 1950-2011

DEUTE 80.58 (2) 86.53 (1) 80.56 (3) 1956-2011

DEUTNP 90.11 (3) 93.94 (1) 91.29 (2) 1990-2011

DEUTW 94.99 (3) 95.82 (1) 95.22 (2) 1956-2011

DNK 91.57 (3) 93.84 (1) 93.45(2) 1835-2011

ESP 9594 (2) 9591 (3) 96.99 (1) 1908-2009

EST 36.70 (1) 36.05(2) 31.38(3) 1959-2011

FIN 8248 (3) 88.34 (1) 88.11(2) 1878-2009

FRACNP 95.31 (3) 95.41 (2) 97.19 (1) 1816-2010

FRATNP 93.32 (3) 93.76 (2) 97.26 (1) 1816-2010

GBR.NIR 76.08 (3) 77.70 (2) 93.16 (1) 1922-2011

GBRNP 92.69 (3) 95.44 (2) 97.29 (1) 1922-2011

GBR_.SCO 91.79 (3) 93.20 (2) 96.63 (1) 1855-2011

GBRCENW  96.60 (3) 97.05 (2) 98.25 (1) 1841-2011

GBRTENW 94.92 (3) 9541 (2) 98.27 (1) 1841-2011

HUN 63.67 (2) 66.16 (1) 63.15(3) 1950-2009

IRL 61.52(2) 75.66 (1) 60.24 (3) 1950-2009

ISL 7513 (3) 77.84 (1) 77.16 (2) 1838-2010

ISR 47.75 (3) 73.62 (1) 48.77 (2) 1983-2009

ITA 94.09 (3) 95.17 (2) 96.78 (1) 1872-2009

JPN 9584 (3) 97.14 (1) 96.86 (2) 1947-2009

LTU 4528 (3) 4835 (1) 46.55(2) 1959-2011

LUX 2198 (2) 54.60 (1) 21.94 (3) 1960-2009

LVA 3213 (3) 33.08(2) 36.92 (1) 1959-2011

NLD 93.60 (3) 96.70 (1) 95.85(2) 1850-2009

NOR  93.69 (2) 93.41 (3) 94.52 (1) 1846-2009

NZL MA 2885 (3) 32.68 (1) 30.15(2) 1948-2008

NZL.NM 7358 (3) 79.81 (1) 76.80 (2) 1901-2008

NZLNP 64.97 (3) 8198 (1) 65.56 (2) 1948-2008

POL 76.66 (3) 80.47 (1) 79.48 (2) 1958-2009

PRT 87.02 (3) 89.47 (1) 87.65(2) 1940-2009

RUS 75.43 (3) 84.66 (1) 84.17 (2) 1959-2010

SVK 53.26 (3) 58.61 (1) 54.59 (2) 1950-2009

SVN 31.85(3) 74.06 (1) 38.98 (2) 1983-2009

SWE 92.35 (3) 95.54 (1) 94.96 (2) 1751-2011

TWN 8193 (3) 87.18 (1) 84.83(2) 1970-2010

UKR 81.40 (3) 90.09 (1) 84.61 (2) 1959-2009

USA 94.27 (3) 96.18 (1) 95.54 (2) 1933-2010
Average Rank 2.7 1.38 1.91




Table 2: Percentage of variance explained by SVD, APCA, and HFA in the 1-factor model. The
number in parentheses indicates the ranking of accuracy among three methods. 1 = best, 2 =
second, 3 = worst. NA for population with missing data.

Population Code LC APCA HFA Span
AUS 9423 (3) 97.61 (1) 95.89 (2) 1921-2009
AUT 85.18 (3) 91.58 (1) 85.23 (2) 1947-2010
BEL NA (NA) NA (NA) NA (NA) NA
BGR 85.18 (2) 83.68 (3) 88.90 (1) 1947-2010
BLR 79.33 (3) 87.87 (1) 80.60 (2) 1959-2010
CAN 96.74 (3) 97.04 (1) 96.80 (2) 1921-2009
CHE 91.98 (3) 96.99 (1) 92.67 (2) 1876-2011
CHL 66.07 (3) 76.21 (1) 66.90 (2) 1992-2005
CZE 81.00 (2) 87.87 (1) 80.55 (3) 1950-2011

DEUTE 86.63 (2) 90.26 (1) 85.93 (3) 1956-2011

DEUTNP 9242 (3) 95.99 (1) 93.25 (2) 1990-2011

DEUTW 96.57 (3) 97.23 (1) 96.62 (2) 1956-2011

DNK 93.65 (3) 94.82(2) 95.29 (1) 1835-2011

ESP 9787 (3) 98.04 (1) 98.02(2) 1908-2009

EST 46.26 (2) 56.02 (1) 45.32(3) 1959-2011

FIN 86.10 (3) 94.38 (1) 89.60 (2) 1878-2009

FRACNP 97.43 (3) 97.80 (2) 98.58 (1) 1816-2010

FRATNP 97.10 (3) 98.06 (2) 98.65 (1) 1816-2010

GBR.NIR 80.74 (3) 87.67 (2) 94.39 (1) 1922-2011

GBRNP 97.73 (3) 98.24 (2) 98.26 (1) 1922-2011

GBR_.SCO 94.52 (3) 96.50 (2) 97.60 (1) 1855-2011

GBRCENW 98.39 (2) 98.37 (3) 99.05 (1) 1841-2011

GBRTENW 97.83 (3) 98.24 (2) 99.02 (1) 1841-2011

HUN 79.97 (3) 86.25 (1) 81.02 (2) 1950-2009

IRL 68.37 (2) 81.47 (1) 67.88(3) 1950-2009

ISL  77.73 (3) 80.33 (1) 80.20 (2) 1838-2010

ISR 5444 (3) 7649 (1) 56.64 (2) 1983-2009

ITA 97.05 (3) 97.96 (2) 98.33 (1) 1872-2009

JPN 98.14 (2) 98.88 (1) 98.09 (3) 1947-2009

LTU 60.04 (3) 69.23 (1) 60.39 (2) 1959-2011

LUX 29.10 (3) 56.69 (1) 29.49 (2) 1960-2009

LVA 56.66 (3) 75.73 (1) 62.99 (2) 1959-2011

NLD 95.06 (3) 96.86 (1) 96.74 (2) 1850-2009

NOR  95.65 (3) 96.76 (1) 96.34 (2) 1846-2009

NZL.MA 34.40 (3) 37.45(1) 35.81(2) 1948-2008

NZL.NM 78.17 (3) 88.21 (1) 81.63(2) 1901-2008

NZLNP 69.69 (3) 86.82 (1) 69.74 (2) 1948-2008

POL 88.17(3) 90.29 (1) 89.49 (2) 1958-2009

PRT 91.71 (3) 93.16 (2) 93.86 (1) 1940-2009

RUS 89.16 (3) 92.13 (1) 91.21 (2) 1959-2010

SVK 64.68 (2) 70.00 (1) 64.57 (3) 1950-2009

SVN 4344 (3) 76.23 (1) 49.49 (2) 1983-2009

SWE 94.21 (3) 97.35(1) 9598 (2) 1751-2011

TWN 88.90 (2) 90.55 (1) 88.82(3) 1970-2010

UKR 88.13 (3) 91.90 (1) 89.88 (2) 1959-2009

USA 97.62 (3) 97.83(2) 98.68 (1) 1933-2010
Average Rank 2.74 1.34 1.91




Table 3: Code table for populations in Human Mortality Database.

Population code

Population name

AUS
AUT
BEL
BGR
BLR
CAN
CHE
CHL

CZE
DEUTE
DEUTNP
DEUTW
DNK

ESP

EST

FIN
FRACNP
FRATNP
GBR-NIR
GBR_NP
GBR_-SCO
GBRCENW
GBRTENW
HUN

IRL

ISL

ISR

ITA

JPN

LTU

LUX

LVA

NLD
NOR
NZL-MA
NZL_NM
NZL_NP
POL

PRT

RUS

SVK

SVN
SWE
TWN
UKR
USA

Australia,

Austria

Belgium

Bulgaria

Belarus

Canada

Switzerland

Chile

Czech Republic

East Germany

Germany

West Germany

Denmark

Spain

Estonia

Finland

France, Civilian Population
France, Total Population
Northern Ireland

United Kingdom

Scotland

England and Wales, Civilian National Population
England and Wales, Total Population
Hungary

Ireland

Iceland

Israel, Total Population
Italy

Japan

Lithuania

Luxembourg

Latvia

Netherlands

Norway

New Zealand — Maori
New Zealand — Non-Maori
New Zealand

Poland

Portugal

Russia

Slovakia

Slovenia

Sweden

Taiwan

Ukraine

The United States of America
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