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Abstract

We develop a new automatically-computable test for super exogeneity, using a variant of general-
to-specific modelling. Based on the recent developments of impulse saturation applied to marginal
models under the null that no impulses matter, we select the significant impulses for testing in the
conditional. Since zero-mean changes are relatively undetectable in both VARs and conditional
equations, we focus on location shifts although we also discuss variance changes. The approximate
analytical non-centrality of the test is derived for a failure of weak exogeneity when there are shifts
in the marginal process. Monte Carlo simulations confirm theempirical accuracy of the nominal sig-
nificance levels under the null, and show rejections for thisfailure of super exogeneity. An empirical
application to UK M1 delivers new results for this much-studied data set.

Keywords: super exogeneity; general-to-specific, test power, co-breaking.
JEL classifications:C51, C22.

1 Introduction

It is a real pleasure to contribute to a volume in honor of Rob Engle, who has greatly advanced our
understanding of exogeneity, among many other aspects of econometrics, and published with the first
author on the topic of this paper. At the time of writing Engle, Hendry and Richard (1983), or even Engle
and Hendry (1993), we could not have imagined that an approach based on handling more variables than
observations would have been possible, let alone lead to an automatic test.

In all areas of policy which involve regime shifts or structural breaks in conditioning variables, the
invariance of the parameters of conditional models under changes in the distributions of conditioning
variables is of paramount importance, and was called super exogeneity by Engleet al. (1983). Even in
models without contemporaneous conditioning variables, such as vector equilibrium systems (EqCMs),
invariance under such shifts is equally relevant. Tests forsuper exogeneity have been proposed by En-
gle et al. (1983), Hendry (1988), Favero and Hendry (1992), Engle and Hendry (1993), Psaradakis and
Sola (1996), Jansen and Teräsvirta (1996) and Krolzig and Toro (2002), inter alia: Ericsson and Irons
(1994) overview the literature at the time of publication. Favero and Hendry (1992), building on Hendry
(1988), considered the impact of non-constant marginal processes on conditional models, and concluded
that location shifts were essential for detecting violations attributable to the Lucas (1976) critique. En-
gle and Hendry (1993) examined the impact on a conditional model of changes in the moments of the

∗Financial support from the ESRC under Research Grant RES-062-23-0061, and from the Fundação para a Ciência e a
Tecnologia (Lisboa), is gratefully acknowledged by the first and second authors respectively. We are indebted to Jennifer
Castle, Jurgen Doornik and Bent Nielsen for helpful comments on an earlier draft, and to Jurgen and James Reade for providing
results based onAutometrics.
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conditioning variables, using a linear approximation: tests for super exogeneity were constructed by re-
placing the unobservable changing moments by proxies basedon models of the processes generating the
conditioning variables, including models based on ARCH processes (see Engle, 1982), thereby allowing
for non-constant error variances to capture changes in regimes. However, Psaradakis and Sola (1996)
claim that such tests have relatively low power for rejecting the Lucas critique. Jansen and Teräsvirta
(1996) propose self-exciting threshold models for testingconstancy in the conditional model as well as
super exogeneity. Krolzig and Toro (2002) developed super-exogeneity tests based on a reduced-rank
technique for co-breaking shown by the presence of common deterministic shifts, and demonstrated that
their proposal dominated existing tests (on co-breaking, see Clements and Hendry, 1999, and Hendry
and Massmann, 2007). We propose a new addition to this set of possible tests, show that its rejection
frequency under the null is close to the nominal significancelevel in static settings, and examine its
rejection frequencies when super exogeneity does not hold.

The ability to detect outliers and shifts in a model using thedummy saturation techniques proposed
by Hendry, Johansen and Santos (2008) opens the door to this new class of automatically computable
super-exogeneity tests. Their approach is to saturate the marginal model (or system) with impulse in-
dicators (namely, include an impulse for every observation, but entered in feasible subsets), and retain
all significant outcomes. They derive the probability underthe null of falsely retaining impulses for a
location-scaleIID process, and obtain the distribution of the estimated mean and variance after satura-
tion. Johansen and Nielsen (2008) extend that analysis to dynamic regression models which may have
unit roots. Building on the ability to detect shifts in marginal models, we consider testing the relevance
of all the retained impulses in conditional models. As we show below, such a test has the correct size
under the null of super exogeneity of the conditioning variables for the parameters of the conditional
model over a range of null-rejection frequencies in the marginal model saturation tests. Moreover, it
can detect failures of super exogeneity when there are location shifts in the marginal models. Finally,
it can be computed automatically–that is without explicit user intervention, as occurs with (say) tests
for residual autocorrelation–once the desired nominal sizes of the marginal saturation and conditional
super-exogeneity tests have been specified.

Five conditions need to be satisfied for an automatic test of super exogeneity. First, the test should
not requireex anteknowledge by the investigator of the timing, signs or magnitudes of any breaks in
the marginal processes of the conditioning variables. The test proposed here uses impulse saturation
techniques on the marginal equations to determine these aspects. Secondly, the correct data generation
process for the marginal variables should not need to be known for the test to have the desired rejection
frequency under the null. That condition is satisfied here for the impulse-saturation stage when there
are no explosive roots in any of the variables. Thirdly, the conditional model should not need to be
over-identified under the alternative of a failure of super exogeneity, as required for tests in the class
proposed by (say) Revankar and Hartley (1973). Fourthly, the test must have power against a large class
of potential failures of super exogeneity in the conditional model when there are location shifts in some
of the marginal processes. Below, we establish the non-centrality parameter of the proposed test in a
canonical case. Finally, the test should be computable without additional user intervention, as holds for
both impulse saturation and the conditional test proposed here.1

The structure of the paper is as follows. Section 2 considerswhich shifts in vector autoregressions
(VARs) are detectable, and derives the implications for testing for breaks in conditional representations.
Section 3 considers super exogeneity in a regression context to elucidate its testable hypotheses, and
discusses how super exogeneity can fail. Section 4 describes the impulse saturation tests in Hendryet al.
(2008) and Johansen and Nielsen (2008), and how to extend these to test super exogeneity. Section 5
provides analytic and Monte Carlo evidence on the null rejection frequencies of that procedure. Section

1PcGetsandAutometricsareOx-based programs designed for general to specific modelling (see Hendry and Krolzig, 2001,
and Doornik, 2007, 1999).
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6 considers the power of the first stage to determine locationshifts in marginal processes. Section 7
analyses a failure of weak exogeneity under a non-constant marginal process. Section 8 notes a co-
breaking saturation-based test which builds on Krolzig andToro (2002) and Hendry and Massmann
(2007). Section 9 investigates the powers of the proposed automatic test in Monte Carlo experiments for
a bivariate data generation process (DGP) based on section 7. Section 10 tests super exogeneity in UK
money demand; and section 11 concludes.

2 Detectable shifts

Consider then-dimensionalI(0) VAR(1) data generation process (DGP) of{xt} overt = 1, . . . , T :

xt = φ+ Πxt−1 + νt where νt ∼ INn [0,Ων] (1)

soΠ has all its eigenvalues less than unity in absolute value, with unconditional expectationE [xt]:

E [xt] = (In − Π)−1 φ = ϕ (2)

hence:
xt −ϕ = Π (xt−1 −ϕ) + νt (3)

At time T1, however,(φ : Π) changes to(φ∗ : Π∗), so forh ≥ 1 the data are generated by:

xT1+h = φ∗ + Π∗xT1+h−1 + νT1+h (4)

whereΠ∗ still has all its eigenvalues less than unity in absolute value. Lettingϕ∗ = (In − Π∗)−1 φ∗:

xT1+h −ϕ∗ = Π∗ (xT1+h−1 −ϕ∗) + νT1+h (5)

Clements and Hendry (1994), Hendry and Doornik (1997), and Hendry (2000) show that changes inϕ
are easy to detect, whereas those inφ andΠ are not whenϕ is unchanged. This delimits the class of
structural breaks and regime changes that any test for superexogeneity can detect.

The forecast errors fromT1 + 1 onwards would bêνT1+h|T1+h−1 = xT1+h − x̂T1+h|T1+h−1 where:

ν̂T1+h|T1+h−1 = (ϕ∗ −ϕ) + Π∗ (xT1+h−1 −ϕ∗) − Π (xT1+h−1 −ϕ) + νT1+h. (6)

Finite-sample biases in estimators and estimation uncertainty are neglected here as negligible relative to
the sizes of the effects we seek to highlight. Unconditionally, using (2):

E
[
xT1+h − x̂T1+h|T1+h−1

]
= E

[
ν̂T1+h|T1+h−1

]
= (In −Π∗) (ϕ∗ −ϕ) (7)

Consequently,E
[
ν̂T1+h|T1+h−1

]
= 0 whenϕ∗ = ϕ, however large the changes inΠ orφ. For a given

change in (ϕ∗ − ϕ), the effect is smaller (larger) as (In − Π∗) moves closer to (further from) zero. The

mean square error (MSE) matrixE

[
ν̂T1+h|T1+h−1ν̂

′
T1+h|T1+h−1

]
= Q∗ from (6) is:

Q∗ = (In − Π∗) (ϕ∗ −ϕ) (ϕ∗ −ϕ)′ (In −Π∗)′ + (Π∗ − Π)M (Π∗ − Π)′ + Ων

when:
E

[
(xT1+h−1 −ϕ∗) (xT1+h−1 −ϕ∗)′

]
= M∗ = Π∗M

∗ (Π∗)′ + Ων

where(·)v denotes column vectorizing and⊗ is a Kronecker product, so:

M∗ =
[
(In − Π∗ ⊗ Π∗)−1

Ωv
ν

]m

when(·)m is reforming as the associated square matrix. ThenQ∗ has to be judged relative toQ = Ων.
Detectability also depends indirectly on the magnitudes ofshifts relative toΩν, as there are data variance
shifts following unmodelled breaks, but these are hard to detect whenϕ∗ = ϕ, as the next section
illustrates.
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2.1 Simulation outcomes

To illustrate, letn = 2, and for the baseline case (a):

Π =

(
π′

1

π′
2

)
=

(
0.7 0.2
−0.2 0.6

)
, φ =

(
1
1

)
; (8)

whereΠ has eigenvalues of0.65 ± 0.19i with modulus0.68, and for|ρ| < 1:

Ων = σ2

(
1 ρ
ρ 1

)
= (0.01)2

(
1 0.5

0.5 1

)

so the error standard deviations are 1% forxt interpreted as logs, with:

ϕ =

(
1 − 0.7 −0.2

0.2 1 − 0.6

)−1 (
1
1

)
=

(
3.75
0.625

)
. (9)

At time T1, Π andφ change toΠ∗ andφ∗ leading to case (b):

Π∗ =

(
0.5 −0.2
0.1 0.5

)
, φ∗ =

(
2.0

−0.0625

)
(10)

where the eigenvalues ofΠ∗ are0.5 ± 0.14i with modulus0.27. The coefficients inΠ are shifted at
T1 = 0.75T by −20σ, −40σ, +30σ and+10σ, so the standardized impulse responses are radically
altered betweenΠ andΠ∗. Figure 1 shows the data outcomes on a randomly-selected experiment in the
first column, with the Chow test rejection frequencies on 1000 replications in the second (we will discuss
the third below):
(a) for the baseline DGP in (8);
(b) for the changed DGP in (10);
(c) for the intercept-shifted DGP in (11) below;
(d) for the intercept-shifted DGP in (11) below, changed forone period.
The data over1 to T1 are the same in the four cases, and although the DGPs differ overT1 +1 toT in (a)
and (b), it is hard to tell their data apart. The changes inφ in (b) are approximately±100σ, vastly larger
than any likely shifts in real-world economies. Nevertheless, the rejection frequencies on the Chow test
are under 13% at a 1% nominal significance.

However, keepingΠ constant in (8), and changing onlyφ by ±5σ toφ∗∗ yields case (c):

Π =

(
0.7 0.2
−0.2 0.6

)
, φ∗∗ =

(
1.05
0.95

)
(11)

which leads to massive forecast failure. Indeed, changing the DGP in (11) for just one period is quite
sufficient to reveal the shift almost 100% of the time. The explanation for such dramatic differences
between the second and third rows–where the former had everyparameter greatly changed and the latter
only had a small shift in the intercept–is thatϕ is unchanged from (a) to (b) at:

ϕ∗ =

(
1 − 0.5 0.2
−0.1 1 − 0.5

)−1 (
2.0

−0.0625

)
=

(
3.75
0.625

)
= ϕ (12)

whereas in (c):

ϕ∗∗ =

(
1 − 0.7 −0.2

0.2 1 − 0.6

)−1 (
1.05
0.95

)
=

(
3.8125
0.46875

)
(13)
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Figure 1: Data graphs and constancy test rejection frequencies

inducing shifts of a little over6σ and16σ in the locations ofx1,t andx2,t respectively relative to the
in-sampleE [xt]. Case (d) may seem the most surprising–it is far easier to detect a 1-period intercept
shift of 5σ than when radically changing every parameter in the system for a quarter of the sample, but
where the long-run mean is unchanged: indeed the rejection frequency is essentially 100% versus less
than 15%. The entailed impacts of such shifts in the marginaldistributions on conditional model are
considered in the next section.

2.2 Detectability in conditional models

From the analysis in section 2, lettingx′
t = (y′

t : z′t) to match the notation below, then in case (a):

E [yt | zt,xt−1] = φ1 + π′
1xt−1 + ρ

(
zt − φ2 − π′

2xt−1

)

= ϕ1 + ρ (zt − ϕ2) + (π1 − ρπ2)
′ (xt−1 −ϕ)

as: (
φ1

φ2

)
=

(
ϕ1 − π′

1ϕ

ϕ2 − π′
2ϕ

)
.

After the shift in case (b), sot > T1:

E [yt | zt,xt−1] = (φ∗1 − ρφ∗2) + ρzt + (π∗
1 − ρπ∗

2)
′
xt−1

= ϕ1 + ρ (zt − ϕ2) + (π∗
1 − ρπ∗

2)
′ (xt−1 −ϕ) (14)

and hence the conditional model is constant only if:

π1 − π∗
1 = ρ (π2 − π∗

2) (15)
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which is strongly violated by the numerical values used here:

π1 − π∗
1 =

(
0.2
0.4

)
6=

(
−0.15
0.05

)
= ρ (π2 − π∗

2) .

Nevertheless, as the shift in (14) anyway depends on changesin the coefficients of zero-mean variables,
detectability will be low. In case (c) whent >> T1:

E [yt | zt,xt−1] = ϕ∗
1 + ρ (zt − ϕ∗

2) + (π1 − ρπ2)
′ (xt−1 −ϕ∗) (16)

whereE [zt] = ϕ∗
2 andE [xt−1] = ϕ∗ so there is a location shift ofϕ∗

1 − ϕ1. The third column of
graphs in figure 1 confirms that the outcomes in the four cases above carry over to conditional models,
irrespective of exogeneity: cases (a) and (b) are closely similar and low, yet rejection is essentially 100%
in cases (c) and (d). Notice that there is no shift at all in (14) when (15) holds, however large the changes
to the VAR. Consequently, we focus the super exogeneity testto have power for location shifts in the
marginal distributions which ‘contaminate’ the conditional model.

2.2.1 Moving window estimation

One mechanism that would certainly detect that breaks of type (a) had occurred is the use of a moving
window for estimation, since a purely post-break sample would deliver the second regime parameters.
Thus, if impulse response analysis is to play a role in policyadvice, it would seem advisable to check on
a relatively small final period sample that the estimated parameters and error variances have not changed.

3 Super exogeneity in a regression context

Consider the sequentially-factorized DGP of then-dimensionalI(0) vector process{xt}:

T∏

t=1

Dx (xt | Xt−1,θ) =
T∏

t=1

Dy|z (yt | zt,Xt−1,φ1)Dz (zt | Xt−1,φ2) (17)

wherex′
t = (y′

t : z′t), Xt−1 = (X0 x1 . . . xt−1) for initial conditionsX0, andφ =
(
φ′

1 : φ′
2

)′ ∈ Φ
with φ = f (θ) ∈ R

k. The parametersφ1 ∈ Φ1 andφ2 ∈ Φ2 of the{yt} and{zt} processes need to
be variation free, so thatΦ = Φ1 × Φ2, if zt is to be weakly exogenous for the parameters of interest
ψ = h (φ1) in the conditional model. However, such a variation-free condition by itself does not rule
out the possibility thatφ1 may change ifφ2 is changed. Super exogeneity augments weak exogeneity
with parameter invariance in the conditional model such that:

∂φ1

∂φ′
2

= 0 ∀φ2 ∈ Cφ2 (18)

whereCφ2 is a class of interventions changing the marginal process parametersφ2, so (18) requires no
cross links between the parameters of the conditional and marginal processes. No DGPs can be invariant
for all possible changes, hence the limitation toCφ2 , the ‘coverage’ of which will vary with the problem
under analysis.

WhenDx (·) is the multivariate normal, we can express (17) as the unconditional model:

(
yt

zt

)
∼ INn

[(
µ1,t

µ2,t

)
,

(
σ11,t σ′

12,t

σ12,t Σ22,t

)]
(19)
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whereE [yt] = µ1,t andE [zt] = µ2,t are usually functions ofXt−1. To define the parameters of interest,
we let the economic theory formulation entail:

µ1,t = µ+ β′µ2,t +α′xt−1 (20)

whereβ is the primary parameter of interest. The Lucas (1976) critique explicitly considers a model
where expectations (the latent decision variables given bythe µ2,t) are incorrectly modelled by the
outcomeszt. From (19) and (20):

E [yt | zt,xt−1] = µ1,t + σ′
12,tΣ

−1
22,t

(
zt − µ2,t

)
= µ+ γ1,t + γ′

2,tzt +α′xt−1 (21)

whereγ′
2,t = σ′

12,tΣ
−1
22,t andγ1,t =

(
β − γ2,t

)′
µ2,t. The conditional variance isω2

t = σ11,t−γ ′
2,tσ21,t.

Thus, the parameters of the conditional and marginal densities respectively are:

φ1,t =
(
µ : γ1,t : γ2,t : α : ω2

t

)
and φ2,t =

(
µ2,t : Σ22,t

)
.

When (21) is specified as a constant-parameter regression model overt = 1, . . . , T :

yt = µ+ β′zt +α′xt−1 + εt where εt ∼ IN
[
0, ω2

t

]
(22)

Three conditions are required forzt to be super exogenous for
(
µ,β,α, ω2

t

)
(see Engle and Hendry,

1993):

(i) γ2,t = γ2 is constant∀t;
(ii) β = γ2;

(iii) φ1,t is invariant toCφ2 .

Condition (i) requires thatσ′
12,tΣ

−1
22,t is constant over time, which could occur because theσij hap-

pened not to change over the sample, as well as because the twocomponents move in tandem through
being connected byσ′

12,t = γ′
2Σ22,t. Condition (ii) then entails thatzt is weakly exogenous for a con-

stantβ. Together, (i)+(ii) entail thatγ1,t = 0 andα = µ0 in (21), so the conditional expectation does not
depend onµ2,t. Finally, (iii) requires the absence of links between the conditional and marginal parame-
ters. Each of these conditions can be valid or invalid separately: for example,βt = γ2,t is possible when
(i) is false, and vice versa. A fully-constant regression also requires thatω2

t = σ11,t − β′Σ22,tβ = ω2 is
constant, so that the observed variation inσ11,t is derived from changes inΣ22,t, but the non-constancy
of ω2

t ∀t can be due to factors other than a failure of super exogeneity, so is only tested below as a
requirement for congruency.

When conditions (i)–(iii) are satisfied:

E [yt | zt] = µ+ β′zt +α′xt−1 (23)

in which casezt is super exogenous for
(
µ,β,α, ω2

t

)
in this conditional model. Consequently:

σ′
12,t = β′Σ22,t ∀t (24)

where condition (24) requires that the means in (20) are interrelated by the same parameterβ as the
covariancesσ12,t are with the variancesΣ22,t. Under super exogeneity, the joint density is:

(
yt

zt

)
∼ INn

[(
µ+ β′µ2,t +α′xt−1

µ2,t

)
,

(
ω2

t + β′Σ22,tβ β′Σ22,t

Σ22,tβ Σ22,t

)]
(25)
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so the conditional-marginal factorization is:

(
yt | zt

zt

)
∼ INn

[(
µ+ β′zt +α′xt−1

µ2,t

)
,

(
ω2

t 0′

0 Σ22,t

)]
(26)

Consequently, under super exogeneity, the parameters(µ2,t,Σ22,t) can change in the marginal model:

zt ∼ INn−1

[
µ2,t,Σ22,t

]
(27)

without altering the parameters of (22). Deterministic-shift co-breaking will then occur in (25), as(
1 : β′

)
xt does not depend onµ2,t: see§8. Conversely, ifzt is not super exogenous forβ, then changes

in (27) should affect (22).

3.1 Failures of super exogeneity

Super exogeneity may fail for any of the three reasons corresponding to (i)–(iii) above:

(a) zt is not weakly exogenous forβ;

(b) the regression coefficientγ2 is not constant whenβ is;

(c) β is not invariant to changes inCφ2 .

From (21), whenzt is not super exogenous forβ but (20) holds, then:

E [yt | zt] = µ1,t + σ′
12,tΣ

−1
22,t

(
zt − µ2,t

)

= µ+ β′zt +α′xt−1 +
(
γ2,t − β

)′
v2,t (28)

where, under the null,v2,t ∼ INn−1 [0,Σ22,t] is the error on the marginal model (27), where we model
µ2,t by lagged values ofxt, to approximate the sequential factorization in (17):

zt = µ2,t + v2,t = π0 +
s∑

j=1

Γjxt−j + v2,t (29)

Section 2 established that the detectable breaks in (29) arelocation shifts, so the next section considers
impulse saturation applied to the marginal process, then derives the distribution under the null in§5,
and its behaviour under the alternative in§6. Section 7 proposes the test for super exogeneity based on
including the significant impulses from such marginal-model analyses in conditional equations.

4 Impulse saturation

A key recent development is that of testing for non-constancy by adding a complete set of impulse indi-
cators

{
1{t}, t = 1, . . . , T

}
to a marginal model, where1{t} = 1 for observationt, and zero otherwise:

see Hendryet al. (2008) and Johansen and Nielsen (2008). Using a general-to-specific procedure, those
authors analytically establish the null distribution of the estimator of regression parameters after adding
T impulse indicators when the sample size isT . A two-step process is investigated, where half the indi-
cators are added, and all significant indicators recorded, then the other half examined, and finally the two
retained sets of indicators are combined. The average retention rate of impulse indicators under the null
is αT when the significance level of an individual test is set atα, so forα = 0.01, for example,0.01T
indicators will be retained. Moreover, Hendryet al. (2008) show that other splits, such as using three
splits of sizeT/3, do not affect the retention rate under the null, or simulation-based distributions.
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This procedure can be applied to the marginal models for the conditioning variables. First, the asso-
ciated significant dummies in the marginal processes are recorded. Secondly, those which are retained
are tested as an added variable set in the conditional model.Specifically, after the first stage whenm
impulse indicators are retained, a marginal model like (29)has been extended to:

zt = π0 +

s∑

j=1

Γjxt−j +

m∑

i=1

τ i,α1
1{t=ti} + v∗

2,t (30)

where the coefficients of the significant impulses are denoted τ i,α1
to emphasize their dependence on the

significance levelα1 used in testing the marginal model.
There is an important difference between outlier detection, which does just that, and impulse satu-

ration which will detect outliers, but may also reveal others shifts that are hidden by being ‘picked up’
incorrectly by other variables. Figure 2 illustrates for a mean shift near the mid-sample, where no out-
liers, as defined by|ûi,t| > 2σii (say), are detected (for an alternative approach, see Sánchez and Peña,
2003).

By way of comparison, figure 3 shows impulse saturation for the same data, where the columns show
the outcomes for the first half, second half, then combined respectively, and each row shows in order
the impulses included at that stage, their plot against the data, and the impulses retained. Overall, 20
impulses are significant, spanning the break.

The second stage is to add them retained impulses to the conditional model, yielding:

yt = µ+ β′zt +α′xt−1 +

m∑

i=1

δi,α2
1{t=ti} + εt (31)

and conduct anF-test for the significance of(δ1,α2
. . . δm,α2

) at levelα2. Under the null of super exo-
geneity, theF-test of the joint significance of them impulse indicators in the conditional model should
have an approximateF-distribution and thereby allow an appropriately sized test: section 5 derives the
null distribution and presents Monte Carlo evidence on its small-sample relevance. Under the alterna-
tive, the test will have power in a variety of situations discussed in section 7 below. Such a test can be
automated, bringing super exogeneity into the purview of hypotheses about a model that can be as easily
tested as (say) residual autocorrelation. Intuitively, ifsuper exogeneity is invalid, soβ′ 6= σ′

12,tΩ
−1
22,t

in (28), then the impact on the conditional model of the largest values of the errorsv2,t should be the
easiest to detect, noting that the significant impulses in (30) capture the outliers not accounted for by the
regressor variables used.

0 20 40 60 80 100

0

5

10

Ya Fitted 

0 20 40 60 80 100
−2

0

2
r:Ya (scaled) 

Figure 2: Absence of outliers despite a break

The null rejection frequency of thisF-test of super exogeneity in the conditional model should not
depend on the significance level,α1, set for each individual test in the marginal model. However, too
large a value ofα1 will lead to anF-test with large degrees of freedom; too small will lead to few, or
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Figure 3: Impulse saturation in action

even no, impulses being retained from the marginal models. Monte Carlo evidence presented in section
5.1 supports that contention. For example, with four conditioning variables andT = 100, then under
the null, α1 = 0.01 would yield four impulses in general, whereasα1 = 0.025 would provide10.
Otherwise, the main consideration for choosingα1 is to allow power against reasonable alternatives to
super exogeneity.

A variant of the test in (31), which builds on Hendry and Santos (2005) and has different power
characteristics, is to combine them impulses detected in (30) into an index (see Hendry and Santos,
2007).

5 Null rejection frequency of the impulse-based test

Reconsider the earlier sequentially factorized DGP in (19), where under the null of super exogeneity,
from (23):

yt = µ+ β′zt +α′xt−1 + εt (32)

so although the{zt} process is non-constant, the linear relation betweenyt andzt in (23) is constant.
Let Sα1

denote the dates of the significant impulses
{
1{ti}

}
retained in the model for the marginal

process (30) where: ∣∣∣tbτ i,ti

∣∣∣ > cα1
(33)

whencα1
is the critical value for significance levelα1. In the model (32) foryt|zt,xt−1, conditioning on

zt implies taking thev2,ts as fixed, so stacking the impulses in
{
1{ti}

}
in the vector1t:

E [yt | zt] = µ+ β′zt +α′xt−1 + δ′1t (34)
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whereδ = 0 under the null. Given a significance levelα2, a subset of the indicators{1t} will be retained
in the conditional econometric model, given that they were retained in the marginal when:

∣∣∣tbδj

∣∣∣ > cα2
. (35)

Thus, when (33) occurs, the probability of retaining any indicator in the conditional is:

Pr
(∣∣∣tbδj

∣∣∣ > cα2
|
∣∣∣tbτ i,ti

∣∣∣ > cα1

)
= Pr

(∣∣∣tbδj

∣∣∣ > cα2

)
= α2 (36)

since (33) holds, which only depends on the significance level cα2
used on the conditional model and not

onα1.

5.1 Monte Carlo evidence on the null rejection frequency

The Monte Carlo experiments estimate the empirical null rejection frequencies of the super-exogeneity
test for a variety of settings, sample sizes, and nominal significance levels, and check if there is any
dependence of these on the nominal significance levels for impulse retention in the marginal process.
If there is dependence, then searching for the relevant dates at which shifts might have occurred in the
marginal would affect testing for associated shifts in the conditional. In the following subsections, super
exogeneity is the null, and we consider three settings for the marginal process: where there are no breaks
in §5.1.1; a mean shift in§5.1.2; and a variance change in§5.1.3. Because the ‘size’ of a test statistic has
a definition which is only precise for a similar test, and the word is anyway ambiguous in many settings
(such as sample size), we use the term ‘gauge’ to denote the empirical null rejection frequency of the test
procedure.

The general form of DGP is the bivariate system:

(
yt

zt

)
∼ IN2

[(
µ+ βξ(t)µzt

+α′xt−1

ξ(t)µzt

)
, σ22

(
σ−1

22 σ11 + β2θ(t) βθ(t)
βθ(t) θ(t)

)]
(37)

whereξ(t) = 1 + ξ1{t>T1} andθ(t) = 1 + θ1{t>T2} so throughout:

γ∗2 =
σ∗12,t

σ∗22,t

=
βσ22θ(t)

σ22θ(t)
= β = γ2 (38)

(ω∗)2 = σ∗11,t −
(
σ∗12,t

)2 (
σ∗22,t

)−1
= σ11 + β2σ22θ −

β2σ2
22θ

2

σ22θ
= σ11 = ω2 (39)

and from (37):

E [yt | zt,xt−1] = µ+ βξ(t)µzt
+α′xt−1 + γ2

(
zt − ξ(t)µzt

)

= µ+ βzt +α′xt−1 (40)

Three cases of interest areξ = θ = 0, ξ = 0, andθ = 0 in all of which super exogeneity holds but
for different forms of change in the marginal process. In allcases,β = 2 = γ2 andω2 = 1, which are
the constant and invariant parameters of interest in the conditional model, withσ22 = 5. Any changes
in the marginal process occur at timeT1 = 0.8T . The impulse saturation uses a partition ofT/2 with
M = 10000 replications. Sample sizes ofT = (50, 100, 200, 300) are investigated, and we examine four
significance levels forα1 equal to (0.1, 0.05, 0.025, 0.01) for testing impulses in the marginal, where the
significance levelsα2 for testing in the conditional vary over the same range.
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5.1.1 Constant marginal

The baseline DGP is (37) withξ = θ = 0, µzt
= 1 andα = 0. Thus, the parameters of the

conditional modelyt|zt areφ′
1 =

(
µ; γ2;ω

2
)

= (0; 2; 1) and the parameters of the marginal are
φ′

2,t = (µ2,t;σ22,t) = (1; 5). The conditional representation is:

yt = βzt +
∑

i∈Sα1

δi1ti + εt (41)

and testing super exogeneity is based on theF-test of the nullδ = 0 in (41).
The first column in figure 4 reports the test’s gauges whereα1 is the nominal significance level

used for thet-tests on each individual indicator in the marginal model (horizontal axis), andα2 is the
significance level for theF-test on the retained dummies in the conditional (vertical axis). Unconditional
rejection frequencies are recorded throughout.
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Figure 4: Gauges ofF-tests in the conditional asα1, ξ or θ vary in the marginal

The marginal tests should not use too low a probability of retaining impulses, or else the conditional
must automatically have a zero null rejection frequency. For example, atT = 50 andα1 = 0.01, about
one impulse per two trials will be retained, so half the time,no impulses will be retained; on the other half
of the trials, aboutα2 will be retained, so roughly0.5α2 will be found overall, as simulation confirms.
The simulated gauges and nominal null rejection frequencies are close so long asα1T > 3. Then,
there is no distortion in the number of retained dummies in the conditional. However, constant marginal
processes are the ‘worst-case’: the next two sections consider mean and variance changes where many
more impulses are retained, so there are fewer cases of zero impulses to enter in the conditional.

5.1.2 Changes in the mean of zt

The second DGP is given by (37) whereξ = 2, 10, 100 with θ = 0, µzt
= 1 andα = 0 as before.

Super exogeneity holds irrespective of the level shift in the marginal. The variance-covariance matrix is
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constant, but could be allowed to change as well, provided the values matched the conditions for super
exogeneity as in§5.1.3.

The second column of graphs in figure 4 reports the test’s gauges where the horizontal axis now
corresponds to the three values ofξ, whereasα1 = 2.5% throughout.

Despite large changes inξ, whenT > 100 the gauges are close to the nominal significance levels.
Importantly, the test does not spuriously reject the null, but now is slightly undersized atT = 50 for
small shifts, as again sometimes no impulses are retained.

5.1.3 Changes in the variance of zt

The third DGP is given by (37) whereθ = 2, 5, 10 with ξ = 0, µzt
= 1 andα = 0, soφ1,t is again

invariant to changes inφ2,t induced by changes inσ22,t. The impulse saturation test has power to detect
variance shifts in the marginal, so like the previous case, more thanαT impulses should be retained on
average, depending on the magnitude of the marginal variance change (see§6.2).

The third column of graphs in figure 4 reports the test’s gauges as before. Again, the vertical axis
reportsα2, the nominal significance level for theF-test on the retained impulses in the conditional, but
now the horizontal axis corresponds to the three values ofθ, usingα1 = 2.5% throughout.

The F-test has gauge close to the nominal forT > 100, even when the variance of the marginal
process changes markedly, but the test is again slightly undersized atT = 50 for small shifts. As in
§5.1.2, the test is not ‘confused’ by variance changes in the marginal to falsely imply a failure of super
exogeneity even though the null holds.

Overall, the proposed test has appropriate empirical null rejection frequencies for both constant and
changing marginal processes, so we now turn to its ability todetect failures of exogeneity. Being a
selection procedure, this hardly corresponds to the conventional notion of ‘power’, so we use the term
‘potency’ to denote the non-null rejection frequency of thetest.

This test involves a two-stage process: first detect shifts in the marginal, then use those to detect
shifts in the conditional. The properties of the first stage have been considered in Santos and Hendry
(2006), so we only note them here, partly to establish notation for the second stage considered in§7.

6 Potency at stage 1

We consider the potency at stage 1 for a mean shift then a variance change, both at timeT1 = T − k+ 1.

6.1 Detecting a mean shift in the marginal

The potency at the second stage conditional on knowing the break dates in the marginal, and hence cor-
rectly retaining every dummy, are easily calculated, but will only be accurate for large magnitude breaks,
parameterized below byλ, when the saturation approach locates all, and only, the relevant impulses. For
smaller values ofλ, fewer impulses will be detected in the marginal, and indeed, although the null rejec-
tion frequency of the test does not depend onα1 onceα1T > 3, the potency will in general, suggesting
that a relatively non-stringentα1 should be used. Conversely, that will lead to retaining some‘spurious’
impulses in the marginal, albeit fewer thanα1T1 as shifts lower the remaining null rejection frequency.

Marginal models in their simplest form are:

zj,t =
∑

i∈Sα1

τi,j,α1
1{ti} + v∗2,j,t, (42)

when the marginal process is (43):
zj,t = λj1{t>T1} + v2,j,t (43)
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whereH1: λj 6= 0 ∀j holds. The potency to retain each impulse in (42) depends on the probability of
rejecting the null for the associated estimatedτi,j,α1

:

τ̂ i,j,α1
= λj + v∗2,j,ti

.

The properties of tests on such impulse indicators are discussed in Hendry and Santos (2005). Letψλ,α1

denote the non-centrality, where the subscriptα1 is to denote stage 1, then asV[τ̂ i,j,α1
] = σ22,j:

E
[
tτi,j,α=0 (ψλ,α1

)
]

= E

[
τ̂ i,j,α1√
σ̂22,j

]
' λj√

σ22,j
= ψλ,α1

(44)

Whenv2,j,t is normal, the potency could be computed directly from thet-distribution; since most out-
liers will have been removed, normality should be a reasonable approximation. However, we compute
approximate potency functions using an approximation tot2τi,j,α1

=0 by a chi-squared with1 degree of
freedom:

t2τi,j,α1
=0

(
ψ2

λ,α1

)
∼ χ2

1

(
ψ2

λ,α1

)
. (45)

Relating that non-centralχ2 distribution to a centralχ2 using (see e.g., Hendry, 1995):

χ2
1

(
ψ2

λ,α1

)
= hχ2

m (0) (46)

where:

h =
1 + 2ψ2

λ,α1

1 + ψ2
λ,α1

and m =
1 + ψ2

λ,α1

h
(47)

then the potency function of theχ2
1

(
ψ2

λ,α1

)
test in (45) is approximated by:

P

[
t2τi,j,α1

=0

(
ψ2

λ,α1

)
> cα1

| H1

]
' P

[
χ2

1

(
ψ2

λ,α1

)
> cα1

| H1

]
' P

[
χ2

m (0) > h−1cα1

]
. (48)

For non-integer values ofm, a weighted average of the neighbouring integer values is used. For example,
whenψ2

λ,α1
= 16 andcα1

= 3.84, thenh ' 1.94 andm = 8.76 (taking the nearest integer values as
8 and 9 with weights 0.24 and 0.76) which yieldsP[t2τi,j,α1

=0 (16) > 3.84] ' 0.99, as against the exact

t-distribution outcome of0.975. Whenλj = d
√
σ22,j , ψ2

λ,α1
= d2 andpλ = P[t2bτ i,j,α1

(
d2

)
> cα1

] at
cα1

= 3.84 rises from0.17, through0.50 to 0.86 asd is 1, 2, 3 so the potency is low atd = 1 (the
t-distribution outcome ford = 1 is 0.16), but has risen markedly even byd = 3.

In practice,Autometricsselects impulses within contiguous blocks with approximately these proba-
bilities, but has somewhat lower probabilities for scattered impulses. For example for the two DGPs:

D1: y1,t = d (IT−19 + · · · + IT ) + ut, ut ∼ IN(0, 1)
D3: y3,t = d (I1 + I6 + I11 + · · · ) + ut, ut ∼ IN(0, 1)

where the GUM is just a constant andT dummies forT = 100, then while both have 20 relevant
indicators, the potency per impulse is:

6.2 Detecting a variance shift in the marginal

We consider a setting where the variance shiftθ > 1 occurs whenT1 > T/2 so that:

zt = 1 +
(
1{t<T1} +

√
θ1{t≥T1}

)
vt. (49)

14



D1 d = 0 d = 1 d = 2 d = 3 d = 4 d = 5

gauge % 1.5 1.2 0.9 0.3 0.7 1.1
potency % — 4.6 25.6 52.6 86.3 99.0
analytic power % — 6.1 26.9 65.9 93.7 99.7
D3 d = 0 d = 1 d = 2 d = 3 d = 4 d = 5

gauge % 1.5 1.0 0.4 0.3 1.0 0.8
potency % — 3.5 7.9 24.2 67.1 90.2

Table 1: Impulse saturation inAutometricsat 1% nominal size,T = 100,M = 1000

The maximum feasible potency would be from detecting and entering the set ofk = T −T1 +1 impulses
1{t≥T1} each of which would then equal

√
θ1{t≥T1}vt to be judged against a baseline variance ofσ2

v :

tτt
=

√
θ1{t≥T1}vt

σv
,

wheret2τt
has a non-centrality ofψ2

θ,α1
= θ. Approximating byhχ2

m (0) as in (48), forψ2
θ,α1

= (2; 5; 10)
potency will be about (25%, 60%, 90%) respectively atα1 = 0.05. Thus, only large changes in variances
will be detected.

Viewing the potencies at stage 1 as the probabilitypλ of retaining a relevant impulse from the mar-
ginal model, then approximatelypλk ≤ k relevant impulses will be retained for testing in the conditional
model, attentuating the non-centralityϕδ,α1

of the F-test ofδ = 0 in (41) relative to a known break
date. Further, retention of irrelevant impulses corresponding to non-break related shocks in the marginal
process, will also lower potency relative to knowing the break dates. For theF-test ofδ = 0, the increase
in its degrees of freedom should only induce a small potency reduction. For a given non-centralityϕδ,α1

,
however, that effect also differs depending on the magnitude and length of the break in the marginal,
since fewer irrelevant impulses will be retained when thereis a large, short break.

7 Super exogeneity failure

In this section, we derive the outcome for a super exogeneityfailure due a weak exogeneity violation
when the marginal process is non-constant, and obtain the non-centrality and approximate potency of
the test when there is a location shift in the marginal. Figure 1 showed high constancy-test rejection
frequencies for both that setting and even a single impulse.Section 9 reports the simulation outcomes.
As seen in§3.1, many causes of failure are possible, including shifts in variances in marginal processes
and any cross-links between conditional and marginal parameters, but location shifts due to changes in
policy rules are a central scenario.

We use the formulation in§3 for a normally-distributedn × 1 vector xt = (yt : z′t)
′ generated

by (19), with E [yt|zt] given by (21), whereγ = Σ−1
22 σ12, α = 0 and conditional varianceω2 =

σ11 − σ′
12Σ

−1
22 σ12. The parameter of interest isβ in (20), so:

yt = µ+ β′zt + (γ − β)′
(
zt − µ2,t

)
+ εt = µ+ β′zt + (γ − β)′ v2,t + εt (50)

whereεt = yt − E[yt|zt], soE[εt|zt] = 0, butE[yt|zt] 6= β′zt whenβ 6= γ, violating weak exogeneity.
Instead:

E[yt | zt] = µ+ γ′zt + (β − γ)′ µ2,t

which will be non-constant and change asµ2,t shifts. Such a conditional model is an example of the
Lucas (1976) critique where the agents’ behavioural rule depends onE[zt] as in (20), whereas the econo-
metric equation useszt, leading to (50).
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To complete the system, the break in the process for{zt} which induces the violation in super
exogeneity is parametrized as:

zt = µ2,t + v2,t = λ1{t>T1} + v2,t (51)

In practice, there could be multiple breaks in different marginal processes at different times, which may
affect one or morezts, but little additional insight is gleaned over the one-offbreak in (51), which is
sufficiently general since the proposed test is anF-test on all retained impulses, which does not assume
any specific break form at either stage. The advantage of using the explicit alternative in (51) is that
analytic calculations are feasible. Since§2 showed that the key shifts are in the long-run mean, we use
the Frisch and Waugh (1933) theorem to partial out means, butwith a slight abuse of notation, do not
alter it. Combining (50) with (51) and lettingδ = (β − γ)′ λ, the DGP is:

yt = µ+ γ ′zt + (β − γ)′ λ1{t>T1} + εt = µ+ γ′zt + δ1{t>T1} + εt (52)

Testing for the impulse dummies in the marginal model yields:

zti =
∑

i∈S

ρ̂i,α1
1{i} + v∗

2,ti
(53)

whereS denotes the set of impulsesρ̂i,α1
= λ1{ti>T1} + v2,ti wherev∗

2,ti
= 0 ∀i ∈ S defined by:

t2ρi,j,α1
=0 > cα1

. (54)

Stacking significant impulses from (54) inιt, and adding these to (50), yields the regression:

yt = τ0 + τ ′
1zt + τ 2ιt + et. (55)

The main difficulty in formalizing the analysis is thatιt varies between draws in both its length and
its contents. Since the test is anF-test, the particular relevant and irrelevant impulses retained do not
matter, merely their total numbers from the first stage. Consequently, we distinguish between:
(a) the length of the break,Tr,
(b) the number of relevant retained elements in the index, which on average will bepλTr, wherepλ is
the probability of retaining any given relevant impulse from §6.1, and
(c) the total number of retained impulses in the model,Ts, usually including some irrelevant ones, where
on averages = (pλr + α1) which determines the average degrees of freedom of the test.
TheF-test will haveTs numerator degrees-of-freedom andT (1 − s)− n denominator (allowing for the
constant). The potency of theFTs

T (1−s)−n
-test of:

H0: τ 2 = 0 (56)

in (55) depends on the strengths of the super-exogeneity violations, (βi − γi); the magnitudes of the
breaks,λi, both directly and through their detectability,pλ, in the marginal models, in turn dependent on
α1; the sample sizeT ; the relative number of periodsr affected by the break; the number of irrelevant
impulses retained, and onα2. The properties are checked by simulation below, and could be contrasted
with the optimal, but generally infeasible, test based on adding the index1{t>T1}, instead of the impulses
ιt, equivalent to a Chow (1960) test (see Salkever, 1976).

A formal derivation, could either includepλTr impulses, akin to a mis-specification analysis, or
modelιt in (55) as containing allTr relevant impulses, each with probabilitypλ > 0. The impact of
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irrelevant retained impulses is merely to reduce the numberof available observations, so lowers potency
slightly, and can otherwise be neglected. Taking the secondroute, the full-sample representations are:

DGP : y = Zγ + δI∗Tr1Tr + ε

Model : y = Zτ 1 + J∗
Trτ 2 + e (57)

Exogenous : Z = I∗Tr1Trλ
′ + V2

where:

I∗Tr =

(
0T (1−r),T r

ITr

)
; J∗

Tr = pλI
∗
Tr (58)

so 1Tr is Tr × 1 with Tr elements of unity etc. Combinations of elements enteringJ∗
Tr also have

probabilitypλ, since it is only their initial chance of selection that matters, and conditional on that, occur
with certainty. Then, denoting (e.g.)I∗′TrZ = ZTr:

(
τ̃ 1 − γ
τ̃ 2 − δ1Tr

)
=

(
Z′Z Z′J∗

Tr

J∗′
TrZ J∗′

TrJ
∗
Tr

)−1 (
Z′y

J∗′
Try

)
−

(
γ

δ1Tr

)

=

(
Z′Z Z′J∗

Tr

J∗′
TrZ J∗′

TrJ
∗
Tr

)−1 (
δ

(
Z′ (I∗Tr − J∗

Tr)1Tr

J∗′
Tr (I∗Tr − J∗

Tr)1Tr

)
+

(
Z′ε

J∗′
Trε

))

' − (1 − pλ) δ

(
−G−1Z′

Tr

ITr + ZTrG
−1Z′

Tr

)
1Tr

+

(
G−1 (Z′ε− pλZ

′
TrεTr)

pλ

(
εTr − ZTrG

−1 (Z′ε− pλZ
′
TrεTr)

)
)

(59)

whereG = (Z′Z − pλZ
′
TrZTr) and the inverse second-moment matrix is:

(
G−1 −G−1Z′J∗

Tr (J∗′
TrJ

∗
Tr)

−1

− (J∗′
TrJ

∗
Tr)

−1
J∗′

TrZG−1 (J∗′
TrJ

∗
Tr)

−1 + (J∗′
TrJ

∗
Tr)

−1
J∗′

TrZG−1Z′J∗
Tr (J∗′

TrJ
∗
Tr)

−1

)
.

As E [ZTr] = 1Trλ
′ andλ1′

Tr1Tr = Trλ, approximating by:

E
[
TG−1

]
'

(
E

[
T−1G

])−1
=

(
(1 − pλ) rλλ′ + (1 − pλr)Σ22

)−1
(60)

then:

E

[(
τ̃ 1

τ̃ 2

)]
'

(
γ

δ1Tr

)
− δ (1 − pλ)

(
−fλ(

1 + λ′fλ

)
1Tr

)
=

(
γ∗

δ∗1Tr

)

where:
fλ = r

(
E

[
T−1G

])−1
λ (61)

and:

V

[(
τ̃ 1

τ̃ 2

)]
' σ2

e

T

(
G−1 −pλG

−1λ1′
Tr

−pλ1Trλ
′G−1

(
Tp−1

λ ITr + pλλ
′G−1λ1Tr1

′
Tr

)
)

(62)

where, evaluated atγ∗ andδ∗:

σ2
e ' σ2

ε + δ2 (1 − pλ)2 f ′λΣ22fλ + rδ2 (1 − pλ)2
(
pλ − (1 − pλ)λ′fλ

)2
. (63)

In the special case thatpλ = 1, consistent estimates ofγ result withT−1G = (1 − r)Σ22 andσ2
e = σ2

ε .
Since:

FTs
T (1−s)−n (τ 2 = 0) = (T (1 − s) − n)

τ̃ ′
2

(
Tp−1

λ ITr + pλλ
′G−1λ1Tr1

′
Tr

)−1
τ̃ 2

Tsσ̃2
e

,
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using:

1′
Tr

(
ITr + x1Tr1

′
Tr

)−1
1Tr =

Tr

1 + Trx

then:
T−1pλ1

′
Tr

(
ITr + T−1p2

λλ
′G−1λ1Tr1

′
Tr

)−1
1Tr =

rpλ

1 + rp2
λλ

′G−1λ
(64)

so an approximate explicit expression for the non-centrality of theF-test is:

ϕ2
s,F ' (T (1 − s) − n) pλr (δ∗)2

Tsσ2
e

(
1 + rp2

λλ
′G−1λ

) . (65)

All the factors affecting the potency of the automatic test are clear in (65). The important mistake is
missing relevant impulses: whenpλ < 1 in (59), thenσ2

e > σ2
ε , soϕ2

s falls rapidly withpλ. Consequently,
a relatively loose first-stage significance level seems sensible, e.g., 2.5%. The potency is not monotonic
in s since the degrees of freedom of theF-test alter: a given value ofδ achieved by a largers will have
lower potency than that from a smallers > r.

For numerical calculations, we allow on average thatα1T random extra impulses are retained and

(1 − pλ) rT relevant are omitted, and approximateFTs
T (1−s)−n

(
ϕ2

s,F

)
by its numerator as aχ2

k

(
ϕ2

s

)
for

ϕ2
s = kϕ2

s,F usingk = Ts by:

P
[
χ2

k

(
kϕ2

s

)
> cα2

| H1

]
' P

[
χ2

m (0) > h−1cα2

]
(66)

where:

h =
k + 2ϕ2

s

k + ϕ2
s

and m =
k + ϕ2

s

h
. (67)

Some insight can be gleaned whenn = 2, soG =
(
(1 − pλ) rλ2 + (1 − pλr)σ22

)
and approxi-

mately:

ϕ2
s ' T (1 − r) rpλ (δ∗)2

σ2
e

(
1 + rp2

λG
−1λ2

) −−−→
λ→∞

T (1 − r)2 (β − γ)2 σ22

σ2
ε

(68)

where the last expression shows the outcome for largeλ sopλ → 1, which reflects the violation of weak
exogeneity,(β − γ)2, the signal-noise ratio,σ22/σ

2
ε , the loss from longer break lengths(1 − r)2, and

the sample size,T . The optimal value of the non-centrality,ϕ2
r , for a known break date and form–so the

single variable1{t>T1} is added–is:

ϕ2
r =

Trδ2

σ2
ε

(
1 + rσ−1

22 λ
2
) −−−→

λ→∞

Tσ22 (β − γ)2

σ2
ε

(69)

Despite the nature of addingTr separate impulses when nothing is known about the existenceor timing
of a failure of super exogeneity, soϕ2

s < ϕ2
r , their powers converge rapidly as the break magnitudeλ

grows, whenr is not too large. The numerical evaluations of 68 in Table 4 below are reasonably accurate.

8 Co-breaking based tests

A key assumption underlying the above test is that impulse saturation tests to detect breaks and outliers
were not applied to the conditional. In many situations, investigators will have done precisely that,
potentially vitiating the ability of the direct super-exogeneity tests to detect failures. Conversely, one can
utilize such results for a deterministic co-breaking basedtest of super exogeneity.
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Again considering the simplest case for exposition, consider adding impulses to the conditional
model, such that after saturation:

yt = µ0 + β′zt +

s∑

j=1

φj1tj + νt. (70)

At the same time, ifSα1
denotes the significant dummies in the marginal model:

zt = δ0 +
∑

j∈Sα1

δj1tj + ut (71)

then the test tries to ascertain whether the timing of the impulses in (70) and (71) overlaps. For example,
a perfect match would be strong evidence against super exogeneity, corresponding to the result above
that the significance of the marginal-model impulses in the conditional rejects super exogeneity.

9 Simulating the potencies of the automatic super-exogeneity test

We undertook simulation analyses using the bivariate relationship in section 5.1 for a failure of weak
exogeneity under non-constancy. Consider violations of super exogeneity due to a failure of weak exo-
geneity in: (

yt

zt

)
∼ IN2

[(
βµ2,t

µ2,t

)
,

(
21 10
10 5

)]
(72)

soγ = 2 andω2 = 1 butβ 6= γ, with a level shift atT1 in the marginal:

µ2,t = λ1{t>T1} so µ1,t = βλ1{t>T1}. (73)

We vary:d = λ/
√
σ22 over the values1, 2, 2.5, 3 and4; β over0.75, 1, 1.5 and1.75, reducing the extent

of departure from weak exogeneity; two sample sizes (T = 100 andT = 300) which have varying break
points,T ; and the significance levelsα1 andα2 in the marginal and conditional. A partition ofT/2 was
always used for the impulse saturation in the marginal model, andM = 10000 replications.

d/β 0.75 1 1.5 1.75

1.0 0.191 0.153 0.078 0.054
2.0 0.972 0.936 0.529 0.150
2.5 1.000 0.993 0.917 0.339
3.0 1.000 1.000 0.998 0.653
4.0 1.000 1.000 1.000 0.967

Table 2: Level shift atT1 = 250, T = 300, α1 = α2 = 0.05

Table 2 reports the empirical null rejection frequencies oftheF-test whenT = 300 is used with 5%
significance levels in both the marginal and conditional models, for a level shift atT1 = 250, sok = 50
andr = 1/6. The potency of the test increases with the increase inβ − γ, as expected, and increases
with the magnitude of the level shiftd. Even moderate violations of the null are detectable for level shifts
of 2.5σ or larger.

Table 3 shows the impact of reducingk to 25 cet. par. The empirical potency is never smaller for the
shorter break, so the degrees of freedom of theF-test are important.

Using more stringent significance levels ofα1 = α2 = 2.5% naturally leads to a less potent test
than the5% in Table 2, although the detection probabilities still riserapidly with the break magnitude,

19



d/β 0.75 1 1.5 1.75

1.0 0.377 0.274 0.097 0.060
2.0 1.000 0.997 0.803 0.238
2.5 1.000 1.000 0.990 0.504
3.0 1.000 1.000 1.000 0.797
4.0 1.000 1.000 1.000 0.984

Table 3: Level shift atT1 = 275, T = 300, α1 = α2 = 0.05

d/β 0.75 1 1.5 1.75

1 0.081(0.082) 0.065(0.059) 0.035(0.032) 0.026(0.027)
2 0.717(0.990) 0.612(0.915) 0.220(0.220) 0.062(0.053)
2.5 0.977(1.000) 0.953(1.000) 0.616(0.660) 0.143(0.112)
3 1.000(1.000) 0.999(1.000) 0.953(0.970) 0.372(0.241)
4 1.000(1.000) 1.000(1.000) 1.000(1.000) 0.908(0.607)

Table 4: Level shift atT1 = 250, T = 300, α1 = α2 = 0.025

and even relatively mild departures from weak exogeneity are detected at the break magnitude ofd = 4.
The italic numbers in parentheses report the numerical evaluation of the analytic potency from (68) as a
typical example, and the response surface in (74) checks itsexplanatory ability.

log (p̂) = 0.84
(0.04)

log (p∗) + 0.35
(0.07)

λ+ 0.21
(0.04)

δ − 0.50
(0.13)

β

Fhet(8, 7) = 0.35 Freset(1, 91) = 1, 15) = 0.66

R2 = 0.994 σ̂p = 0.116 χ2
nd(2) = 1.06 (74)

Here,R2 is the squared multiple correlation (when including a constant), σ̂p is the residual stan-
dard deviation, coefficient standard errors are shown in parentheses, the diagnostic tests are of the form
Fj(k, T − l) which denotes an approximateF-test against the alternative hypothesisj for: heteroskedas-
ticity (Fhet: see White, 1980); the RESET test (Freset: see Ramsey, 1969); andχ2

nd(2) is a chi-square test
for normality (see Doornik and Hansen, 1994); below we also presentkth-order serial correlation (Far:
see Godfrey, 1978);kth-order autoregressive conditional heteroskedasticity (Farch: see Engle, 1982);
FChow for parameter constancy overk periods (see Chow, 1960); andSC is the Schwarz criterion (see
Schwarz, 1978);∗ and∗∗ denote significant at 5% and 1% respectively. Figure 5 records the response
surface fitted and actual values, their cross-plot, the residuals scaled bŷσ, and their histogram and density
with N[0,1] for comparison.

We now turn to the effect of sample size on potency. Table 5 reports the results for significance levels
of 2.5% in both marginal and conditional models whenT = 100 andT1 = 80, sok = 20.

d/β 0.75 1 1.5 1.75

1 0.027 0.027 0.026 0.022
2 0.114 0.098 0.054 0.034
2.5 0.392 0.349 0.159 0.055
3 0.757 0.715 0.434 0.112
4 0.996 0.994 0.949 0.418

Table 5: Level shift atT1 = 80, T = 100, α1 = α2 = 0.025
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Figure 5: Response surface outcomes for (74)

The test still has reasonable potency for moderate violations of weak exogeneity when breaks are at
least3σ, although there is a loss of potency with the reduction in sample size. The trade off between
length of break and potency remains as shown in table 6 fork = 30, beginning at observation 71 (small
breaks have negligible potency). However, the potency is higher at the larger breaks and smaller weak
exogeneity violations, so the impacts of the various determinants are non-monotonic.

d/β 0.75 1 1.5 1.75

2.5 0.260 0.245 0.174 0.118
3.0 0.708 0.680 0.486 0.221
4.0 0.997 0.995 0.967 0.576

Table 6: Level shift atT1 = 70, T = 100, α1 = α2 = 0.025

9.1 Optimal infeasible impulse-based F-test

The optimal infeasible impulse-basedF-test with a known break location in the marginal process is
computable in simulations. The tables below useα2 = 2.5% for testing in the conditional. The empirical
rejection frequencies approximate maximum achievable power for this type of test. WhenT = 100, and
the break is a mean shift starting atT1 = 80, the correct20 impulse indicators are always included in the
conditional model. Table 7 reports for the failure of super exogeneity.

Relative to the optimal infeasible test, the automatic testbased on saturation of the marginal naturally
loses considerable potency for breaks of small magnitudes.

Table 8 shows that for a failure of super exogeneity, even when β = 1.75, the optimal test power
increases withk for breaks ofd = 1 and2. Thus, the optimal test exhibits power increasing with break
length matching (69).
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d/β 0.75 1 1.5 1.75

1 1.000 0.994 0.404 0.083
2 1.000 1.000 0.930 0.247

2.5 1.000 1.000 0.973 0.326
3 1.000 1.000 0.985 0.380
4 1.000 1.000 0.988 0.432

Table 7: Level shift atT1 = 0.8T = 80 with known break location and form

d/k 45 40 30 20 15 10 5

1 0.572 0.563 0.515 0.423 0.348 0.259 0.073
2 0.942 0.938 0.920 0.880 0.828 0.720 0.484

Table 8: Super exogeneity failures atT1 whenT = 100 with known break location and form

10 Testing super exogeneity in UK money demand

We test super exogeneity in a model of transactions demand for money in the UK using a sample of
quarterly observations over 1964(3) to 1989(2), defined by:

M nominal M1
X real total final expenditure (TFE) at 1985 prices
P TFE deflator
Rn net interest rate on retail sight deposits: 3-month local authority interest rate minus own rate

We use the model in Hendry and Doornik (1994) (also see Hendry, 1979, Hendry and Ericsson, 1991,
Boswijk, 1992, Hendry and Mizon, 1993, and Boswijk and Doornik, 2004), and express the variables as
a vector autoregressive system. Previous cointegration analyses showed two long-run relationships, but
confirmed the long-run weak exogeneity of{xt,∆pt, Rn,t} in that 4-variable system. The theoretical
basis is a model which links demand for real money,m − p (lowercase denoting logs) to (log) income
x (transactions motive) and inflation∆pt, with the interest rateRn measuring the opportunity cost of
holding money. Commencing from the conditional model ofm − p on {xt,∆pt, Rn,t} with 2 lags of
all variables, constant and trend, undertaking selection with impulse saturation on that equation using
Autometricsatα2 = 1% yields:

(m− p)t = 0.11
(0.01)

xt − 0.85
(0.11)

∆pt − 0.44
(0.08)

Rn,t

+ 0.60
(0.07)

(m− p)t−1 + 0.30
(0.07)

(m− p)t−2 − 0.27
(0.10)

Rn,t−1

− 3.5
(1.1)

I69(2) + 4.3
(1.1)

I71(1) + 3.9
(1.1)

I73(2) + 4.2
(1.1)

I74(4) − 2.8
(1.1)

I83(3) (75)

Far(5, 84) = 1.90 Farch(4, 81) = 0.57 Fhet(22, 66) = 0.35 Freset(1, 91) = 0.08

σ̂(m−p) = 0.010 χ2
nd(2) = 0.76 FChow:81(4)(30, 59) = 1.0 SC = −5.93

The legend is described in§9. The coefficients of the impulses are multiplied by 100 (so are percentage
shifts for(m− p)t, xt and∆pt).

Despite a large number of previous studies of UK M1, (75) has amajor new result: the puzzle of
why transactions demand did not depend on the contemporaneous expenditure for which it was held is

22



resolved by finding that it does – once impulse saturation is able to remove the contaminating perturba-
tions. Moreover, thePcGiveunit-root test is−12.79∗∗ strongly rejecting an absence of cointegration;
and the derived long-run expenditure elasticity is 1.02 (0.003), so the match with economic theory has
been made much closer. Almost all the impulses have historical interpretations: decimalization began in
1969(2) and was completed in 1971(1); 1973(2) saw the introduction of VAT; 1974(4) was the heart of
the first Oil crisis; but 1983(3) is unclear.

Next, we selected the significant impulses in congruent marginal models for{xt,∆pt, Rn,t} with
two lags of every variable, constant and trend, finding:

xt = 1.24
(0.32)

+ 0.89
(0.03)

xt−1 − 0.14
(0.03)

Rn,t−2 + 0.0007
(0.0002)

t

+ 2.9
(1.0)

I68(1) + 3.6
(1.0)

I72(4) + 4.5
(1.0)

I73(1) + 5.7
(1.0)

I79(2) (76)

Far(5, 91) = 1.50 Farch(4, 88) = 1.67 Fhet(13, 82) = 1.26 Freset(1, 95) = 0.001

σ̂x = 0.010 χ2
nd(2) = 0.05

∆pt = − 1.9
(0.29)

+ 0.43
(0.07)

∆pt−1 + 0.21
(0.03)

xt−1 − 0.03
(0.01)

(m− p)t−1 − 0.0012
(0.0002)

t

− 3.1
(0.68)

I73(2) + 2.5
(0.65)

I74(2) (77)

Far(5, 92) = 0.10 Farch(4, 89) = 0.84 Fhet(16, 80) = 0.83 Freset(1, 96) = 6.5∗

σ̂∆p = 0.0064 χ2
nd(2) = 0.22

Rn,t = 0.99
(0.01)

Rn,t−1 + 3.9
(1.2)

I73(3) + 3.5
(1.2)

I76(4) − 3.6
(1.2)

I77(1) − 3.4
(1.2)

I77(2) (78)

Far(5, 94) = 1.08 Farch(4, 91) = 1.53 Fhet(6, 92) = 1.85 Freset(1, 98) = 3.08

σ̂Rn
= 0.012 χ2

nd(2) = 0.09

Only one mis-specification test is significant at even the 5% level across these three equations, so we
judge these marginal models to be congruent. The impulses were selected for usingα1 = 1% since
although the sample size is onlyT = 104, many impulses were already known to matter from the
economic turbulence of the 1970s and 1980s in the UK, and indeed 10 are retained across these three
models; surprisingly, the 3-day week loss of output in December 1973 did not show up in (76).

Next, we tested the significance of the10 retained impulses from (76), (77) and (78) in the same
unrestricted conditional model of(m− p)t as used for selecting (75), but without impulse saturation.
This yieldedFSE(10, 81) = 1.28 so the new test is far from rejecting: the model with impulseshad
SC22 = −5.11, whereas the unrestricted model without any impulses hadSC12 = −5.41, both much
poorer than (75). The one impulse in common between marginaland conditional models isI73(2), which
entered the equation for∆pt.

Finally, we repeated the super-exogeneity impulse-saturation based test atα1 = 2.5%, which now
led to 37 impulses being retained across the 3 marginal models, and a test statistic ofFSE(37, 54) =
1.67∗ that just rejects at 5%, which may be partly due to the small remaining degrees of freedom as
SC49 = −4.5, so the conditional model without any impulses has a substantially smaller value ofSC.
Moreover, the only one of the impulses in (75) selected in anyof these marginal models was againI73(2).
Thus, we find minimal evidence against the hypothesis that{xt,∆pt, Rn,t} are super exogenous for the
parameters of the conditional model for(m− p)t in (75).
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Not rejecting the null of super exogeneity implies that agents did not alter their demand for money
behaviour despite quite large changes in the processes generating their conditioning variables. In partic-
ular, agents could not have been forming expectations basedon the marginal models for any of the three
variables. This might be because their near unpredictability led to the use of robust forecasting devices
of the general forms discussed by Favero and Hendry (1992) and Hendry and Ericsson (1991):

x̂t+1 = xt; ∆̂pt+1 = ∆pt; R̂n,t+1 = Rn,t.

If so, the apparent conditioning variables are actually thebasis for robust 1-step ahead forecasting devices
used in the face of unanticipated structural breaks as in Hendry (2006). Consequently, the non-rejection
of super exogeneity makes sense, and does not contradict theunderlying theory of forward-looking
money demand behaviour.

11 Conclusion

An automatically-computable test for super exogeneity based on selecting shifts in the marginal process
by impulse saturation to test for related shifts in the conditional has been proposed. The test has the
correct null rejection frequency in constant conditional models when the nominal test size,α1, is not
too small in the marginal (e.g. 2.5%) even at small sample sizes, for a variety of marginal processes,
both constant and with breaks. The approximate power function was derived analytically for regression
models, and helps explain the simulation outcomes. These confirm that the test can detect failures of
super exogeneity when weak exogeneity fails and the marginal processes change. Although only a single
break was considered in detail, the general nature of the test makes it applicable when there are multiple
breaks in the marginal processes, perhaps at different times. We have also derived its behaviour for a
failure of invariance when the same test is applied despite the altered data generation process, and shown
that it has similar properties.

A test rejection outcome indicates a dependence between theconditional model parameters and those
of the marginals, warning about potential mistakes from using the conditional model to predict the out-
comes of policy changes that alter the marginal processes bylocation shifts, which is a common policy
scenario.

The empirical application to UK M1 delivered new results in amuch-studied illustration, and con-
firmed the feasibility of the test. The status of super exogeneity was not completely clear cut, but sug-
gested at most a small degree of dependence between the parameters.

While all the derivations and Monte Carlo experiments here have been for static regression equations
and specific location shifts, the principles are general, and should apply to dynamic equations (although
with more approximate null rejection frequencies), to conditional systems, and to non-stationary settings:
these are the focus of our present research.
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