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Abstract

This paper introduces three new Anova-type consistent estimators of
variance components for use in multi-way unbalanced error components
models, with possibly non-normal errors and endogenous regressors. They
are easy to compute and are proved to be consistent under mild regularity
conditions. For the first time proofs of consistency for Anova estimators
are offered under such a general class of models, providing novel insights
into the impact of unbalancedness on the large-sample properties of the
estimators. A battery of Monte Carlo experiments and an empirical ap-
plication to US production data show that the estimators perform reason-
ably well, in comparison to unbiased methods incorporating finite-sample

corrections.
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1 Introduction

This paper derives new Analysis of variance (Anova) estimators of variance
components for use in multi-way unbalanced error components models (ECM’s),
with possibly non-normal errors and endogenous regressors.

Anova-type estimators are widely used in ECM’s, despite their non-optimality
in unbalanced designs, because of their computational simplicity and reasonable
accuracy, both when estimates of the variance components are of direct interest
and as ingredients of feasible GLS (FGLS) estimators for the model coefficients.
Importantly, they are amenable to use in multi-way ECM’s with endogenous
regressors, as I show in this paper. FGLS estimation of multi-way ECM’s, on
its part, ensures efficiency gains over standard least squares techniques, along
with more robust standard errors and t statistics (Wooldridge (2003)).

Two closely related procedures are typically applied in the ECM literature
for obtaining Anova-type estimators of variance components. The first, which
I call Procedure I, gives Anova-type unbiased estimators as the final output of
the following three steps (see Searle (1971), Swamy and Arora (1972), Westfall
(1986), Wansbeek and Kaptein (1989), Baltagi and Chang (1994) and Davis

(2002), among others).

1. Start from theoretical quadratic forms in the unobserved composite error
and obtain their empirical analogs by replacing the composite error with

the residuals from some regression of choice.

2. Work out the conditional expectations of the empirical quadratic forms as



linear functions of the unknown variance components.

3. Equate the values of the empirical quadratic forms to their conditional

expectations and obtain the Anova-type estimator as the system solution.

The resulting Anova-type estimator is unbiased by construction, inheriting the
finite sample corrections incorporated into the conditional expectations formu-
las. It must be observed, though, that step 2 is successfully accomplished only
under suitable conditional homoskedasticity restrictions, which may be difficult
to justify on economic grounds, especially when the conditioning set includes
endogenous regressors.

Anova-type consistent estimators (ACE’s) can be obtained as the final out-
come of the following scheme, referred to throughout as Procedure II (Wallace

and Hussain (1969), Amemiya (1971), Baltagi and Chang (2000)).

1. Start from theoretical quadratic forms in the unobserved composite error
and work out their unconditional expectations as linear functions of the

unknown variance components.

2. Equate the theoretical quadratic forms to their unconditional expectations

and obtain the unfeasible Anova estimator as the solution of the system.

3. Obtain an ACE by replacing the composite error in the formula of the

unfeasible estimator with the residuals from some regression of choice.

Clearly, neither procedure is per se a consistency proof. Consistency of the
resulting estimators must be suitably proved, and the regularity conditions un-
der which it holds made explicit, in either scheme. Procedure II, however, has
two virtues over Procedure I. First, it leaves the conditional expectation and
conditional covariance of the composite error unrestricted, and so can be ap-

plied to a broader range of economic data. Second, since the formula of the



unconditional expectation is less intricate than that of the conditional expecta-
tion, ACE’s obtained through Procedure II are less computationally demanding.
Procedure II has been introduced in balanced two-way ECM’s with exogenous
regressors and normal disturbances by Wallace and Hussain (1969) (WH), with
the last step implemented through pooled ordinary least squares (OLS) residu-
als. Later, Amemiya (1971) (AM) has applied it to the same context as WH, in
a version using within residuals. More recently, Baltagi and Chang (2000) have
adapted the WH approach to the unbalanced, one-way, ECM with endogenous
regressors, suggesting an estimator based on the pooled two stages least squares
(TSLS) residuals, but without offering a proof of consistency.!

I apply Procedure II to derive three new ACE’s for use in unbalanced multi-
way ECM’s with possibly non-normal error components and, as recommended
by Baltagi et al. (2002), endogenous regressors. Consistency is proved, and regu-
larity conditions made explicit, for each new ACE presented. It is an important
methodological contribution of this paper that for the first time consistency is
proved for Anova-type estimators within such a general class of ECM’s. This
is no trivial task, at this level of generality, so that a regularity condition is
required to prevent abnormal patterns of unbalancedness. More specifically, a
mild restriction is maintained preventing that for all dimensions in the sample,
a dimension specific measure of unbalancedness, based on the Pearson’s coeffi-
cient of variation across group sizes, may grow at the same speed as the number

2

of groups in the dimension.® This provides novel theoretical insight into the

impact of unbalancedness on accuracy and precision of Anova estimates, as well

IThe distinction between the two procedures is recognized in Maddala and Mount (1973).
Notice that they do not refer to the WH and AM estimators as Anova-type estimators, keeping
this name only for the unbiased estimators derived under Procedure I.

2In more specific treatments this is accomplished by placing restrictions directly on the
group sizes. For example Westfall (1986), proving asymptotic normality of the Anova estima-
tor in the non-normal case for an unbalanced, nested ECM (with nonstochastic regressors),
maintain that group sizes are uniformly bounded, which is far more restrictive than my con-
dition.



as a new theoretically grounded measure to quantify such an impact.

The three ACE’s differ only in the residuals used in the last step of Procedure
I1. The first, henceforth ACEL, is based on within two stages least squares
(WTSLS) residuals and as such extends the ACE derived by AM. The second,
henceforth ACE2, uses TSLS residuals, extending the ACE’s introduced by WH
and Baltagi and Chang (2000). The last, henceforth ACE3, uses WTSLS and
between TSLS (BTSLS) residuals. It is related to the unbiased estimator derived
by Swamy and Arora (1972) (SA) for the balanced non-nested two-way ECM
with nonstochastic regressors, using within and between residuals in step 1 of
Procedure 1.

An estimator closely related to ACE1 is that derived by Wansbeek and
Kaptein (1989) (WK) for the unbalanced two-way non-nested ECM, based on
within residuals applied in step 1 of Procedure I. In WK, Step 2 is carried out
under the assumption that regressors and the composite error are independent.
The resulting estimator is clearly unbiased, but no proof of its consistency is
given. In this respect, I show that under a stronger version of the regularity
conditions of ACE1, requiring that the regressors and the composite error be not
related asymptotically, the multi-way extension of the WK estimator, derived
in this paper, is indeed consistent. I also prove that it is still unbiased under the
assumption of strictly exogenous regressors and conditional homoskedasticity,
which is clearly a weaker restriction than independence.

Another estimator closely related to ACE1 is that by Davis (2002), who
extends the WK estimator to multi-way ECM’s with endogenous regressors.
While neither unbiasedness, nor consistency is therein proved, I show that the
conditions needed to make Davis’ estimator unbiased are by necessity of an
arbitrary nature, given the presence of endogenous regressors. I prove also that

the finite-sample correction in the formula of Davis’ estimator is incomplete.



Finally, with the asymptotic analysis of ACE1 in hand, it is easy to prove that
Davis’ estimators is consistent under the regularity conditions of ACEL.

Along with ACE3, I also derive an unbiased estimator, based on Procedure
I, that extends the SA estimator to multi-way, unbalanced ECM’s with strictly
exogenous regressors and conditional homoskedasticity. The only existing ex-
tensions of the SA estimator, to date, are confined to the unbalanced one-way
model (Baltagi and Chang (1994)) and to the unbalanced two-way nested model
(Baltagi et al. (2001)), (with regressors in both contributions taken, implicitly
or explicitly, as nonstochastic).

For all estimators a number of computational issues are taken up, including
the treatment of nested multi-way ECM’s (see Westfall 1986 and Baltagi et al.
(2001)) and that of regressors and instruments with slow sample variation, as
the intercept or dummy variables.

The finite-sample performance of the new estimators is examined in a bat-
tery of Monte Carlo experiments, especially focused on the interplay between
unbalancedness, number of groups and sample size. The new estimators are
also seen at work in an empirical application based on Baltagi et al. (2001),
estimating US state level production functions on the data by Munnell (1990).

The following notation and conventions are used throughout. Given an ar-
bitrary real matrix A, the collection of all vectors that are linear combinations
of the columns of A is referred to as the range of A and is denoted by R (A).
The rank of A is denoted by 7 (A), the determinant by det (A) and the trace
by tr A. A~ denotes a generalized inverse of A. Py = A(A’A)” A’ stands
for the projection operator onto R (A) with the inner product (a,b) = a’b. I,
s any integer, indicates the identity matrix of order s and I indicates a con-
formable identity matrix when the order can be easily inferred by the context.

Q4] = I — P4 indicates the projection matrix onto the subspace of all vec-



tors that are orthogonal to A. The symbol % denotes the Hadamard product.
Convergence in probability is denoted by 7 .

The structure of the rest of the paper is as follows. Section 2 sets up the
model. The ACE’s are introduced, described and proved to be consistent in
Section 3, which is the most important part of the paper. Section 4 focuses on
the unbiased estimators. The Monte Carlo experiments are described in Section
5. Section 6 contains the empirical application. Section 7 concludes the paper.

All lemmata and the proofs of all theorems are relegated to the appendix of the

paper.
2 The model
I focus on the general multi-way ECM with m + 1 dimensions

y=XB+e (1)
where

e = Tu

I = <]n A),AE(Al Ay - Am>
/
u = <u6 ull e {Hl)’

A; denotes the (n x N;) matrix of dummy variables indicating the groups at the

IS

level i = 1,...,m and w; denotes the correspondent error component (N; x 1)
vector; wug stands for the idiosyncratic (observation specific) error component
(n x 1) vector.

The following assumptions hold throughout.

A.l For i = 0,1,..,m, u; is a vector of i.i.d. random variables such that



E(uj) =0, E (ufj) = 0? < o0, E(ufj) =Kia+30} <o0,j=1,...,N;
with Ng = n, r; 4 and 012 fixed parameters; ug, u1, ..., U, are independent

random vectors.

In what follows a sequence of models (1) is defined for n tending to infinity,
therefore all variables should be thought of as indexed by n. For the sake of

notational simplicity, though, I take the liberty of omitting such dependence.

A.2 a)Fori=1,..,m, A; is a matrix having exactly 1 unity element and N; —1
zero elements in every row and such that none of its columns has all zero
elements, i = 1,...,m. b) r (A) /n is bounded away from 1, i.e. there exist
a constant 0 < p < 1 and an integer ng such that

r(4)

n

<p

for all n > ny.

Assumption A.1 implies that the composite error € has the multi-way ECM
variance-covariance matrix (Wansbeek and Kaptein (1989) and Davis (2002)),

that is Var (¢) = X, where

Y= U%In N S TASVAVIE SIS UanmA;n. (2)

Assumption A.2 is fairly general and met by most real world data-sets and
applications. Part a) requires that the effects in any dimension be properly
specified without redundant dummies, implying that A; has full column rank
(f.c.r.). It also implies that the columns of A; are mutually exclusive, that is
any observation in the sample belongs to only one group in a given dimension
1, and since this is true for all 7+ = 1, ..., m, any observation in the sample can be

classified according to all dimensions.



Sets of mutually exclusive dummies are the norm in ECM’s. They always
occur when the data points in the idiosyncratic dimension are specified in terms
of the categories of all the other dimensions. Nested classifications always meet
this requirement (see Westfall (1986) and Baltagi et al. (2001), among others),
and also properly constructed non-nested classifications. Think, for example,
of a data-set matching films and theaters over time (weeks) with observations
specified by the triple index film/theater/week, (i, 7,¢), as in Davis (2002). All
sets of dummies are mutually exclusive, regardless of the fact that in the same
week the same film may be shown in different theaters and the same theater
may show more than one film: observation (i, j,t) peculiar to film ¢ shown by
theater j in week ¢ belongs only to group ¢ in the film dimension, group j in the
theater dimension and group ¢ in the time dimension.

Not always is it necessary to index data points by all of the non idiosyn-
cratic dimensions to get sets of mutually exclusive dummies in non-nested clas-
sifications. These would still be assured with less indexes, provided that the
categories in the omitted dimensions are uniquely identified by those in the
included dimensions. In a matched-film-theater data-set where theaters show
only one film at the time, knowing the theater and the week identifies the film,
so that the data can be expanded over theaters and weeks alone. This oc-
currence is beneficial not only because it implies mutually exclusive dummies
along all dimensions, but also because it avoids relatively large sample sizes. In
matched-employer-employee panels with many firms and workers, for example,
observations are typically indexed only by workers and years and some criterion
is applied to assign each worker/year observation to a single firm, for example
the firm at which the worker has worked the largest number of days during
the year (as in Abowd et al. (1999)). In this way, mutually exclusive dummies

are preserved for the three dimensions and the data set is expanded only over



employees and years: observation (i,t), peculiar to employee i working in year
t, belongs only to group % in the employee dimension, group ¢ in the time di-
mension and the corresponding group j (i,t) in the firm dimension, uniquely
determined by ¢ and t by construction.

Importantly, Part a) of A.2, does not imply that dummies indicating groups
in different dimensions are mutually exclusive, nor that A has f.c.r. It does
imply, though, that

m
r(A) =N <r(A) <Y N, (3)
i=1

1=1,...,m.
Part b) is a mild regularity condition, fulfilled by any conceivable ECM.

Given that n —r (A) = tr Qa) > 0, it has

0< n—r(A) <1
n
always. Therefore, rewritten as
—r(A
o<1—p<@—%Ll<L

for all n > ng, part b) of A.2 simply prevents [n — r (A)] /n to get too close
to zero as the sample size gets larger, and so implies that n and n — r (A) are
of the same order of magnitude. For example, it is satisfied by balanced two-
way panel data models in which n = NN, r(A) = Ny + Ny — 1 and both
N7 and Ny tend to infinity as n tends to infinity (as in Wallace and Hussain
(1969) and Amemiya (1971)) or in unbalanced multidimensional ECM’s where
N;/n — p; < 1,4 =1,...,m, with restrictions on the p’s that are specific to

the model considered (as in Westfall (1986) for the nested case).?

3In Wansbeek and Kaptein (1989) there is a finite-sample counterpart to b) of A.2, requiring
that 1) each individual in the sample is observed over at least two periods and 2) N1 /Na > 1.
This is enough to ensure n > 2N; > 2N and, in turn, n — (N1 + N2 — 1) > 0.

10



A.1 and A.2 are compatible with both nested and non-nested ECM’s. 1
follow Davis (2002) and keep a general treatment throughout, so that I will
cover the nested case and specific non-nested models as way of examples or in
specific subsections. A.1 and A.2 are only a part of the set of assumptions used
in the paper, they are enough, though, to ensure existence, unbiasedness and
consistency for the unfeasible Anova estimator of o3. The other assumptions

will be given in due course.

3 Anova-type consistent estimators - ACE’s

ACE’s are constructed following the approach referred to as Procedure II in the
Introduction (Wallace and Hussain (1969), Amemiya (1971), Baltagi and Chang

(2000)). For ease of exposition, the steps of Procedure II are reproduced next.

1. Start from theoretical quadratic forms in the unobserved e and work out
their unconditional expectations as linear functions of the unknown vari-

ance Components .

2. Equate the theoretical quadratic forms to their unconditional expectations

and obtain the unfeasible Anova estimator as the solution of the system.

3. Obtain the ACE by replacing the unobserved e in the formula of the

unfeasible estimator with the residuals from some regression of choice.

To prove that the resulting ACE is actually consistent boils down to proving,
first, that the unfeasible estimator is consistent and, second, that the resulting
feasible estimator is equal to the unfeasible estimator plus an o, (1) remainder.
Section 3.1 covers steps 1 and 2 to derive the unfeasible Anova estimator and
presents the theorems assuring its existence, unbiasedness and consistency under

given regularity conditions. FEach subsequent section, from 3.2 to 3.4, goes

11



through step 3 to derive ACE1-ACE3 and presents the theorem establishing

existence and consistency, under given regularity conditions, for each ACE.

3.1 The unfeasible Anova estimator

The unfeasible Anova estimator for o2 is obtained, according to step 1 of Pro-

cedure II, by establishing that
E (€Qare) = ojtr Qa) = 05 [n = 7 (1))

(see Lemma 1 in appendix for the first equality and Lemma 3 for the second)

and then, turning to step 2, solving €'Qaje = &3151" Q[a) for Eg :

o €QE

UO - n—r (A) 9 (4)
U6Q[A]UO
n—r(A)

The resulting &3 is clearly unbiased under A.1.

The derivation of the unfeasible Anova estimator for the variance compo-

/
2
UZ(O’% U% Ugn)v

goes along the same lines as above. It is based upon the quadratic forms €' Pia €,

nents

i =1,...,m, whose expectations are readily worked out under A.1. So,

E (‘EIP[Ai]E) =F (tT P[Ai]ee’) =tr P[Ai]Z

12



and then

E (E/P[Ai]ﬁ) U?)NZ + U%t?“ A/lp[A,]Al + (5)

toin+ ...+ ontr Al Pa A,

i =1,...,m. I can now obtain the unbiased, unfeasible Anova estimator for 2,

52, as the solution of the system A5> = B — 55C :

2= A1 (B - 530) : (6)
where
n st A;P[Al]Ai s tr A;nP[Al]Am
A= 1 / /
= ﬁ tr Alp[Ai]Al e n cee A7 AmP[AL]Am 9
tr AIIP[AM]Al R 4 A;P[Am]Az n

B = 1 ’ / / !

- ﬁ € P[A1]€ € P[A2]€ N P[Am]f )
1 /
= o < t’I“P[Al] t?“P[A2] tTP[Am] >

and &¢ is specified in equation (4). Notice that, given a) of A.2,

1 !/
Cn<N1 N2 Nm>

Matrix A is a positive matrix that is invertible in most empirical cases. One
case is the nested ECM (see Section 3.1.1 below). For completely non-nested

models (in which no dimension is nested into another) there is the sufficient

13



condition that A has a strictly dominant diagonal,* expressed as

m m m—1
max Ztr A&P[Ai]Al, ...,Ztr A;P[AL]A], ceey Z tr A/mP[A,]Am <n.
=2 i#] i=1

It is easy to prove that the foregoing condition is satisfied, and so A is non

singular, in the two-way model considered by Wansbeek and Kaptein (1989).
The consistency analysis is based on the asymptotic behaviour of the quadratic

forms in B, ¢ Pa,j¢/n, @ = 1,...,m. Although the composite error ¢ is not i.i.d.,

i

expanding € P, j€ as

m m
E/P[Ai]e = u6 + Z u;LA;L P[Ai] Ug + Z Ahuh
h=1 h=1
= 'U/E)P[A,;]UO +2 Z uf)P[Ai]Ahuh + Z Z U?LA;LP{AL.]AJ‘UJ‘ (7)
h=1 h=1j=1

shows that € Pia,je is the sum of a fixed number of quadratic forms and poly-
nomials in random variables that satisfy A.1. Therefore the limiting behaviour
of € Pia,1¢/n can be worked out by focusing on that of its components:

u()P[Ai]uo
n

UE)P[Ai]AjUj
n

4If the model is partially nested (some dimension is nested into others), then a modified
condition applies (for more on this and other algebraic aspects of ECM’s see Bruno (2009)).

5We have seen in footnote 3 that in the unbalanced two-way panel data model considered
by Wansbeek and Kaptein (1989) n > 2N; > 2N> and since it turns out that in this case

tr AIQP[AI]AQ = Ny, tr A&P[A2]A1 = No,

the condition of a dominant diagonal is met, and hence A turns out to be non-singular. Indeed,
this can be easily verified by direct inspection of det (A) :

N1 N>

det (4)=1— —= >0.
n

14



ih,j=1,...,m;
u;A;P[Ai]AjUj
n )
1,7 =1,...,m; and
up By Pla Ajuy
n

h#j=1,..,mand i=1,...,m.

Theorem 1 Assume A.1 and A.2. Then, for alli,5=1, ..., m,

0) 5 = o

/

7UOP[A1W0 — &02 —+ 0
n n 0 p

i

UUP[Ai]AjUj

b)
)

n p
as n — o0.

Theorem 1 provides the asymptotic results for all terms in equation (7) that
involve the idiosyncratic error component, ug. The probability limits hold under
any form of unbalancedness and irrespective of how n tends to infinity. I now
establish the convergence results for the remaining terms of € Pia,j¢/n.

Let g; (j) denote the size of group j = 1,..., N; in dimension i = 1,...,m.
Assumption a) of A.2 assures that the (N; x NN;) matrix AJA; is a diagonal

matrix with g; (j) as its (j,7) .th element. Let
1 &
?izfzgi (J) (8)
N; =

N;
denote the average group size of dimension ¢ and g§2) = Ni > g2 (j) the second
)
moment around zero of the group sizes in the same dimension, i = 1, ..., m.

A one-way unit-free measure of unbalancedness that is relevant in this paper

15



is the squared Pearson’s coefficient of variation between group sizes, 07, defined

as

i

72

)
U

L 9)

i = 1,...,m. By the Jensen’s inequality, 7 > 0, with equality if dimension i
is balanced (or if all but one clusters are of zero size, an empty case, though,

which is ruled out by A.2). If the dimension is unbalanced, since
2
N; . N; .
Zj:lgig (J) < (Zj:lgi (J)) )

it also has

72 4+1< N, (10)

i=1,...,m.% Another measure, closely related to 2, is

2
vy +1
= ) 11
vi= 2 (1)
with 0 < ¢, < 1,4 = 1,...,m. A convenient interpretation of v, involves its

reciprocal, 1; ! which can be thought of as an unbalancedness-corrected size
for dimension 3.

That 1), is key to the asymptotic analysis of the variance component estima-
tors emerges from the following important relationships (obtained as inequalities

(40) and (41) in appendix)

WANY = FNRVATTE PALA g
Var <u a2 > < Var <“ - ”") = (kia +20%) ¥,

n 7

6 Again, equality in (10) would hold only in the moot case of all but one clusters of zero size,
excluded by A.2. For a general analysis of the Pearson’s coefficient of variation see Katnelson
and Kotz (1957) and Kendall and Stuart (1969), p. 54.

16



foralli,j =1, ..., m, and

Va/r <U;A;P[Ak]A]’U,J
n

2 2 .

> < 0;075 min (wi, 1/1]-) ,
foralli#j=1,..., mandforallk=1, ..., m.

Hence, given the other regularity conditions, ¢, being o (1) foralli =1,....;m
is necessary and sufficient for all terms

wilPagAsuy o (UAPAN A
n n ’
1,7,k = 1,...,m, to converge jointly to 0 in square mean, and consequently
sufficient for € Pa,j6/n—E (€' Pa,j¢/n) — 0. This condition is explicitly stated
P

as follows.
A3 Y, >0asn—00,i=1,..m.

Since the numerator in the formula of ¢;, in equation (11), is no smaller than
one, A.3 implies that N; — oo as n — oo, ¢ = 1, ..., m, which is the norm in all
ECM’s dealing with asymptotic results (Wallace and Hussain (1969), Amemiya
(1971), Westfall (1986), among others). In addition, it implies a mild regularity
condition for the sequence of unbalanced designs. Indeed, given that ©7 is
already O (N;) by (10), A.3 boils down to ruling out all patterns where the
degree of unbalancedness in a given dimension i, measured by 7, grows at the
same speed as N;. Therefore, given N; — oo, A.3 is implied by the following
unbalancedness restrictions, listed in an increasing level of generality. 1) All
group sizes are uniformly bounded, as maintained in the nested ECM by Westfall
(1986) (an assumption, though, that is not applicable in non-nested models); 2)
all group sizes are of the same order of magnitude; 3) 7 is uniformly bounded
(that 1 implies 2 and that 3, along with N; — oo, implies A.3 is obvious;

that 2 implies 3 is proved in appendix). Moreover, it turns out that 7 may

17



be uniformly bounded even if group sizes are heterogeneous in the order of
magnitude. An example in Appendix proves this last claim. Importantly, it is

evident that A.3 is consistent with 2 unbounded.
Theorem 2 Assume A.1-A.3. Then,

u;A;P[Aq]AJU] . tTA;P[AQ]AJ

a) - - U??O
asn— oo foralli,j=1, ..., m, and
b Ui AP A 0
n P
asm—oo foralli£j=1,....,mand k=1, ..., m.

Theorem 2 completes Theorem 1, providing the probability limits for the
terms in ¢ Pia,j¢/n not involving the idiosyncratic component.

Notice that the quadratic forms and polynomials considered in Theorems
1 and 2 are basic ingredients of all existing Anova estimators. It is therefore
evident that the interest of the theorems goes beyond the ACE’s considered in
this paper.

The following definition, taken from White (1982), is given here to state
concisely the additional assumptions needed for the consistency analysis of 52

and the other estimators of this paper.

Definition 1 A sequence of (k x k) matrices S is said uniformly non-singular
if there exist a constant 6 > 0 and an integer ng such that |det (S)| > § for all

n>ng.
A.4 The sequence of matrices A in (6) is uniformly non-singular.

Assumption A.4 prevents that A gets too close to singularity as the sample size

18



expands.”
With assumption A.4 and Theorems 1 and 2 in hand, I can establish exis-

. . ~2
tence, unbiasedness and consistency for o~.

Theorem 3 Let A1-Aj hold. Then, &° exists and is unbiased for n sufficiently

large, and
& 5 o2
P
as n — o0.
Finally, notice that if 02 = 0, then all terms in B involving u;, i = 1,...,m,

degenerate to 0 with probability 1 and 52 is therefore consistent without the

large sample restrictions on unbalancedness placed by A.3.

Corollary 1 Let 02 =0 and A.1, A.2 and A.J hold. Then
52 = o?
P

as n — oQ.

3.1.1 The nested ECM

If the ECM is nested, that is if R (A,,) C R(Ap—1) C ... C R(A1), it turns

out that 52 in (6) can be equivalently expressed as

2 =A" (B* - 500*) , (12)

"In the unbalanced two-way panel data model considered by Wansbeek and Kaptein (1989),
it has r (A) = N1 + N2 — 1 and

N1 Ny

det (A) =1— 2

(see footnote 3), and hence A.4 is always met when part b) of A.2 holds.
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where 5% is the same as in equation (4) and A* is a lower triangular matrix with

the elements onto, or below, the main diagonal equal to

A;' (P[Ai] B P[Aiﬂ]) Aj

(] n

forall j <i=1,...,m—1and aj,; =tr A\Pa, jA;/n forall j=1,...m and

the elements above the main diagonal all equal to 0,

B*

1 /
- € (Pay) — Pag)) e € (Pay)— Plag)) € -.. €Pa, e
and

/
Cr = [tr (Play = Plag) tr (Plag = Plag) - 1 Pa,, } '

S|

A* being a lower triangular matrix implies a manageable formula for its deter-

minant, det A* = [/~ a};, which permits to see at once that A* is non-singular,

given that
n—tr A;P[Awrl]AZ S
n

0,

1 = 1,...,m. The latter is readily proved upon noticing that, in general, tr A;P[AJ]AZ- <
n (see inequality (44) in appendix) and, if the model is nested, tr AjPia,, 1A <
n.

That A~ (B - 530) — A (B* - E(Q)C*) is also easy to prove. If R (A,,) C

R (Apm—1) C... C R(A1), then all terms onto and above the main diagonal of
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A reduces to unity:

1 1 1
A= tr A{PagA/n - 1 1
tr A&P[A"L]Al/n cee o tr A;P[Am]Az/TL e 1

Transform the system originating 52, A5~ = B —530, by subtracting the second
equation from the first, the third from the second and so on until the m.th
equation, which is left unchanged. The outcome of the transformation is exactly
A*5? = B* — 5(2)6'*. Then, notice that A* = PA, B* = PB and C* = PC,
where P is the (m x m) identity matrix with all elements onto the first upper
sub-diagonal equal to —1. Hence, P is an elementary row operator matrix and,
as such, is invertible with det (P) = 1. Thus, the two systems have exactly the

same solution 52, proving the following corollary to Theorem 3.

Corollary 2 Let A.1-A.4 hold and R (A,;,) C R(Am-1) C ... C R(Aq).
Then, 52 defined in equation (6) can be equivalently expressed as in equation

(12), exists, is unbiased and

~2
7 = o2
p

as n — oQ.

3.2 A consistent estimator using WTSLS residuals - ACE1

In this and the next two subsections I go through the last step of Procedure II to
obtain the three new ACE’s for use in Instrumental Variables ECM regressions.

The following assumption is common to all ACE’s.

A.5 Let the sequences of (k x k) matrices, Q@xx and Qxx, and (k x 1) vec-
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tors, @xe and Qx. i, be O(1),i=1,...,m, then

X' X
) X oo
n p
X/
M_QXS —- 0
n P
as n — 0o, and
X'PaaX
b) e —Qxx: — 0
n p
X'Pa.
M—st,i — 0,
n P

asn —o00,1=1,...,m.

A.5 is a general assumption. It does not require convergence in probability to
fixed limiting values and permits that X and € may be related asymptotically.

Before introducing the matrix of available instruments, I give the following
definitions, taken from White (1982), to state concisely the additional assump-
tions needed to characterize the asymptotic behaviour of the instrument matrix

in this and the next two subsections.

Definition 2 A sequence of (k x k) semi-positive definite matrices S is said

uniformly positive definite if it is uniformly non-singular.

Definition 3 A sequence of (n x k) matrices S is said to have uniformly full-
column-rank if there exists a sequence of (k x k) submatrices S* which is uni-

formly non-singular.

Let Z denote the (n x p) matrix of available instruments with p > k. The
following assumption is specific to ACE1 and is key to both existence and con-

sistency of the estimator.
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A.6.WTSLS Let the sequence of (p X k) matrices Qzx be O (1) and uniformly
of f.c.r. and the sequence of (p x p) matrices Qzz be O (1) and uniformly

positive definite, then

Z'Qia X

—Qzx — 0

n P
Z'QinZ
A_QZZ — 0

n P
Z/
7Q[A]E — 0

n p

as n — o0.

With this in hand, I go through step 3 of Procedure II to derive ACE1. The
WTSLS residual vector

B —1
€ = {I—X[X’Q[A]Z(Z’Q[A]Z) ' 2'QuX] 19)
X'QuZ(Z2QuZ)" Z/Q[A]}€

= Mye

replaces € into the unfeasible estimator formulas, (4) and (6) , to give

6_\2 _ /e\le[A]/E\w (14)
w0 —r(A)
and
52 = A7 (Bu—520C). (15)
where

Ew = (/e\le[Al]gw TE\IwP[Az]/ﬁ\w /e\le[Am]/e\w)/ .

ACE1 presents itself as a direct extension of the Anova-type estimator by

Amemiya (1971) in its use of within residuals into the formula of the unfeasible,
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unbiased Anova estimator.

Theorem 4 Assume A.1, A.2 and A.4-A.6.WTSLS. Then, 312”70 and G2, exist

with probability approaching 1; and

~2 2
Two 7 70

as n — 0o; assuming also A.3,

as n — oQ.

Establishing the existence of ACE1, in both its part, boils down to establish-
ing that the matrix in brackets in equation (13) may be inverted. The answer
of Theorem 4 is in the affirmative, in that a non-null determinant for that ma-
trix becomes more and more likely as the sample size gets larger. Technically
speaking, this does not exclude that X and Z may not be of f.c.r. or that some
regressors and instruments may lie onto R (A) in finite samples, only these
events become increasingly unlikely for n sufficiently large. Therefore, specific
variables like the unity vector, which by construction lie onto R (A) with prob-
ability one, and as such would prevent non-singularity with probability one,
cannot find a place into X and Z. This raises the issue of accommodating the
intercept in model (1). Solutions to this problem are specific to the particular
estimation method considered, therefore I postpone them until Section 3.6.

Along the same lines as Section 3.1.1, it turns out that if the model is
nested, then a numerically equivalent expression for 81 is given by 3120 =

A (Ejfu - 812”700*), with 3,2”70 unchanged, A* and C* defined as in Section
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3.1.1 and

/

&)

€ (Payg = Pas) € € (Pas) — Pag) € - €Pa,6w

S|

The derivations of Section 3.1.1 carry over into ACE1 due to the fact that in

either case a common residual vector is used for all variance components.

3.3 A consistent estimator using TSLS residuals - ACE2

ACE2 is based upon residuals from the pooled TSLS regression

—1
. = {I—X[X'Z(Z’Z)‘lz’x] X’Z(Z’Z)_lZ’}e

= Mlsé

and is obtained by replacing ¢ with € into the Anova unfeasible estimator

formulas, (4) and (6), to have

GROING]
~2 ls s
0= 16
gls,O ’I’L—T(A)’ ( )
and
51 = A7 (Bis ~ 51.00) (17)
where
~ 1 - - PR
Bls = E (/ggsP[Al]els E?SP[AQ]GZS EESP[Am]ElS) .

ACE2 can be thought of as a direct extension of the Anova-type estimators by
Wallace and Hussain (1969) and Baltagi and Chang (2000) in its use of TSLS
residuals into the formula of the unfeasible, unbiased Anova estimator.

With the following assumption added to A1-A5, ACE2 is proved to exist

and to be consistent.
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A.6.TSLS Let the sequence of (p x k) matrices Qzx be O (1) and uniformly
of f.c.r. and the sequence of (p x p) matrices Qzz be O (1) and uniformly

positive definite. Then,

7'X
—-Qzx — 0
n
7'7Z
- Qzz — 0
n
Z/
ZC 50
n P

as n — 0o.
Theorem 5 Assume A.1, A.2 and A.4-A.6.TSLS. Then, 812570 and 67, exist
with probability approaching 1; and
8l2s,0 — O'(%
P
as n — o0o; assuming also A.3,

~2
g — O
p

as n — 0.

As opposed to ACE1, ACE2 allows that X and Z contain variables that
lie onto R (A) for all sample sizes, since non-singularity of X'Z (2'Z)"' Z2'X
would not necessarily break down in this case.

If the model is nested, what established for ACE1 is valid also for ACE2,

with the only difference that 8125’0 and TSLS residuals are used.
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3.4 A consistent estimator using WTSLS and BTSLS resid-
uals - ACE3

ACE3 uses 312”70 of ACEL1 to estimate of and the BTSLS residuals

i = {I ~ X |X'PlagZ (Z'PayZ) " Z' Py X ] -
X'Pa)Z (7' Pag2) " Z'Pay e

= MbyiE

i=1,...,m, to estimate B in (6). So, ACE3 for o2 is obtained as

57— 47 (By—32.4C). (18)
where
~ 1 - e ~
By = n (€1 Prasj€s1 €0 Pay eb2 - Ega,mP[L\m]el%m)/'

In its use of WTSLS and BTSLS residuals, ACE3 is an adaptation of the
unbiased estimator derived by Swamy and Arora (1972), through Procedure I,
in the context of a two-way ECM with nonstochastic regressors.

Consistency of 7} is proved under A.6.WTSLS and the following

A.6.BTSLS Let the sequence of (p x k) matrices Qzx ; be O (1) and uniformly
of f.c.r. and the sequence of (p x p) matrices Qzz,; be O (1) and uniformly

positive definite, ¢ = 1,...,m. Then

Z'PagX
ﬁ_QZX,i — 0
n p

Z'PaqZ
¢—sz,i -0
n p

Z/P[Ai]G 0
n p
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as n — oQ.

Theorem 6 Assume A.1, A.2, A.4-A.6. WTSLS. and A.6.BTSLS. Then, 3%

exists with probability approaching 1; assuming also A.3

~2
gy — 02

as n — o0.

In the nested case, as opposed to the unfeasible Anova estimator, ACE1 and
ACE2, Eg as obtained in equation (18) is not numerically equivalent to that
that would be obtained by using the analog of formula (12). This is brought
about by the use of a specific between residual vector for each of the m system

. .. . ~2
equations originating o.

3.4.1 A simpler ACE3

It is not hard to prove that under assumptions A.1-A.6.WTSLS and A.6.BTSLS
a computationally simpler version of ACE3 can be obtained by using the same
residual vector from a given between regression, say €, ;, j = 1,....,m, in the

construction of By :

35 ]- ~ ~ ~ ~ ~ ~ /
Bb = — (eb,jP[Al]Gb,j Eb,jP[AQ]Eb,j Eb’jP[Am]Eb,j) .

3

Indeed, for consistency it is enough that the set of assumptions A.6.BTSLS hold
only for the chosen level j, along with A.1-A.6.WTSLS. Notice that using the
same residual vector for estimating all terms in B is a common feature of ACE1
and ACE2 (and the unfeasible estimator, of course).

As opposed to ACE3 defined in (18), the simplified ACE3 lends itself to
be easily implemented in multi-way nested models, since its using a common

residual vector makes it immaterial to adjust the formulas to the nested case,
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exactly as it happens in the case of the other estimators. In addition, a natural
candidate emerges for € ; in the nested model: it is the residual vector from
the between regression at the innermost level, which ensures the largest degrees

of freedom.

3.5 A special case: R (X)C R (Z)

In the case regressors are part of the available instrument set or, more generally,
can be expressed as linear combinations of the instruments, that is R (X) C
R (Z), the formulas of ACE1, ACE2 and ACE3 simplify as follows.

In ACEL1 €, collapses to the within residuals
-~ p -1
e = {I1-X[X'QuX] " X'Qu}e (19)

in equations (14) and (15).
In ACE2 the TSLS estimator for § collapses to the OLS estimator and so

€15 collapses to the OLS residuals

s = {I —X(xX'x)! X’} €

= Q6

in equations (16) and (17).

Finally, the formula of 82 in ACE3 simplifies similarly, with
@i = {I-X[X'PagX] " X'Pag}e (20)

replacing €, ; in equations (18), ¢ = 1, ...,m, and 812%0 taken exactly as in ACEL.
All ACE’s remain consistent under the usual assumptions and the further

condition that X = ZK, where K is a O (1) sequence of (p x k) matrices with
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uniformly f.c.r.

3.6 Allowing the intercept

In Section 3.2 we have seen that including the intercept into X and Z is not
consistent with assumption A6.WTSLS. Therefore, in this case the intercept
may find a place into equation (1) only as an explicit component of the model,
that is y = 18, + X5 + ¢, where 1 is the vector of all unity elements. This,
however, breaks down consistency of 32, in ACE1 since €, = M€ + 13, (this
problem does not affect the formula of 3720’0 in (14) as the 13, term is wiped out
by Qa]). As a solution, I just modify the unfeasible Anova estimator, 52, so
that Pja,) — Py replaces Pja,) in A, B and C and (n — tr A} PjA;) /n replaces
the (7,7) .th terms of A. Then, upon obtaining ACE1 by plugging €,, into the
modified 52, the term 18, gets wiped out everywhere. The resulting ACE1 is
consistent since Theorem 3 applies also to the modified &2. The latter is proved
easily on noticing that 1 is a dummy matrix respecting assumption a) of A.2
(which is all is required to the matrices entering the projection operators), so
that Theorems 1 and 2 yield at once all the probability limits ensuring that the
modified & is indeed consistent:

u()Pmuo _ oj 50 UE)P[l]AiUi N u;—AéPmAiui _ t’l“AéPmAi 5250

) ) [

n n p n p n n p

t=1,...,m and
uidi P Ay o
n p
i#£7=1,...,m.
While ACE2 can accommodate the unity vector into X and Z, so that

the analysis of Sections 3.3 can go through with no modifications required for

5, plugging TSLS residuals into 5 modified as in the previous paragraph
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still produces consistent estimators, given that the modified 52 is consistent.
Indeed, Wallace and Hussain (1969) use an unfeasible estimator modified as in
the previous paragraph in the first place.

As for ACE2, X and Z containing variables that lie onto R (A) for all sample
sizes does not necessarily bring about singularities into the BTSLS residuals.
Therefore, when it comes to estimating o2, ACE3 can be implemented using
regressor and instrument matrices that include such variables, even if these are
excluded from the implementation of 83070. This is perfectly legitimate, even if
3170 is part of ACE3, since the formula of 32,0 in equation (14) is invariant to
the inclusion of variables that lie onto R (A), and so no incidental parameter
problem would be at work here. Finally, the remark of the previous paragraph,

on using the modified &> to construct ACE2, carries over into ACE3.

4 Anova-type unbiased estimators

The Anova-type estimators of Section 3 are consistent under fairly general con-
ditions and are also computationally simple. Their finite sample properties,
however, are unknown. Below, I consider specific regularity conditions under

. .. . . . . ~2 ~2 ~2
which it is possible to derive unbiased versions of o, , 7;, and 73.

4.1 Anova-type unbiased estimators using WTSLS resid-
uals
4.1.1 Exogenous regressors

The unbalanced two-way ECM is the framework within which Wansbeek and
Kaptein (1989) derive what they call the quadratic unbiased estimator (QUE)
of variance components. They use Procedure I and accomplish step 2 under

the assumption that the composite error is independent of the regressors. A
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weaker assumption that assures the validity of the computations in step 2 is
E (/| X) = X. Tt can be justified as an implication of conditional homoskedas-
ticity, Var (¢|X) = X, and exogenous regressors, E (¢/X) = 0.

The unbiased versions of 312070 and 62, derived below, maintaining R (X) C
R (Z) as in Section 3.5 and F (e'|X) = X, are exactly the multidimensional
extension of the Wansbeek and Kaptein’s QUE and for this reason the resulting
estimator is referred to as WK throughout. It is obtained as the final outcome of
the three steps of Procedure I, described in the Introduction and implemented

here as follows.

1. Obtain the following m + 1 empirical quadratic forms based on within

residuals
~ o~
qw,0 = EwQ Al€w
[A] (21)
Quw,i = /gle[Ai]/e\w

i =1,...,m, where €, is the same as in (19).

2. Work out the conditional expectation of ¢, o and g, ; under E (ee'| X) = X

to have (details are in appendix)

E(qwolX) = oci[n—r(A)—k
- (22)
FE (Qw,i|X) = 0'(2) [Nl + Iﬁ:i] + ZO’EtT A/sP[AZ]As =+ 0'1277,
s#£1
where

ki = tr (X'QaX) ™ X' Pay X,

3. The unbiased WK estimator for (o3, o?) , say (&121,,0, &12”), is eventually

8Boumahdi et al. (2006) report equations (22) for the three-way model. There is an obvious
typo in their first equation (corresponding to my equation for E (qw,0|X)), since the number
of regressors, k, has therein the positive sign, while it should have the negative sign.
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obtained as the solution of the following system of m + 1 linear equations:

Qwo = 6721},0 [n—r(A) -k
2 o 2 (23)
Qui = OuolNit+ri]+ Y 65 tr APa A +62,
s#1
i =1,...,m. Therefore,
~2 /E\w,xQ[A]/E\w,z
= 24
Tw,0 n—r(A)—k’ (24)
and
=~ 1
3= a7 [Bu- o (04 1o, (25)
’ n

where k = (k7 ... lim)l and Ew is obtained upon making the substitutions

required in Section 3.5 for the case R (X) C R (Z).

Evidently, the only difference between ACE1 with strictly exogenous regressors
and the WK estimator is found in the finite sample corrections k and x adopted
by the latter. Since k is finite and &, under A.5, is O (1), then 5720_’0 and 6370
are consistent under A.1-A.6WTSLS and the further condition that X = ZK,
where K is a O (1) sequence of (p x k) matrices with uniformly f.c.r.

If the regression model includes the intercept, one proceeds as in Section
3.6, with the caution of modifying also the term x: the formula for 53)70 is left
unchanged and the formula for 5%1 modifies with Pa,) — Pj1j replacing Pja ) in
A, ]§w, C and « of equation (25) and (n —tr A} Py Ai) /n replacing the terms

of the main diagonal of A.°

91t is easy to prove that this approach is identical to the solution suggested by Wansbeek
and Kaptein (1989) of using centered residuals, Q[1]€w, into the empirical quadratic forms in
(21).
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4.1.2 The nested ECM

If the model is nested a numerically equivalent representation for &2, in (25)
can be obtained by using the same modifications applied for ACE1, described

at the end of Section 3.2, transforming x; as
, -1
rp =t (X'QuaX) X' (Pay — Paa) X

forall t = 1,...,m — 1, and leaving k,,, unchanged. While this nested represen-
tation is numerically equivalent to that in (25), it may be easier to implement
as the modified matrix A* is lower triangular (see Baltagi et al. (2001) for the

two-way case).

4.1.3 Endogenous regressors

Davis (2002) applies Procedure I to provide a multidimensional extension of the
estimator by Wansbeek and Kaptein (1989) in the general context of Section 3.2,
that is of a multi-way ECM with endogenous regressors. He does not mention
the moment restrictions under which completing step 2. In analogy with the

previous section, the following conditional moment restriction
E(|X,Z)=3% (26)

assures that the computations of step 2 in Davis (2002) are legitimate, although
it must be observed that a degrees-of-freedom correction term is missing in the
formula of Davis’ estimator, as I show in appendix. Condition (26), however, is
equivalent to

Var (e|X,Z) =% — E (X, 2) E (€)X, Z) , (27)
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which is bound to leading to undesired restrictions in a context where the re-
searcher would rather leave the conditional moments of the composite error
unrestricted, and may be even incompatible with endogenous regressors what-
soever.!? For example, it is possible to prove that if Var (€| X, Z) is a matrix of
constants, as would happen if ¢, X and Z were jointly normal, then condition
(26) necessarily implies E (¢|X) = 0. In fact, by condition (27) it follows that
also E (e| X, Z) E (¢'|X, Z) is a matrix of constants and hence so is E (¢| X, Z).
Therefore, given E (¢) = 0, it has E (¢| X, Z) = 0 and eventually F (¢/X) = 0 by
repeated application of the law of iterated expectations.!!

With the consistency analysis of Section 3 in hand, it is easy to prove that

Davis’ estimator, rectified or not with the missing term and whether or not

condition (26) holds, is consistent under assumptions A.1-A.6.WTSLS.

4.2 Anova-type unbiased estimators using BTSLS residu-

als

The Anova-type unbiased estimator derived below is the multidimensional ex-
tension of the estimator derived by Swamy and Arora (1972), through Procedure
I and based on within and between residuals, in the context of a two-way ECM
with nonstochastic regressors. Therefore, it is referred to throughout as the SA
estimator. To work it out I maintain the same assumptions, and follow the same

steps, as in Section 4.1.1.

1. Obtain the following m empirical quadratic forms based on between resid-

10Wooldridge (2002), p. 95, warns against assumptions on the conditional covariance matrix
of the disturbances in the presence of endogenous variables.
1 The computations of step 2 in Davis (2002) can be accomplished also under the weaker

—1
condition that E[e¢/|XK] = £, with K = (X’P[Q[A] Z]X) X'Plg,, z)- This does not

change the nature of my remarks since restrictions on F [¢| X K] are also difficult to accept in
models with endogenous regressors.
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uals

~ ~
Qv = Gb,ip[Ai]Gb,z‘

. ~ . .

i=1,..., m, where €, , is the same as in (20).

. Work out the conditional expectation of ¢, ; under E (e€'|X) = 3 to have

(details are in appendix)

E(@iX) = (Ni—k)og+[n—¢lo
+ Z[tr A PagAj = ¢ o2, (28)
J#i

where ¢; = tr (X'Pa X) " X/A;ALX and
-1
Cj =tr (X'PlagX) ~ X'PagAjAjPagX,

t=1,...,m.

. The unbiased SA estimator for o2 , say &7 is eventually obtained as the
solution of the system of m linear equations, equating g, ; to the expression

for E (gp;|X) obtained in step 2, with o2 replaced by 5170 :

5 = -0 Bk (0= 1)) (29)
where
G G G
1
D:E Ca " G Gim

le e Cmi e Cm

and Eb is obtained upon making the substitutions required in Section 3.5
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for the case R (X) C R (Z). The SA estimator 75 easily compares to that

obtained by Baltagi and Chang (1994) for the unbalanced one-way model.

If the ECM is nested, then the quadratic forms in step 1 can be modified with
P; = Pa,) — Pa,,, replacing Pja) for alle =1,...,m — 1, P, = Pa,,}, and

€.; redefined accordingly as
G = {I X [X'PX]" X’Pi} e

Then, one proceeds exactly as in steps 2 and 3 to obtain the multi-way extension
to the SA estimator derived in Baltagi et al. (2001) for the two-way nested model.
Notice that, as for ACE3, the estimator resulting from these modifications is in

general different from the one in equation (29).

5 Monte Carlo experiments

The Monte Carlo experiments of this paper study the finite-sample performance
of the estimators analysed in Sections 3 and 4, with special attention to the role

of unbalancedness and its measures.

5.1 The Designs

The basic framework is the same as in Davis (2002) with three novel elements.

As in Davis (2002), I consider the following three-way model
Yijt = TijefS + U1 + ugj + Uz + uoije

where 8 = 1, xy¢ ~ IIN(0,1), uoj¢ ~ IIN (0,03), ur,; ~ IIN(0,0%),
ug,j ~ 1IN (0,0’%), usy ~ IIN (0,0%), and ¢, Uo,i5t, U1, U2,j, Uz, are in-

dependent random variables, ¢ = 1,.... Ny, j = 1,...., No, t = 1,..., N3. Ten

37



different parametrizations are considered for o2 and o2 = (0% o3 Ug): o} =

1- Z?:l 0? and o? alternates between (000), (000.2), (000.4), (000.6),
(000.8), (00.20.2), (00.20.4), (00.20.6), (00.40.4) and (0.20.20.2). As in
Davis (2002), I consider symmetrically unbalanced structures that are uniquely
identified by the triple of integers (a, b, c). This implies that along any dimen-
sion there are a subjects with group size b x ¢, b subjects with group size a X ¢
and ¢ subjects with group size a x b, thereby Ny = Ny = N3 =a+ b+ c and
n =3 x a X b x c. Hence, the unbalanced structure is the same for dimensions
1, 2 and 3. For example, the commonly used Ahrens and Pincus (AP) index of
unbalancedness (see Baltagi and Chang (1994), Davis (2002) and Bruno (2005),

among others), defined as

W = Nh
=N -
9n Zs:hl 9n ! (S)

)

with g, denoting the average group size as in (8), turns out to be

(a+b+c)’
wh:—
3(a? + 0% +c?)

w

h=1,23.

From the theorems of Section 3 it emerges that, differently from the esti-
mators of o3, proved to be consistent under no restrictions on unbalancedness
and on the way n tends to infinity, all estimators for o are proved to be consis-
tent under assumption A.3, which boils down to taking large unbalancedness-
corrected dimension sizes 7,/1,:1 for all h = 1,...,m. For this reason, as a first
novel element of the present analysis, the role played by finite values of w;l is

investigated in the Monte Carlo experiments. Notice that here

9abe

-1 _ -1
Vi = ab+ac+bc_w
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h=1,2, 3.

A broad variety of patterns (abc¢) must be considered to ensure enough
variability for w and ¢!, Davis (2002) focuses only on w and considers three
patterns for n = 192, (444), (284) and (216 2). It turns out, though, that w
and 1/)71 decrease together across these patterns, so that it is hard to assess the
impact of each parameter within those boundaries. Therefore, as a second novel
feature of my Monte Carlo experiments, I consider four additional patterns that

are peculiar to n = 648, as indicated in Table 1.

Table 1: Unbalanced designs

’ n ‘ patterns (a b c) ‘ P! = = ‘ w ‘ 02 ‘ det A ‘ Kk (A) ‘
192 444 12 1 0 0.945 | 1.500
284 10.286 0.778 | 0.361 | 0.925 | 1.611
216 2 8.471 0.505 | 1.361 | 0.879 | 1.850
648 666 18 1 0 0.981 | 1.274
3126 15.429 0.778 | 0.361 | 0.975 | 1.320
3243 12.706 0.505 | 1.361 | 0.959 | 1.423
2186 12.462 0.619 | 1.086 | 0.962 | 1.397

The first three patterns for n = 648 replicate the same group size ratios - and
so the same values for both w and #2, given that both measures are unit-free- as
the corresponding patterns for n = 192. The fourth pattern, (2 18 6), is suitably
included to try to disentangle the impact of unbalancedness, however measured,
from that of ¢! in comparison with pattern (3 24 3). From pattern (218 6) to
(324 3), in fact, unbalancedness increases by 22.6% as measured by w and by
25.3% as measured by ©2, in the face of a negligible, less than 2%, increase in
P

The last distinctive feature of the present analysis recognizes that another

way through which the unbalanced patterns may determine the finite-sample
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performance of the estimators of o2 is given by how far matrix A is from sin-
gularity. To this purpose table 1 also reports the determinant of A. A related
measure, which is more informative on the identification content in the data, is

given by the condition number of A, x (A), defined as

where A\pnaz (A) and Apin (A) denote the maximal and minimal singular values
of A, respectively. The condition number here measures the maximum relative
error in the estimators of o2 induced by an additive perturbation in the quadratic
forms, with sizes gauged in terms of the Euclidean norm; it is reported by
the last column of Table 1'2. For example, k(A) = 1.500 of pattern (444)
indicates that a 2% perturbation in the quadratic forms brings about at most
a 3% perturbation in the estimators. The identification content as measured
by x (A4), quite satisfactory overall, tends to worsen when unbalancedness gets

more severe.

5.2 Results

Table 2 reports the root mean square errors (RMSEs) of the three consistent
estimators of o2, the unfeasible 73, 0o of ACEL and 3125,0 of ACE2, and the
four consistent estimators for the remaining components, 0% = (¢} 03 03), the
unfeasible 5°, 52, of ACE1, 67, of ACE2 and ; of ACE3. I start comment-
ing results for the estimators of o2, and then turn to the remaining variance

components.

12 4 is symmetric only in the two balanced patterns, and so only in those cases the singular
values coincide with the eigenvalues.
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5.2.1 Estimators of o3

The RMSEs of the three estimators, &g, 312“0 and 3125)0 are always very close
in size, virtually identical in about 50% of the cases when n = 192 and 77%
of the cases when n = 648. Interestingly, by comparing ¢? = (000.4) with
0% = (00.20.2), then 02 = (000.8) with 02 = (00.40.4) and finally 02 =
(000.6) with both 02 = (00.20.4) and 02 = (0.20.20.2) uncovers that, as far
as the RMSEs of &2, 312,%0 and 312570 are concerned, it is the true value of o2 that
matters and not whether the data generating process is truthfully, one-way, two-
way or three-way. The theoretical finding that unbalancedness does not have a
first-order impact on the large-sample performance of 5(2)7 812“0 and 312370 carries
over into finite-samples since the RMSEs are stable across all patterns, for given
sample size and parametrization. To the opposite, sample size clearly matters,

with RMSEs for all estimators improving markedly from n = 192 to n = 648.

5.2.2 Estimators of o2

In analyzing the RMSE performance of 52, 8121], 3123 and 852), attention should
center on the parameter space. When o2 = (000) we know from corollary 1
that unbalancedness does not have a first-order impact on the quadratic forms,
since the terms for which it is crucial all degenerate to zero with probability 1,
and hence its role is relegated to the identification content of A. This limited
impact emerges also in finite samples, evidenced by the absence of common
trending patterns in the RMSEs of the three components of all estimators. In
addition, the RMSEs of all estimators are overall very close to each other, with
virtually zero differences in the last three patterns of n = 648.

Focusing on the role of unbalancedness in the estimation of the non-zero
variance components, I notice that the RMSE performance of all estimators

deteriorates when w and ¥~ ' decrease jointly for given m. To the opposite,
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from pattern (2186) to (3 24 3) where in the face of a 22.6% reduction in w
there is only a negligible increase in 1/1}71, the RMSEs of all estimators for the
non-zero variance components remain relatively stable, not worsening in more
than 50% of the cases. This fact is supportive of the central role plaid by v,
also in finite samples, and deserves being investigated further in future Monte
Carlo experiments.

I turn now to the relative performance of 52, 5>, 5;, and 6; . When n = 192,

there are the following results.

1. The RMSEs of the unfeasible 5> and 8121) are always very close to each

other, virtually equal in most cases.

2. Strikingly, for all parametrizations and patterns, no components of Efs

2. at least

w?

have higher RMSEs than the corresponding ones in &> and &
one component of 57, has lower RMSE than the corresponding one in &>

~2
and o ;

w

and when the model is truthfully three-dimensional 7, strictly
dominates both &* and 62, over all components in patterns (44 4) and

(216 2) and over two components in pattern (28 4).

3. The comparison between 8125 and 812) is less clear-cut as only in three cases
one predominates over the other. Specifically, 8125 has lower RMSEs than
812) over all components in two parametrizations of the two-way model in
the balanced pattern, the opposite occurs in the highly unbalanced pattern
when the model is three-dimensional; in all other cases the two estimators
cannot be ranked with each other, although the RMSEs of the dominated
components are relatively higher in ?75 than 3123, especially when the data

generating process is one or two-way.
When sample size goes up to n = 648, I observe the following.

1. The RMSEs of all estimators shrink and so do the differences in RMSEs
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among o°, 3720 and 8125, so that in most cases their RMSEs are virtually

equal.

2. Asit happens for n = 192, 8? keeps scoring well in the unbalanced patterns
when the model is truthfully three-way, resulting the best estimator in
pattern (2 18 6), with about 2% and 1% lower RMSEs in the second and
third components, respectively, and a stable RMSE in the first one, and
almost the best in pattern (3 24 3) with about 4% and 1% lower RMSEs
in the second and third components, respectively, and less than 1% higher

in the first one.

Table 3 reports the RMSE results for the unbiased estimators of Section 4, 5,21,70
shared by WK and SA, 52, of WK and &3 of SA. It turns out that the RMSEs

are overall very close to, and often slightly higher than, the corresponding 872”’0,

3721] and 3% for either sample size, all unbalanced patterns and parametrizations,
which indicates that the finite-sample corrections are immaterial for the finite
sample RMSE performances of estimators.

Finally, confirming results from Baltagi et al. (2002) and Baltagi and Chang
(1994), 1 find that when any element of o2 is zero, negative estimates occur in
about 50% of the replications for all estimators, but as as soon as a variance

component raises to a non-zero value, the frequency of negative estimates be-

comes negligible. When n = 638, negative estimates are almost never observed.

6 Empirical Application

As an empirical demonstration of the Anova-type variance components estima-
tors, I reexamine the state level Cobb-Douglas production function estimated
by Baltagi et al. (2001) on the US production data provided by Munnell (1990).

The data set is a panel for 48 U.S. states grouped into nine regions over the
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period 1970-1986. Unbalancedness occurs only along the region dimension. In
what follows ¢ = 1, ..., 9 indexes the regions and g; refers to the number of states
in region i, so that the group size of region ¢ is g (i) = 17 x g;.

Baltagi et al. (2001) estimated the following equation

Yijt = Bo+ B1Kijt + Bo K Hijt + B3 KWijt + B4 K Oiji + B5 Lijt + BUije + Efﬂway,
(30)

2—way .
ijt = U; + vij =+ 5ijt 1S a

t1=1,..,9,5=1,...,9;, and t = 1,....,17, where €
two-way composite error, with the state component v;; nested into the region
component u;; y is the dependent variable measured as the gross state product;
K is the private capital stock; L is employment in nonagricultural payrolls; the
three components of the public capital stock are given by K H, highway and
streets, KW, water and sewer facilities and KO, other public buildings and
structures; finally U denotes the state unemployment rate and is included into
the specification to capture the business cycle at the state level. All variables
except U are in natural logarithms.

The production function (30) is estimated by FGLS using the Anova-type
estimators described in Sections 3 and 4. For ease of comparison, I maintain
strictly exogeneity of regressors and all estimators are adjusted for the presence
of the intercept, as explained in Sections 3.6 and 4.1. Results are shown in Table
4. T implement ACE1, ACE2 and the simplest version of ACE3, described in
Section 3.4.1, which uses the state level between residuals for both o2 and o?2.
The WK estimator is computed through the formulas in (24) and (25) not
explicitly accounting for the nested structure; results are numerically identical
to the nested WK estimates in Baltagi et al. (2001), unsurprisingly given what
established in Section 4.1.2. The SA estimator is implemented as in Baltagi

et al. (2001), by adjusting formula (29) for the nested structure, as explained
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at the end of Section 4.2, obtaining an exact replication of their estimates'3.
Table 4 also includes the estimators implemented in Baltagi et al. (2001) that
have some bearing on the present analysis: the unbiased, nested adaptation of
the estimator by Wallace and Hussain (1969) (WH), the Maximum likelihood
estimator (ML) (both derived in Baltagi et al. (2001)) OLS and LSDV with
state fixed effects.

The Anova-F test of joint significance for the state effects rejects the hy-
pothesis of no state effects, which calls into question the validity of the OLS
coefficients and standard errors estimates (see Moulton (1990)). All methods
show little variation as far as estimation of the idiosyncratic error variance, o2,
is concerned (ranging from 0.0013 to 0.0015). More marked differences exist
across estimation methods for the components, 02 and o2, confirming what
already found in Baltagi et al. (2001) and explainable with the lack of preci-
sion that may arise from the joint effect of unbalancedness and small sample
size, as established in the theoretical part of this paper. Importantly, differ-
ences tend to vanish when the comparison is restricted to estimators using the
same residual vector, especially so for the pairs ACE1/WK and ACE3/SA. The
ACE2 and WH estimates of 02 are instead quite far apart (0.0017 and 0.0027,
respectively). The ACE3/SA comparison is particularly striking, if we think
that the simplest version of ACE3 gives estimates that are almost equal to the
more computationally demanding SA, incorporating finite sample corrections
and using residuals from two different between regressions. Finally, to confirm
another empirical finding by Baltagi et al. (2001), the FGLS coefficients and
standard errors estimates are largely unaffected by differences in the variance
components estimates.

The two way nested structure for the composite error forces the intraclass

13The formulas in Baltagi et al. (2001) are slightly simpler than the ones showed in Section
4 since they take into account the fact that the panel is unbalanced only along the region
dimension.
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correlation between states in the same region to be the same regardless of the
time period. This may be detrimental for the precision of the coefficient esti-
mates and the accuracy of standard errors and variance components estimates.
I, therefore, extend the composite error in equation (30) to have the three-way
(partially nested) structure

3—way 2—way

61]t = 6ijt + Zit,

1t =1,..,9, 7 =1,...,9; and t = 1,....,17, where z;; is an error component
that varies only across region and over time. This permits that the intraclass
correlation between states of the same region in the same year be different from
that between states of the same region in different years. Notice that z;; is nested
into u; and that the groups along this dimension are given by all combinations
of regions and years, with their number given by 9 x 17 = 153 and their size
varying across regions. The degree of unbalancedness along the region-year
dimension, therefore, equals that along the region dimension. Results for the
three-way model are reported in Table 5. In addition to the LSDV estimator
treating u; 4+ v;; and z;; as fixed and the three-way FGLS estimators based on
ACE1, ACE2, ACE3, WK, SA and WH'4, a mixed estimator of the type studied
in Hussain (1969), Kang (1985) and Bruno (2009), treating the z;; component
as fixed and the state component as random, is also considered (the region
component is absorbed by the fixed interaction z;;).

The Anova F-test of joint significance of the z;; effects carried out for the
LSDV model rejects the hypothesis of no interaction effects, given the state
effects, at any conventional level of significance. So, on this basis, the specifica-
tions including the latent component z;; are to be preferred to the ones of Table

4. The regularities observed in the two-way estimates are confirmed here. Little

141 computed the unbiased, three-way WH estimator, incorporating the finite sample cor-
rections, by adapting the formulas in Davis (2002) to the case R (X) C R (Z).
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variation is observed in the estimates of o2 across the different estimators. It is
also confirmed that the finite sample corrections have a negligible impact on the
variance components estimates. Notably, ACE3 in the simplest version and SA
produce virtually identical estimates. While the variance components estimates
from the pair ACE1/WK stand quite far apart from those of the other Anova-
type estimators, all of the implied intraclass correlations estimates, reported in
Table 6, are of comparable size. In fact, there is no marked variation in the
coefficients and standard errors estimates across the different FGLS estimators.
Finally it is worth noting that the inclusion of the interacted time-region effects
strongly reduces the estimated magnitude of the KW, KO and U coefficients for

all estimators of Table 5.

7 Conclusions

Three new ACE’s of variance components are derived for general unbalanced
multi-way error components models with non-normal disturbances and endoge-
nous regressors. They are easy to compute and are proved to be consistent
under mild regularity conditions on the data generating process. The Monte
Carlo analysis and the empirical application to US production data show that
the new ACE’s perform well in comparison to the unbiased methods incorporat-
ing finite sample corrections, even when the size of some dimension is very small,
as in the case of the region dimension (9 groups) in the empirical application.
The consistency analysis provides new general results on the convergence in
probability of quadratic forms and polynomials, whose interest, I believe, goes
beyond the techniques considered in this paper. In particular, it offers novel
insights into the impact of unbalancedness on the large sample properties of
the variance components estimators. A suitably unbalancedness-adjusted di-

mension size, based on the Pearson’s coeflicient of variation across group sizes,
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turns out to be relevant both for the convergence properties and, as found in
my Monte Carlo evidence, the finite-sample performances of the variance com-
ponents estimators, and as such is worth controlling in empirical applications.
More extensive Monte Carlo experiments, therefore, seem worth pursuing on
this issue and are in the author’s agenda.

I have also derived new Anova-type unbiased estimators, along with a num-
ber of new results on the existing Anova-type unbiased estimators.

Further interesting directions of future research regard the explicit treatment
of spatial and time dimensions in the ECM, with a coverage of the specific
inference issues raised by the presence of a spatially and serially correlated

idiosyncratic error component and by dynamic specifications.
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Table 3: RMSEs of the unbiased estimators

~2

~2

~2

02,03, 03 H w0 H O oy

Pattern 4-4-4
0.0 0.0 0.0 || 0.164 || 0.131 | 0.025 | 0.029 || 0.130 | 0.026 | 0.030
0.0 0.0 0.2 || 0.131 || 0.106 | 0.036 | 0.101 || 0.109 | 0.037 | 0.107
0.0 0.0 0.4 || 0.099 || 0.083 | 0.051 | 0.176 || 0.098 | 0.053 | 0.187
0.0 0.0 0.6 || 0.066 || 0.065 | 0.069 | 0.252 || 0.099 | 0.072 | 0.267
0.0 0.0 0.8 || 0.033 || 0.055 | 0.089 | 0.328 || 0.113 | 0.092 | 0.349
0.00.2 0.2 || 0.099 || 0.088 | 0.110 | 0.106 || 0.095 | 0.115 | 0.113
0.0 0.2 0.4 || 0.066 || 0.070 | 0.117 | 0.179 || 0.091 | 0.123 | 0.191
0.0 0.2 0.6 || 0.033 || 0.060 | 0.127 | 0.255 || 0.101 | 0.134 | 0.271
0.00.4 0.4 || 0.033 || 0.066 | 0.194 | 0.187 || 0.093 | 0.206 | 0.199
0.20.20.2 || 0.066 || 0.121 | 0.123 | 0.121 || 0.128 | 0.130 | 0.126

Pattern 2-8-4
0.0 0.0 0.0 || 0.169 || 0.131 | 0.030 | 0.032 || 0.130 | 0.030 | 0.033
0.0 0.0 0.2 || 0.135 || 0.106 | 0.040 | 0.108 || 0.111 | 0.040 | 0.113
0.0 0.0 0.4 || 0.102 || 0.084 | 0.059 | 0.187 || 0.099 | 0.059 | 0.196
0.0 0.0 0.6 || 0.068 || 0.068 | 0.080 | 0.266 || 0.098 | 0.081 | 0.280
0.0 0.0 0.8 || 0.034 || 0.062 | 0.103 | 0.347 || 0.108 | 0.104 | 0.363
0.0 0.2 0.2 || 0.102 || 0.091 | 0.114 | 0.117 || 0.099 | 0.117 | 0.123
0.00.2 0.4 || 0.068 || 0.076 | 0.125 | 0.196 || 0.095 | 0.128 | 0.206
0.00.2 0.6 || 0.034 || 0.071 | 0.140 | 0.276 || 0.103 | 0.143 | 0.289
0.00.40.4 || 0.034 || 0.076 | 0.199 | 0.206 || 0.097 | 0.205 | 0.217
0.20.20.2 || 0.068 || 0.126 | 0.131 | 0.132 || 0.131 | 0.133 | 0.139

Pattern 2-16-2
0.0 0.0 0.0 || 0.159 || 0.118 | 0.035 | 0.037 || 0.117 | 0.035 | 0.038
0.0 0.0 0.2 || 0.127 || 0.098 | 0.049 | 0.114 || 0.098 | 0.050 | 0.117
0.0 0.0 0.4 || 0.095 || 0.080 | 0.072 | 0.202 || 0.082 | 0.074 | 0.207
0.0 0.0 0.6 || 0.064 || 0.067 | 0.097 | 0.292 || 0.073 | 0.099 | 0.298
0.0 0.0 0.8 || 0.032 || 0.064 | 0.124 | 0.383 || 0.074 | 0.126 | 0.390
0.0 0.2 0.2 || 0.095 || 0.086 | 0.125 | 0.128 || 0.088 | 0.126 | 0.130
0.00.20.4 || 0.064 || 0.076 | 0.144 | 0.216 || 0.079 | 0.144 | 0.218
0.0 0.2 0.6 || 0.032 || 0.073 | 0.165 | 0.305 || 0.078 | 0.165 | 0.309
0.00.4 0.4 || 0.032 || 0.080 | 0.226 | 0.232 || 0.082 | 0.226 | 0.233
0.20.20.2 || 0.064 || 0.125 | 0.144 | 0.149 || 0.126 | 0.143 | 0.150

%)




Table 3 (continued)

=)

=)

=)

’ o3, 0%, 03 H Tw.0 H [ oy,
Pattern 6-6-6
0.0 0.0 0.0 || 0.079 || 0.052 | 0.009 | 0.010 || 0.052 | 0.009 | 0.010
0.0 0.0 0.2 || 0.063 || 0.042 | 0.018 | 0.074 || 0.046 | 0.019 | 0.077
0.0 0.0 0.4 || 0.047 || 0.034 | 0.031 | 0.139 || 0.048 | 0.033 | 0.144
0.0 0.0 0.6 || 0.031 || 0.028 | 0.045 | 0.205 || 0.059 | 0.047 | 0.212
0.0 0.0 0.8 || 0.016 || 0.027 | 0.058 | 0.270 || 0.074 | 0.061 | 0.279
0.0 0.2 0.2 || 0.047 || 0.038 | 0.076 | 0.078 || 0.044 | 0.079 | 0.081
0.0 0.2 0.4 || 0.031 || 0.033 | 0.083 | 0.143 || 0.050 | 0.086 | 0.147
0.0 0.2 0.6 || 0.016 || 0.031 | 0.092 | 0.208 || 0.063 | 0.095 | 0.215
0.00.40.4 || 0.016 || 0.034 | 0.143 | 0.148 || 0.054 | 0.149 | 0.152
0.20.20.2 || 0.031 || 0.082 | 0.083 | 0.085 || 0.086 | 0.086 | 0.088
Pattern 3-12-6
0.0 0.0 0.0 || 0.082 || 0.054 | 0.010 | 0.010 || 0.055 | 0.011 | 0.011
0.0 0.0 0.2 || 0.066 || 0.045 | 0.022 | 0.076 || 0.047 | 0.024 | 0.077
0.0 0.0 0.4 || 0.049 || 0.037 | 0.039 | 0.143 || 0.047 | 0.041 | 0.146
0.0 0.0 0.6 || 0.033 || 0.033 | 0.056 | 0.211 || 0.053 | 0.059 | 0.215
0.0 0.0 0.8 || 0.016 || 0.034 | 0.073 | 0.279 || 0.065 | 0.077 | 0.284
0.0 0.2 0.2 || 0.049 || 0.039 | 0.085 | 0.082 || 0.043 | 0.088 | 0.083
0.00.20.4 || 0.033 || 0.034 | 0.094 | 0.148 || 0.046 | 0.097 | 0.151
0.0 0.2 0.6 || 0.016 || 0.035 | 0.103 | 0.215 || 0.056 | 0.108 | 0.219
0.00.4 0.4 || 0.016 || 0.037 | 0.160 | 0.154 || 0.051 | 0.165 | 0.158
0.2 0.20.2 || 0.033 || 0.089 | 0.091 | 0.089 || 0.091 | 0.093 | 0.091
Pattern 3-24-3
0.0 0.0 0.0 || 0.081 || 0.055 | 0.012 | 0.013 || 0.055 | 0.012 | 0.013
0.0 0.0 0.2 || 0.065 || 0.046 | 0.025 | 0.083 || 0.047 | 0.026 | 0.084
0.0 0.0 0.4 || 0.049 || 0.038 | 0.045 | 0.157 || 0.042 | 0.047 | 0.159
0.0 0.0 0.6 || 0.033 || 0.035 | 0.065 | 0.231 || 0.044 | 0.068 | 0.235
0.0 0.0 0.8 || 0.016 || 0.038 | 0.086 | 0.306 || 0.051 | 0.089 | 0.310
0.0 0.2 0.2 || 0.049 || 0.041 | 0.093 | 0.090 || 0.043 | 0.094 | 0.091
0.0 0.2 0.4 || 0.033 || 0.037 | 0.103 | 0.162 || 0.043 | 0.105 | 0.165
0.0 0.2 0.6 || 0.016 || 0.039 | 0.116 | 0.236 || 0.048 | 0.118 | 0.239
0.00.4 0.4 || 0.016 || 0.041 | 0.177 | 0.170 || 0.048 | 0.178 | 0.173
0.2 0.20.2 || 0.033 || 0.096 | 0.103 | 0.098 || 0.098 | 0.104 | 0.100
Pattern 2-18-6
0.0 0.0 0.0 || 0.081 || 0.053 | 0.011 | 0.012 || 0.053 | 0.012 | 0.012
0.0 0.0 0.2 || 0.064 || 0.044 | 0.025 | 0.082 || 0.045 | 0.026 | 0.084
0.0 0.0 0.4 || 0.048 || 0.037 | 0.043 | 0.157 || 0.041 | 0.045 | 0.160
0.0 0.0 0.6 || 0.032 || 0.034 | 0.062 | 0.232 || 0.043 | 0.064 | 0.236
0.0 0.0 0.8 || 0.016 || 0.036 | 0.081 | 0.307 || 0.050 | 0.084 | 0.313
0.0 0.2 0.2 || 0.048 || 0.038 | 0.090 | 0.089 || 0.040 | 0.092 | 0.091
0.00.20.4 || 0.032 || 0.035 | 0.098 | 0.162 || 0.040 | 0.101 | 0.165
0.0 0.2 0.6 || 0.016 || 0.037 | 0.109 | 0.236 || 0.045 | 0.113 | 0.240
0.00.4 0.4 || 0.016 || 0.039 | 0.169 | 0.171 || 0.045 | 0.174 | 0.174
0.20.20.2 || 0.032 || 0.089 | 0.103 g&.101 || 0.090 | 0.106 | 0.103
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Table 6: Intraclass correlation estimates for the 3-way estimators

ACEL [ WK [ ACE2 | WH [ ACE3 [ SA
o2 | 091 [090 ] 080 [084] 078 |078

2 2
o, tos

% | 033 | 0.32| 0.27 |0.36 | 027 |027
IL2U

o

ez | 0.30 | 028 | 021 | 031 | 018 | 018
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B Lemmata and proofs

This appendix contains the proofs of all theorems in the paper. Before that, it
provides the lemmata containing the probability and algebraic results that are
used in the proofs.

The following lemma provides the formulas for the expectation and the vari-
ance of a quadratic form in (possibly) non-normal random variables under more

general conditions than A.1.

Lemma 1 (Lemmata 3.4.3 and 3.4.4 in Anderson (1971)) Let i Xn: Sij Uit =
u'Su where S is symmetric and E (u;) = 0, E (u?) = 02 < o;fllj;(;u]) =0,
i # j, E (wujurwy) = 0 unless the subscripts are 1) equal in pairs, in which case
E (ufu?) = o, i # j, or 2) all equal, in which case E (uf) = k4 + 30* < .

Then E (u'Su) = otrS and
Var (u'Su) = katr S (I % S) + 20*trS?

where x denotes the Hadamard product.

n

Notice that tr S (I xS) = Z s2.. The following lemma contains results on
i=1
the mean and the variance of polynomials in independent zero-mean random

vectors.

Lemma 2 Let u = (u1..uy,) and v = (vi..v,)" be independent zero mean

random vectors, each satisfying the assumptions of Lemma 1, with E (uf) =02
m n

and E (v}) = 02; and let 3 > sijujv; = u'Sv where S is a (m x n) matriz.
i=1j=1

Then E (u'Sv) =0 and

Var (u'Sv) = o20%tr S'S.

u- v

Proof. By the independence of u and v and the fact that v and v are zero mean
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vectors it follows that

E ZZsijuwj = Z SijE (’Uj) E (’LLZ) =0

i=1 j=1 =1 j=1

and hence

2
m

n
Var (v'Sv) = FE Z Z 8ijUiV; (31)
i1 j=1

DD sHE (ufv)

i=1 j=1

m n

2 2 2
OII

i=1j=1
_ 2 2 !
= o,0,trS'S,

where the second equality in (31) follows from the fact that the cross-products

2

m n

terms in (Z > sijuivj> are of the following three types
i=1j=1

1. sijsiE (u?vjvk) ,

2. sipsipl (uiujv,%) ,

3. sijsuE (wiujvpuy),
and E (u?v;vg) = E (uju;v3) = E (u;ujviv;) = 0 by the independence and zero
mean assumptions; the third equality in (31) follows from the independence of
u and v; and the last from the fact that the sum of squares of elements of a
matrix S can be expressed as tr 5SS (see Searle (1982), p. 46). m

The following lemma collects properties of orthogonal projector matrices

that are used in the paper.

Lemma 3 Let S be a (n X m) non-zero matriz, consider the (n x n) orthogonal

projection matriz Pg) = S (S'S)” 8" and let 7 (i,7) denote the element of Prg
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in row i and column j, then a) 0 < 7w (iyi) < 1,¢=1,..n; b) |7 (i,5)] < 1,

i,j=1,.n ¢c) tr (P[S]) =r (P[S]) d)r (P[S]) =r(9).

Proof. By the properties of orthogonal projectors, Ps;S = S, so Pg cannot

have all zero elements. Also, Pg) is idempotent and symmetric, therefore

m(ii) =7 (i,0) + Y 7 (i,5) > 0
J7#i

i1=1,..n, and so

72 (i,4) < m(i,4) and zn:w? (i,7) < = (i,1)
J#i
proving a) and b). To prove c) see Rao (1973) 3.(d), p. 34. d) Upon noticing
that (S’S)~ S’ is a generalized inverse of S, apply result 3.(e) in Rao (1973), p.
34. =
The following concepts are important for the asymptotic analysis of the

ACE’s.

Definition 4 Let g; (s) denote the number of observations of group s in dimen-

sioni, s=1,...,N;, i =1,....m.

Definition 5 Let g;; (s,t) denote the number of common observations between
group s in dimension ¢ and group t in dimension j, s =1,...,N;, t =1,...,N;

andi,j=1,....m

Clearly, g¢;; (s,t) = g;i (t,s). Some important properties of g; and g;; in
terms of their relationship with the dummy matrices A; are collected in the

following Lemma .

Lemma 4 Assume a) of A.2. Then the following hold. a) A;A; is a (N; x N;)
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diagonal matriz and g; (s) is the (s, s) .th element of AJA; with
N;
> gils)=mn, (32)
s=1

i=1,...,m; gij (s,t) is the (s,t) .th element of the (N; x N;) matriz AJA; and

> i (s,t) = gi (s) (33)

s=1,...N;andi,j=1,...m

b) tr A;P[AL]A] = ZZ g”

t151 9i

2
93 (
C) tr A;P[AJAJ (I* A;P[AI]A]) = Z lz J ] s

1,7 =1,...,m;

N

2
ik S t i (S, T
d) tr AjPa, ) AcALPa A ZZ <Z W) ’
t=1r=1

i jk=1,..,m

Proof. a) Obvious. b) Since AJA,; is diagonal, (A/A;)™" is also diagonal with
generic diagonal element given by 1/g; (s), s = 1,..., N;. Hence, g;; (s,t) /g; (s)
is the (s,t).th element of the (N; x N;) matrix F;; = (ALA) AVAVRE N IES
1,...,m, and expresses the number of common observations in relative terms,
that is as a portion of the size of group s in dimension i. Since Pia,)A; = A Fyj,

Pia 4 is the (n x Nj) matrix made by the rows of Fj;, with each row s in Fj;

9ij (8,1) i (5,2)  gij (s, Nj)
9i (s) gi(s) 7 gi(s)

fij (s)

being repeated g; (s) times in Pia,jA;. Therefore, the sum of the squared ele-

63



ments of Pia;)A;, that is tr AL Pia,jAj, is given by

N, N; . N
- g?g (Svt)g (s) = Zz]: gizj (s,t)
2 i =
=1i=1 Ji (s) 1= Ji (s)

c) Given that Pa,)A; = A;Fj;, the (t,7).th element of the symmetric

(N x Nj) matrix A’ Pa;)A; is worked out as
N;
Z 9ij (s,t) gij (s,7) (34)
—~ 9i (s)

t,’l" = 1, ...,Nj, with

z

V)
Il

being the t.th element of the main diagonal of A’ Ps,jA;. To derive expression
(34) T have simply gone through the product between the t.th row of A’ and
the r.th column of Pja;)A;. The t.th row of A’ has g; (t) = Zivzilgij (s,t) unity
elements so that, of the g; (1) elements g;; (1,7) /g; (1) in the r.th column of

PiaAj, gij (1,t) are picked up and summed to get

gi (1) ’

this is added to
9i5 (2,1) g5 (2,7)
9i (2) ’

obtained in the same way, and so on, until the N;.th group in dimension i, to
obtain expression (34).

Hence,

N & g2 (5]
tr A;P[Ai]Aj (I * A;P[Ai]AJ') = Z [Z ( ) ]

(%) )
i (s
=1 lsm1 i
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d) Consider the (N x N;) matrix Aj Pa4Aj, 4,5,k = 1,...,m, of which

A Pia,A; is a particular case. The fact that Pja;)A; = A;Fj; is again useful
to understand the expression for the the (,7).th element of A} Pa,jA;, which
is given by

§ g (5.1) 9y (5.7)

po gi (s)
(the difference with the (¢,7) .th element of A’ Pa,jA; lies in the fact that, here,
t and r do not necessarily represent clusters in the same dimension). Hence, the

sum of its squared elements is given by

’ ’ i, Al ik (s’t)gij (S,T) i
tr AjP[A,i]AkAkP[Ai]Aj = ZZ Z —_— .

t=1r=1 \s=1 gi (s)

In standard panels with m = 2, where A is the (n x Np) matrix of individual
dummies and As is the (n X N3) matrix of time dummies, A] Ay reduces to a
(N7 x N3) matrix of zeros and ones indicating the absence or presence of a given

individual in a given year. Thereby, gi2 (s,t) = g3, (s,t), so that

a9 (5:1) _ SR gig (5,1)
tr AlPpj =) Y 2 => 1220 — Ny i#j=1,2
i S0 e A0
(see Wansbeek and Kaptein (1989)).
Theorem 1 Assume A.1-A.2. Then, for alli,j =1, ..., m,

~2
a) oy — 0
P

upPra U N;
b) L 2d 2 24 O——U% — 0
n n p
U()P[Ai]AjUj

c)

— 0
n P

as n — oQ.
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Proof. a) A.1 implies all assumptions of Lemma 1, therefore E (53) = 03 and

. ~2 .
the variance of oy is

UIOQ[A]uO _ 2UétrQ[A]
VaT(ﬂ-T(A)>_[n—r ] H“Zd) TN

where ¢ (i, j) denote the (4, j) .th element of Q). Since Q] is the orthogonal
complement of Pa], 7 (Q[a]) = n — 7 (A), then ¢) and d) of Lemma 3 implies
tr (Qa)) =n —r(A), so that

o (105555) <[] B 00 g

From a) of Lemma 3 and tr (Q(a)) = Yi1¢ (i,7) = n —r(A) it follows that
S0P 6% (i,i) < n— 7 (A). In addition, from b) of A.2 it follows that n and
n—r (A) are of the same order of magnitude, so that n —r (A) — oo as n — oo.
Hence, given that 0§ and ko 4 are finite, both terms in the foregoing equation

go to 0 as n — oo and then Var ( "Qi?:;’) — 0 as well.

Part b) is proved at once, upon obtaining from Lemma 1
E (upPayuo) = tr Pa,og

and

0P 2tP
e (S90) o S

where ; (j,7) denotes the j.th element of the main diagonal of P}, and notic-
ing that tr Pa,) = 7 (A;) = N; and wa (j,J) < tr Pa,) < n by Lemma 3 and

j=1
a) of A.2.
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¢) By Lemma 2, E (u{Pa,;Aju;) = 0 and

Var (%P[A"]Ajuj> = UgZ? tr A;P[Ai]Aj.
n n '

N, N;

B J%U?Z J gfj (s,t)
- 2 }

oS Y (s)

(35)

where the last equality follows from b) of Lemma 4. By equation (33) of Lemma
4

=

J

gz‘zj (Sa t)
7 9i(s)

S i (S) ’ (36)

~
Il

i,7=1,...,m, s =1,...,N;, with equality holding if i = j, since by a) of Lemma
4, gi; (s,8) = g; (s) and g;; (s,t) = 0 for all s # ¢t. Hence, summing both sides of
(36) over s =1, ..., N; and given (32) yields

with equality holding if ¢ = j. Hence, given (35),

Var (u{)P[Ai]Ajuj) “Var (u{)Aju]) _ J%J?

n n n

. C uoPa )R
for all 4,5 = 1, ..., m, which implies that Var { —=-——) — 0 asn — o
foralli,j=1,...,m, =
Theorem 2 Assume A.1-A.3. Then,
u;A;—P[Ai]AjUj t’I”A;P[AL]A

J
a) - 03=0
n n p

asn —ooforalli,j=1, ..., m, and

wi A Pa A,

n p

b)
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asn—ooforalli#j=1,...,mand k=1, ..., m.

Proof. a) By Lemma 1,

2
gj

E <u;A;P[A1]AJu]) _ t’I“A;-P[Ai]Aj
n

n

and

Var (”“MJAJ'“J) _ e AR (1 + AjPagA;)
n b n2
tTA P[A Aj A P[A ]A
—I—QO'J 5
n
By ¢) and d) of Lemma 4,
2
WAL P A L T g2 (st
Var <”[:m) _ fua [ g”»((s) )] 37
=1 =1 9
N; N;
20 N gm s, 1) g” s,7)
sy (3
t=1r=1

There are two important results for the bounds of the above traces and, con-
sequently, the limiting behaviour of Var (u;AgP[Aj]Aiui/n) when n — oo.
By equation (33), Zivz"lgij (s,t) = g;(t), so that multiplying all terms in
the left hand side of the foregoing equation by the corresponding relative size
gij (5,t) /gi (s) <1, s =1,...N;, gives

2

N;
Z AL g5 ()

t = 1,...,N;, with equality if ¢ = j. So, taking the squares of both sides in

the foregoing inequality leaves the direction of the inequality unchanged. Then,
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summing the squares over ¢t = 1, ..., IV; gives the first important result

D [Xgy(5.0)] &
le ”,(3) ] Szg? (t), (38)

=1 Ls=1 Ji

with equality if ¢ = j. The second important result is

5 Nj 2 N; N; N; 2
ZZEyMWWﬂ < Zzﬁﬂﬂﬁl
t=1r=1 \s=1 9i (s) oo \OooD 9i (s)

2
N N; N;
9ij (s,1) 3
= gij (s,1)
t=1 s=1 gz (S) r=1
N;
= g5 (t). (39)

~
Il

1

The inequality simply follows from the fact that Zi\zlgij (s,t) gij (s,7) /gi (s),

r =1,...,N;, are positive numbers. It becomes equality if i = j, since by a) of
Lemma 4,

9ij (s,t) gjj (s,7) /gj (s) =0

for all r,s # ¢t and

955 (t.1) /95 (1) = g; (1).

The last equality in (39) follows from equation (33). So, from equations (38)

and (39) and given (37),

AL P A PALA 4t 201 &
Var <ua 5 41A] J“J) < Var <uj J JUJ)_ (ja U]) Zgjz(t)
=1

n n n?
2+ 1
4
= (Kja+20)) jTJ (40)
foralli,j =1, ..., m, where the last equality in (40) follows from the definition

of 75 in (9) and the fact that, given (8) and (32), n = N,g,. Hence, given A.1
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and A.3,

(THVANS = FNRVAN TS
Var(j J [s'l] J j>—>0

as n — 0o, and so the result follows.
b) Given i # j = 1,...,m and k = 1,...,m, Lemma 2 applies, so that
E (u;A;P[Ak]A]u]/n) =0 and

U ALPA A o202
Var ( d [nk] ! J) = hir AT P AAIPa A,
2
o202 Ni Nif Nk (
o i Gik ras)gk] (Sat)
where the last equality follows from d) of Lemma 4. Since
N Ny, 2 N; Nj Ny 2
Z Z Z ik (1,8) grj (5,1) < Z Z gir (1, 8) gk (5,1)
r=11=1 \s=1 9r () r=1 \t=1s=1 9r ()
S gin (r5) & 2
ik \T
= "D 9kj (s,t)
22\ Tl 2

z

- (ng <r,s>> “S (),

r=1

then

Var <UQA2P[Ak1Ajuj> 2 2T +1

< 0;0;
n

Along the same lines, it can be proved that also

2
Var u;A;P[Ak]Aju]' <0_220_2_Uj+1
n J Nj
Hence,
LALP A A, Tr4+1 5 +1
Var [ B2 18550 < 020% min Vit , —2 (41)
n J i Nj
]
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Theorem 3 Let A1-A4 hold. Then, &2 exists and is unbiased for n suffi-

ciently large, and
& = ol
P

as nm — oo.
Proof. By A.4, A~! exists for n sufficiently large, which assures that 52 exists
for n sufficiently large. In light of equation (5) and since &4 is unbiased, 5>
is unbiased either. By Lemma 3 and given a) of A.2, C is O (1), hence a) of
Theorem 1 and a standard asymptotic result (e.g. Proposition 2.30 in White
(2001)) assures that

GaC — oiC —0 (42)

as n — o0o. By Theorems 1 and 2, B — 03C — Ao? — 0 as n — oo and so, given
P
(42),
B—5C —Ac? = 0 (43)
P

as n — o0o.
Given equations (32) and (33),

N; Nj

N
n:ZZgij (s,t),1,7=1,...,m

s=1t=1

Hence, from the trace formula in b) of Lemma 4, it is clear that

tTA;vP[Ai]Aj <1

f— )

. (4)

with equality if ¢ = j, implying that A is O (1). By A.4, 1/det (A4) is O (1) and

since A is of finite dimension with all elements O (1), it follows that A= is O (1)
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as well. Hence, given (43),
A (B —536) — o
P

asn — co. B
Theorem 4 Assume A.1, A.2 and A.4-A.6.WTSLS. Then, E%u,o and 52, exist
with probability approaching 1 (w.p.a. 1); and
~2

2
Two 7 90

as n — oo; assuming also A.3,

as n — oo.

Proof. The WTSLS residuals €, can be equivalently written as

tw = {I-X (45)

n n n

X'QnZ (Z’Q[A]Z>1 Z’Q[A]X] -

n n n

X'QuZ (Z’Q[A]Z> AN } ¢

Given b) of A.2 and A.4, ACEI exists w.p.a. 1 if and only if the inverse of the
matrix in brackets in equation (45) exists w.p.a. 1.

Given A.6.WTSLS, since the inverse matrix function is continuous and Q zz
is O (1) and uniformly positive definite, proposition 2.30 in White (2001) assures

that
(Z’Q[A]Z

n

-1
- Qyy—0
) -k

as n — 00. Since Qzz is uniformly positive definite, 1/ det (Qzz) is O (1) and
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hence, given that Qzz is O (1), QEIZ is O (1) as well. By continuity of the

matrix product and the fact that both QQzx and Q;Z are O (1), then

X'QaZ (Z'Q[A]Z>1 2'QaX
n

ey -1 4
" n QyxQzzQzx ? 0 (46)

as n — oo. Let Dg = det (Q'yxQ5,Qzx) . Given A.6.WTSLS, Lemma 2.19 in
White (2001) assures that the sequence {Q', v Q5,Qzx } is O (1) and uniformly
positive definite. Hence, given that the determinant is a continuous function
and Q/ZXlezQZX is O (1), the probability limit in (46) and proposition 2.30

in White (2001) assure that

X'QinZ (Z2'QiaZ\ " Z'Qia X
det [ Qlay < Qlay ) Qlay 1 —Dg =0 (47)
n n P

n

as n — 00. Since the sequence {Q’Z XQZIZQ A X} is uniformly positive definite,

Dg > 6 > 0 for n sufficiently large, so that

X'QinZ (20 Z\ "t 200 X
prob{det [ Qa) ( Q) > Qal ] > 0 > O} >
n n n 2
X'QiaZ (2O Z\ " 2010 X
prob {det [ Qla) ( Clay ) Qla) ] > Dg — 5} >
n n n 2
X'QiaZ (2O Z\ Y 200 X
prob {DQ - g < det [ QrEA] ( QTQA] ) Q;A] ] < Dg + g}

for n sufficiently large. Hence by (47),

X'QianZ (Z2'QiaZ\ "t 2010 X
lim prob {det [ Qal ( @ia) ) Qal ] > é > 0} =1
n

n— oo n n

so that the inverse of

n n

X'Qa1Z (Z’Q[A]Z)_l Z'Qn X
n
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exists w.p.a. 1 as n — oo, and so does ACEL.
To prove consistency of 312“0 and Giﬂ we expand the right hand sides of the
following equations

/G\le[A]/G\w = G/M{UQ[A]MU,E

and

?wP[Ai]Ew = GIM;UP[Ai]MwE

fori =1,...,m to have

E/M{UQ[A]MU,E
—1
= {Qu - QuZ (2Qu2) " ZQu X

_ 1
X'QuZ (7Qu2) " Z/Qa X | X'Q[A}}

_ -1
{I - X [X'QuZ (7 Qu7) " ZQua X
X'QuZ (ZQumZ) " Z/Qua f €

= E/Q[A]€ + Fw,Oa

where

B 1
Fw70 = —QEIQ[A]X [X/Q[A]Z(Z/Q[A]Z) IZ/Q[A]X:|
—1 —1
X'QuZ(Z2'QunZ)  Z'Que+€QuZ (2QuZ)  Z'QunX
B 1
(X'QuZ (2Qu2) " ZQuaX|  X'QuX

_ -1 _
(X'QuZ (2'Qu2) " ZQuX|  X'QuZ (7'Qu2) " Z'Quae
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and

¢ M/, P Miye
= ¢{Pas -z (2Qu2) " ZQu X
X'QuZ (2Qx2)”" Z'Q[AlX}lx'P[Ail}
{1 - X [X'QuZ (72Quw2) " Z’Q[A]XT1
X'QuZ (2'Qn2) " Z'Qua e

= G/P[Ai]e + T,

where

Tui = —2/PagX [X'QuZ (7Qu2) " Z'QuX]
X'QuZ(ZQuZ) " ZQue+¢QuZ (2Qa12) " Z'QuX
(X'QuZ (2Qu2)” 2QuX]

(X'QuZ (2QuZ2) " ZQu X

1
X'P[Ai]X

1 _
X'QuZ(2Qu2) " Z'Que

fori=1,...,m.

Therefore

~2 2 n  Lyo
0w70200+m%. (48)

As proved above, the sequence {Q’ZXQ;ZQZX} is O (1) and uniformly posi-
tive definite. Hence, given A.5, A.6.WTSLS and the probability limit in (46)
proposition 2.30 in White (2001) applies to yield

1_\w,O
n

— 2Q% (QyxQ75Q2x) " QyxQyk -0
+ 0- Q;ZQZX (QIZXQEIZQZX)_l Qxx

(QyxQzQzx) " QyxQzy -0 — 0,

()



as n — oo, and since n/ [n —r (A)] is O (1),

n Fw.,O
n—r(A) n ?0 (49)

as n — oo. Then, by Theorem 1, 58 — 03 as n — oo. Hence, given (48) and
P
(49)

Goo = 08 (50)
p

By the same token, it is proved that

as n — oo, where I'yy = (D1 - .- me)'. Given B, = B + T'y/n and (48), it

has

T n T
~2 —1 w ~2 w,0
- Al|Byiv (P D Two
Tw [ n (UO n—r(A) n )C} ’
r n T
~2 —1 w w,0
= + A —_——_— )
7 (n n—r(A) n C)

Finally, given A.3, it is legitimate to apply Theorem 3, which, along with the
probability limits (49) and (51) and the fact that A=! and C are O (1), yields
the result. m

Theorem 5 Assume A.1, A.2 and A.4-A.6.TSLS. Then, 8128,0 and 7, exist
w.p.a. 1; and

~2 2
01s,0 7 )

as n — o0o; assuming also A.3,

2 2

0l54)0—
p
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as n — oQ.

Proof. The proof follows exactly the same steps as Theorem 4’s. Here, I only

~

report the specific expressions for €, Q[ajeis and €, P(a,j€rs.

i

€Qae = Qe+ Tiso,
where
-1
Tio = —2QuX |X'Z(Z'2)' 2'X| X'2(2'2) 7'
—1
+2(22) 2X [X'2(22)7 2'X] X'QuX
-1
[X/Z(Z/Z)71 Z/Xi| X/Z(ZIZ)71 Z/6
and
E;SP[Ai]/G\lS = €/P[Ai]6 + Fls,ia
where
-1
i = —2Pa X [X'2(2'2)' 2'X| X'72(22) 7'e
-1
+eZ2(Z2'2) 7'X [X’Z (z'z)~ Z’X] X' Piag X
-1
[X’Z (z'z)™" Z’X} X'Z(2'2)  Ze,
1 =1,...,m. Then, the proof proceeds as in Theorem 4’s, based on Theorems

1 and 3, A5 and A.6.TSLS. m
Theorem 6 Assume A.1, A.2, A4-A.6.WTSLS. and A.6.BTSLS. Then, 8?

7



exists w.p.a. 1; assuming also A.3

oy — o’
as n — 00.
Proof. The proof follows exactly the same steps as in Theorem 4’s. Here I only

report the specific expression for €,Pia, /€, :

E;y,iP[Ai]/gb,i = EIP[Ai]G—l—Fb,i
where
-1
i = —2¢PagX [X'PagZ (2'Pay2) " 2/ PagX]
—1 —1
X/P[Ai]Z(Z/P[Ai]Z) Z/P[Ai]E+€/P[Ai]Z(ZIP[Ai]Z) Z/P[Ai]X
-1
[ X'PayZ (2'Pa2) " 2'PagX| X'PagX
-1
[X'PisgZ (2'Pan2) " Z'PagX| X'PagZ (2'Piag2) " Z'Pae.
1 = 1,...,m. Then, the proof proceeds exactly as in Theorem 4’s, based on

Theorem 3, A5 and A.6.BTSLS. m

C Results on unbiased estimators

C.1 Derivation of equations (22)

By assumption, E (e'| X) = X. Hence,

E(Qw,0|X) = b (t’l" GIM{UQ[A]Mwe)

tr Q[A]szMq/ﬂ

8



and

E(Qw,i|X) = F (t’l" G/M;P[Ai]Mwe)

tr P[Ai]MwZM{Ua

where

My =1—X[X'QuX] " X'Q

Elaborating M,, XM gives

M,EM,, { X)_lX/Q[A]}
(051 + 0T ALA] + .+ 00, AR AL
{1 QX (X'Qua X))~ 1X’}
(2 - X (X'QuayX) ™ X'Qua)
1= QuaX (X'QuayX) ™" X

)

= E*O’OX(XQA]X) XQ[A

-1

T2Qua1 X (X'QuarX) ™ X! + 03X (X'QayX) ' X'

so that
—1
QuaM,EM, = o} [Q[A] - QX (X'Qa)X) X/Q[A]] ;
since Q[A]Z = O'%Q[A], and

1
P[Ai]MwZM{U = P[AJZ O'OP (XQ ) X’Q[A]

+UgP[A,-]X (X/Q[A]X)71 X'
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Hence,

tr QuaiMyEM), = of (n —r (A) — k)

proving the first equation of (22), and
tr P MySM), = tr PaS+ odtr (X'QaX) ™ X' PragX,
proving the block of m equations in (22), given that

P[Ai]Z = O’%P[Ai] + U%P[Ai]AlA/l + ...+ leAzAg + ...+ UEnP[A ]AmA;n,

7
and so

tr P[Ai]Z = 0'(2)7“ (Az) + U%t?‘A/lP[A ]Al + ... (53)

7

+oin 4 ..+ ol trAL Pia A

C.1.1 The missing term in Davis (2002)

The formula of the extended WK estimator of o2 reported in Davis’ Lemma 3
turns out to miss a term in the degrees-of-freedom correction. While Davis does
not make explicit the regularity conditions underlying Lemma 3, the derivations
in the proof of the Lemma are legitimate under F (e¢/|X,Z) = ¥ and indeed
an expression analogous to that for M, XM/, in equation (52), say MiX MY is

therein correctly elaborated as follows (in my notation). Let

-1
P[Q[mz] =QuZ (Z'QuZ)  Z'Qu)
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then

—1
* */ 2 / /
M S 2 - 02X (X Plow Z}X) X'Pg 7] (54)

-1
2 / /
7U°P[Q[A1 Z]X (X P[Q[MZ]X) X

1
2 ’ l
+o8X (X'Pg7X) X'

Incidentally, the expression for M XM reduces to that of M,XM,, in (52)
when P[Q[A] 7] is replaced by Q[a], as appropriate when X lies onto R(Z).
What is wrong is the expression for the trace of QajM ;XM as reported in

Davis’ proof:
-1
tr QMM = o2 [tr Quar +tr (X' Pig 1 X) X’Q[A]X] . (59)

In order to obtain the correct expression, I elaborate Qa1 M5XM; as follows

1
* * 2 2
QuMIEM = o8Qua — QX (X Pl 1X) X'Pgy

1
2 / /
700P[Q[AJZ]X (X P[Q[A1Z]X) X

~1
2
+o8Qu X (X P X)X
Hence, the correct expression for the trace of QA Mj5XM;/ is
~1
tr Q[A]MJ)ZM;Z/ = 0‘(2) |:’I7/ -Tr (A) — 2k +tr (X/P[Q[A]Z]X) X/Q[A]X:| s

which demonstrates that Davis’ formula (55) misses the term —2k inside brack-
ets. Accordingly, the correct estimator for o3 is
GIM:/ [A]M;ZG

~%2
UUJ’O*TL—’I"(A)—I{?—{-H? (56)
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where

1
— ! I
p=tr (X'PounX) XQuaX—k

is the adjustment in the degrees-of-freedom correction due to the presence of
endogenous regressors.

Notice that the expression for x can be rearranged as

w=tr (X'Pg X)X (Qu— Pl z) X

and since Q[a] — P[Q[A]Z] = Q[a,z) is an idempotent and symmetric matrix,
then

1
K =1r Q[AZ]X (X/P[Q[A]Z}X) XIQ[AZ] > 0.

Notice also how the rectified estimator (56) now easily compares to the cor-
responding WK estimator (24) where no adjustment is needed. Interestingly,
it turns out that a degrees-of-freedom correction that did not include xk would
overestimate o3. While crucial for unbiasedness, the typo is clearly immaterial
as far as consistency is concerned and indeed it is not hard to verify that Davis’

estimator is consistent under the same regularity conditions valid for ACE1.

C.2 Derivation of equations (28)

Let
Wi = P
= €My ;Pia)My,e,
where

My =1-X [X'PayX]" X'Pay,
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i =1,..., m. Taking expectations, under E (e¢'| X) = X, yields
E(qi|X) = tr M}, Pa M.
Since Pia;) My ; is idempotent and symmetric,
M; i Pia My = Piay = PagX (X'Piag X)X Py,

So,
-1
My ;Pia, My ;% = Pipa, X — Pag X (X'PagX)  X'Pa, S

i

and

tr Mé7iP[Ai]Mb,i2 = tr P[AI]Z —
tr PagX (X'PlagX) " X'Pag®
= tr P[A }2 —

7

tr (X'Pa, ) X) 7 X'Pla BPa X,
Expanding Pja,)3 gives

P2 = 05Pa+0iPa MA] + ..

+oT AN+ .+ 08 Pa  AnAL,,
and hence

tr P[AI]E = NiO'(Q) + U%t?“ A/lp[Al]Al + ...

toin+ ...+ ontr A Pa Am.
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Furthermore,
P[A,-]EP[Ai] = J%P[Ai] + Z O’?P[Ai]AjA;-P[Ai] + J?AZAQ (60)
J#i

Substituting the right hand sides of equations (59) and (60) into equation (58)

yields

tr Mg7iP[Ai]Mb)i2

= Nioi+ Z o5tr A Pia,Aj +no;
JFi

—tir (X/P[Ai]X)71 X' O’%P[Ai] +ZU?P[A1]A]'A;P[A1] JrO'?AiA; X.
J#i

Finally, rearranging the right hand side of the foregoing equation, and given

equation (57), yields equation (28):

E(gilX) = (Ni—k)oj+[n—(lo?
+ D [tr AjPa A~ Gy) a3
JFi
where
G=tr (X' PagX)” X'AALX
and

-1
Cij =tr (X/P[AL]X) X/P[Al]AJA;P[AI]X

D Condition A.3

The following proves that if all group sizes are of the same order of magnitude

then ©? is uniformly bounded.
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Proof. If all group sizes are of the same order of magnitude, then there exist

constants 0 < £ <1 < = < oo and an integer ng such that

2

©
AN
(1]

E<

)
P
—~

for all n > ng, s,t = 1,..., N;. Hence, £ < g; (s) /g; < Zand €2 < g2 (s) /g2 < =2

for all n > ng, s =1,..., N;. So,

for all n > ng. m
The following example proves two claims on 7. First, 7 may be uniformly
bounded even if group sizes are heterogeneous in the order of magnitude. Sec-

ond, A.3 does not rule out ¥7 being unbounded.

Example 1 Consider a one-way design with m = 1 and group sizes heteroge-
neous, so that: 1 < g(i) =y < oo fori=2,...,N and 0 < £ < N7%g(1) <
Z < oo for all N > N, with 1/2 < § < 1 and N a given integer, i.e. the size
of group 1 is of order N°, whereas the sizes of the remaining groups are fized.

Then,
2 N(N-1)y*+Ng*(1)
(N=1)*42+2y(N —1)g(1) + g2 (1)

is of order N**=1. Hence, if 1/2 < § < 1, ©° increases with N, although at a
slower rate. If § = 1/2, ©* is uniformly bounded. In either case A.3 is met if

N — co.
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