
THE EQUITY RISK 
PREMIUM
AN OPTIONS-BASED APPROACH 

ALAN L. LEWIS 

BAYES BUSINESS SCHOOL, FEB. 19, 2025



Topics

 Define the forward-looking Equity Risk Premium (ERP).
 My modeling approach: exponential tilt of broad-

based US market return probability distributions (P/Q) 
by a parameter γ.  (P = real-world; Q = risk-neutral). I 
present two rationales for the tilt approach.

 I show selected results from three option-based sub-
projects:  (1) a Covid-era study, (2) an 11-year study, 
(3) a third-Friday study.
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Topics (continued)

 Estimation methods for the tilt parameter [ = Coefficient of Relative Risk 
Aversion (CRRA) γ]:  (1) Equity-based; (2) Options-based.

 Results from the Covid study: I show pandemic-era ERP term structures with 
𝜸𝜸 = 𝟑𝟑 ± 0.5: 

 Estimation methods for both ERP’s and Q-distributions. 
 Rationale #2 (for the tilt method) poses the empirical question: what is the 

best systematic forecast of the real-world (one-time event) probability 
density 𝑷𝑷𝒕𝒕,𝑻𝑻(𝒙𝒙) relative to plausible alternatives? This is really the key issue, 
addressed in my Third-Friday study.

 Option data and automation notes.
 Conclusions. 

3



Defining the 
(US market)
forward-looking 
Equity Risk 
Premium (ERP) 

 𝐄𝐄𝐄𝐄𝐄𝐄𝒕𝒕,𝑻𝑻 = 𝟏𝟏𝟏𝟏𝟏𝟏
𝑻𝑻−𝒕𝒕

𝐄𝐄𝒕𝒕𝑷𝑷
�𝑺𝑺𝑻𝑻
�𝑺𝑺𝒕𝒕

− (𝟏𝟏 + 𝑹𝑹𝒕𝒕,𝑻𝑻
𝒇𝒇 )  ,

 where �𝑺𝑺𝒕𝒕 is a broad-based US total return 
equity index (“hats”: dividends reinvested)

 𝑹𝑹𝒕𝒕,𝑻𝑻
𝒇𝒇  is an observable risk-free return (US 

Treasury)

 Notes:
 As with interest rates, I always annualize and 

express results in percent.
 Expectations 𝐄𝐄𝒕𝒕𝑷𝑷[. . ] use a (best candidate)  

Real-world probability (aka P-probability, 
“quasi-objective”, statistical, actuarial), 
conditioned on time-t information.

 𝑷𝑷𝒕𝒕,𝑻𝑻 𝒙𝒙  is a one-time event probability.

4



My modeling approach: exponential tilting

P/Q duality under exponential tilting/Esscher transform:

     𝒒𝒒𝑿𝑿𝑻𝑻 𝒙𝒙 =
𝒆𝒆−𝜸𝜸𝜸𝜸𝒑𝒑𝑿𝑿𝑻𝑻 𝒙𝒙

∫ 𝒆𝒆−𝜸𝜸𝜸𝜸𝒑𝒑𝑿𝑿𝑻𝑻 𝒙𝒙  𝒅𝒅𝒅𝒅
 ⇔ 𝒑𝒑𝑿𝑿𝑻𝑻 𝒙𝒙 =

𝒆𝒆𝜸𝜸𝜸𝜸𝒒𝒒𝑿𝑿𝑻𝑻 𝒙𝒙

∫ 𝒆𝒆𝜸𝜸𝜸𝜸𝒒𝒒𝑿𝑿𝑻𝑻 𝒙𝒙  𝒅𝒅𝒅𝒅
 ,

where 𝑿𝑿𝑻𝑻 = 𝐥𝐥𝐥𝐥𝐥𝐥
�𝑺𝑺𝑻𝑻
�𝑺𝑺𝒕𝒕

 = log-total-return, 𝜸𝜸 = tilt parameter, (𝒕𝒕-dependence, too!)

                P = real-world distribution with density p(x),
                Q = risk-neutral distribution (inferred from option prices).
Note: same tilt form works for log-price-return densities
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Rationale #1: Representative Agent Argument 
γ = Coefficient of Relative Risk Aversion (CRRA)

Suppose an Investor Representative Agent with power utility of wealth: 𝑼𝑼 𝑾𝑾𝑻𝑻 = 𝒆𝒆−𝝆𝝆𝝆𝝆

𝟏𝟏−𝜸𝜸
𝑾𝑾𝑻𝑻
𝑾𝑾𝟎𝟎

𝟏𝟏−𝜸𝜸
 …

… Chooses a portfolio from a (total return) equity index with price �𝑺𝑺𝟎𝟎, risk-free discount bond contract with 
price 𝑫𝑫𝟎𝟎,𝑻𝑻, and an equity derivative with generic payoff 𝑽𝑽𝑻𝑻 = 𝒘𝒘 𝒙𝒙𝑻𝑻 , where 𝒙𝒙𝑻𝑻 = 𝐥𝐥𝐥𝐥𝐥𝐥 �𝑺𝑺𝑻𝑻. 
Agent’s objective: maximize P-expected utility (real-world expected utility). 
Market clearing equilibrium: 100% equity allocation, zero to the rest.
Result: 𝑽𝑽𝟎𝟎 = 𝑫𝑫𝟎𝟎,𝑻𝑻 𝑬𝑬𝟎𝟎

𝑸𝑸 𝑽𝑽𝑻𝑻 , 

              where    𝑬𝑬𝟎𝟎
𝑸𝑸 𝑽𝑽𝑻𝑻  = 𝑬𝑬𝟎𝟎

𝑷𝑷 𝒎𝒎𝟎𝟎,𝑻𝑻𝑽𝑽𝑻𝑻
𝑬𝑬𝟎𝟎
𝑷𝑷 𝒎𝒎𝟎𝟎,𝑻𝑻

 = 
𝑬𝑬𝟎𝟎
𝑷𝑷 �𝑺𝑺𝑻𝑻

�𝑺𝑺𝟎𝟎

−𝜸𝜸
𝑽𝑽𝑻𝑻

𝑬𝑬𝟎𝟎
𝑷𝑷 �𝑺𝑺𝑻𝑻

�𝑺𝑺𝟎𝟎

−𝜸𝜸 ,    (𝒎𝒎𝟎𝟎,𝑻𝑻 is the “stochastic discount factor”)

Finally, specialize to: 𝒘𝒘 𝒙𝒙 = 𝜹𝜹(𝒙𝒙 − 𝒚𝒚 − 𝐥𝐥𝐥𝐥𝐥𝐥 �𝑺𝑺𝟎𝟎) (Dirac delta) ⇒  

                      𝒒𝒒𝑿𝑿𝑻𝑻 𝒙𝒙 =
𝒆𝒆−𝜸𝜸𝜸𝜸 𝒑𝒑𝑿𝑿𝑻𝑻 𝒙𝒙

∫ 𝒆𝒆−𝜸𝜸𝜸𝜸𝒑𝒑𝑿𝑿𝑻𝑻 𝒙𝒙  𝒅𝒅𝒅𝒅
,   where recall  𝑿𝑿𝑻𝑻 = 𝐥𝐥𝐥𝐥𝐥𝐥

�𝑺𝑺𝑻𝑻
�𝑺𝑺𝟎𝟎

 . 
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Rationale #2: Some Q to P 
transformation exists by the FTAP 

Premises: (i) a real-world 𝑷𝑷𝒕𝒕,𝑻𝑻 𝒙𝒙  exists; (ii) There are no arbitrage opportunities.
Then, (by the Fundamental Theorem of Asset Pricing) securities are priced (relative to a 
risk-free bond) by some equivalent martingale-measure 𝑸𝑸𝒕𝒕,𝑻𝑻 𝒙𝒙 .  So, under the premises 
a 𝑸𝑸 𝑷𝑷 transformation exists. (Here x’s are broad-index log-price-returns).
                 We can (essentially) observe 𝑸𝑸𝒕𝒕,𝑻𝑻 𝒙𝒙  via option market quotes

𝑷𝑷𝒕𝒕,𝑻𝑻
(𝜸𝜸) 𝒙𝒙  = 𝑪𝑪 𝒆𝒆𝜸𝜸𝜸𝜸 𝑸𝑸𝒕𝒕,𝑻𝑻 𝒙𝒙  are a reasonable class of one-parameter candidates for 𝑷𝑷𝒕𝒕,𝑻𝑻 that 

deserve to be tested for their forecasting abilities against plausible alternatives (Null 
Hypotheses 𝑯𝑯𝟎𝟎). In particular …
         Test #1: 𝑯𝑯𝟎𝟎: 𝑷𝑷𝒕𝒕,𝑻𝑻 = 𝑸𝑸𝒕𝒕,𝑻𝑻, the (observed) Risk-Neutral Distribution of Log-returns x 
         Test #2: 𝑯𝑯𝟎𝟎: 𝑷𝑷𝒕𝒕,𝑻𝑻 = 𝑷𝑷𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯, a long-run Historical Distribution of Log-returns x       
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Equity-based estimation of CRRA 𝛾𝛾

If 𝑽𝑽𝑻𝑻 = �𝑺𝑺𝑻𝑻 (𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛 𝐭𝐭𝐭𝐭 𝐚𝐚 𝐭𝐭𝐭𝐭𝐭𝐭𝐭𝐭𝐭𝐭 𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝐢𝐢𝐢𝐢𝐢𝐢𝐢𝐢𝐢𝐢), the standard Q-martingale equity pricing relation is  

          �𝑺𝑺𝒕𝒕 = 𝟏𝟏

𝟏𝟏+𝑹𝑹𝒕𝒕,𝑻𝑻
𝒇𝒇  𝑬𝑬𝒕𝒕

𝑸𝑸 �𝑺𝑺𝑻𝑻    or, equivalently,   𝑬𝑬𝒕𝒕
𝑸𝑸 𝑹𝑹𝒕𝒕,𝑻𝑻𝒆𝒆 − 𝑹𝑹𝒕𝒕,𝑻𝑻

𝒇𝒇  = 0.    (*)             

Fix T-t frequency (daily, monthly). Apply (*) on an unconditional basis [ 𝒑𝒑𝒕𝒕(𝒙𝒙) → 𝒑𝒑(𝒙𝒙) ]: 

          ∫𝒆𝒆−𝜸𝜸𝜸𝜸 (𝑹𝑹𝒕𝒕𝒆𝒆−𝑹𝑹𝒕𝒕
𝒇𝒇) 𝒑𝒑(𝒙𝒙𝒕𝒕) 𝒅𝒅𝒙𝒙𝒕𝒕 = 𝟎𝟎,  where 𝑹𝑹𝒕𝒕𝒆𝒆= 𝒆𝒆𝒙𝒙𝒕𝒕 − 𝟏𝟏      [ 𝒙𝒙𝒕𝒕 = log total return ]

For 𝒑𝒑(𝒙𝒙𝒕𝒕)  use a long-run empirical density: 𝒑𝒑(x) = 𝟏𝟏
𝑴𝑴
∑𝒊𝒊=𝟏𝟏𝑴𝑴 𝜹𝜹(𝒙𝒙 − 𝒙𝒙𝒊𝒊)  [IID assumption]

            Result: the estimator 𝒇𝒇 �𝜸𝜸 = 𝟎𝟎,  where 𝒇𝒇 𝜸𝜸 = ∑𝒊𝒊=𝟏𝟏𝑴𝑴 𝒆𝒆−𝜸𝜸𝒙𝒙𝒊𝒊(𝒆𝒆𝒙𝒙𝒊𝒊 − 𝟏𝟏 − 𝑹𝑹𝒊𝒊
𝒇𝒇)

This estimator is fast/easy (novel?) Just find a root. Bootstrap for Confidence Intervals. 
            Call it the “Equity IID γ-estimator”. It uses only the empirical stock return series.
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Equity-based estimation of 𝛾𝛾(continued)
S&P 500 index monthly total returns; various start dates through Dec 2020

𝜸𝜸 in [2,4] is plausible;  𝜸𝜸 = 𝟑𝟑.𝟎𝟎 ± 𝟎𝟎.𝟓𝟓 is used for Covid-era ERP charts.
       Similar results with CRSP data (Ken French data library; see next slide).
       𝝈𝝈 𝜸𝜸  from Monte Carlo bootstrap sampling.
       My results: compatible with a classic study (Friend & Blume, 1975).
       Finance literature has 𝜸𝜸 in [0,55]!  (table in Bliss & Panigirtzoglou, 2004).
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Equity-based estimation of 𝛾𝛾 (continued). 
Fama-French CRSP data (all US-listed stocks; starts through Dec 2020).
           Bootstrap error estimates 𝜎𝜎(�𝛾𝛾) (see next slide)
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Equity-based �𝛾𝛾   
(continued)

The estimate here is based on 
Fama-French (F-F) daily CRSP 
returns from 1926-2024.

The data series is re-sampled 
10,000 times. For each 
sample, the IID estimator is 
employed. The histogram 
shows the sampling 
distribution of the estimates. 
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Equity-based �𝛾𝛾   
(continued)

Is γ time-varying?
The Monte Carlo bootstrap is 
employed -- splitting (roughly 
100 years) into four 25-year 
periods. The 95% confidence 
intervals for the γ estimates 
are shown. Also, the simple 
GBM equity estimator, based 
upon 𝜇𝜇 − 𝑟𝑟 = 𝛾𝛾 − 1

2
𝜎𝜎2, is 

shown (crosses), which is 
virtually identical on daily 
returns. Here µ is the mean log 
total-return, r is the mean 
interest rate, and 𝜎𝜎2 is the  
variance of the log total-
returns for each sample.
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ERP term structures during the early days of 
the Covid-19 pandemic: 𝛾𝛾 = 3 ± 0.5
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ERP term structures during the early days of 
the Covid-19 pandemic (continued)

14



ERP term structures during the early days of the 
Covid-19 pandemic (continued)
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The Risk-return 
           Trade-off  
 Data: my Covid study,  

using GMM Q-fits.
 GMM = Gaussian 

mixture model.
 Dotted line shown is the 

(generalized) Merton’s 
GBM relation:                
𝐄𝐄𝐄𝐄𝐄𝐄𝒕𝒕,𝑻𝑻 = 𝜸𝜸 × 𝝈𝝈𝒕𝒕,𝑻𝑻𝑷𝑷

𝟐𝟐,

 using 𝜸𝜸 = 3.
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Estimating ERP𝑡𝑡,𝑇𝑇: Method 1: Fit a Gaussian 
Mixture Model (GMM) to Option Prices

 This method: used for my Covid-era study and my Third-Friday study. 
 With 𝒙𝒙𝑻𝑻 =  𝐥𝐥𝐥𝐥𝐥𝐥 𝑺𝑺𝑻𝑻/𝑺𝑺𝒕𝒕  𝐚𝐚𝐚𝐚𝐚𝐚 𝝉𝝉 = 𝑻𝑻 − 𝒕𝒕,   N = 4 or 5,

    𝒒𝒒𝑿𝑿𝑻𝑻 𝒙𝒙 =  ∑𝒊𝒊=𝟏𝟏𝑵𝑵 𝒘𝒘𝒊𝒊
𝒆𝒆− 𝒙𝒙−𝝁𝝁𝒊𝒊𝝉𝝉

𝟐𝟐
/(𝟐𝟐 𝝈𝝈𝒊𝒊

𝟐𝟐𝝉𝝉)

𝟐𝟐 𝝅𝝅 𝝈𝝈𝒊𝒊
𝟐𝟐𝝉𝝉

     (3N-2 free parameters; fit option prices)

 Abbreviate: 𝒒𝒒 ~ 𝐆𝐆𝐆𝐆𝐆𝐆(𝒘𝒘𝒊𝒊 , 𝝁𝝁𝒊𝒊, 𝝈𝝈𝒊𝒊𝟐𝟐)

 After exponential tilt with 𝜸𝜸, 𝒑𝒑 ~ 𝐆𝐆𝐆𝐆𝐆𝐆(�𝒘𝒘𝒊𝒊, �𝝁𝝁𝒊𝒊, 𝝈𝝈𝒊𝒊𝟐𝟐), where 

  �𝝁𝝁𝒊𝒊= 𝝁𝝁𝒊𝒊 + 𝜸𝜸 𝝈𝝈𝒊𝒊𝟐𝟐,      �𝒘𝒘𝒊𝒊 = 𝒘𝒘𝒊𝒊 𝐞𝐞𝐞𝐞𝐞𝐞(𝜷𝜷𝒊𝒊)
∑𝒊𝒊 𝒘𝒘𝒊𝒊 𝐞𝐞𝐞𝐞𝐞𝐞(𝜷𝜷𝒊𝒊)

,      using  𝜷𝜷𝒊𝒊 = 𝜸𝜸𝝁𝝁𝒊𝒊+ 𝟏𝟏
𝟐𝟐

 𝜸𝜸𝟐𝟐 𝝈𝝈𝒊𝒊𝟐𝟐
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Estimating ERP𝑡𝑡,𝑇𝑇 
     after fitting a GMM    (continued)

 Using above GMM for 𝒑𝒑𝑿𝑿𝑻𝑻 𝒙𝒙 ;                                                                    
abbreviate div yield 𝜹𝜹 = 𝜹𝜹𝒕𝒕,𝑻𝑻, 𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝒓𝒓 = 𝒓𝒓𝒕𝒕,𝑻𝑻,

 ⇒  𝐄𝐄𝐄𝐄𝐄𝐄𝒕𝒕,𝑻𝑻
(𝒂𝒂𝒂𝒂𝒂𝒂,%) =  𝟏𝟏𝟏𝟏𝟏𝟏

𝑻𝑻−𝒕𝒕
𝒆𝒆𝜹𝜹𝜹𝜹 ∑𝒊𝒊=𝟏𝟏𝑵𝑵 �𝒘𝒘𝒊𝒊𝒆𝒆

𝜶𝜶𝒊𝒊+(𝜸𝜸+𝟏𝟏𝟐𝟐)𝒗𝒗𝒊𝒊 − 𝒆𝒆𝒓𝒓𝒓𝒓

 where   𝜶𝜶𝒊𝒊 = 𝝁𝝁𝒊𝒊𝝉𝝉, 𝒗𝒗𝒊𝒊 = 𝝈𝝈𝒊𝒊𝟐𝟐𝝉𝝉,  𝜷𝜷𝒊𝒊 = 𝜸𝜸𝜶𝜶𝒊𝒊+ 𝟏𝟏
𝟐𝟐

 𝜸𝜸𝟐𝟐𝒗𝒗𝒊𝒊, 
�𝒘𝒘𝒊𝒊 = 𝒘𝒘𝒊𝒊𝒆𝒆𝜷𝜷𝒊𝒊/∑𝒊𝒊=𝟏𝟏𝑵𝑵 𝒘𝒘𝒊𝒊𝒆𝒆𝜷𝜷𝒊𝒊
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Fitting a GMM to option prices (continued)
The fitted prices often lie solidly between bid and asks
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Two option chain methods:
 1. GMM (continued)

Typical results from fitting the Risk-
neutral (Q-density) to SPX options, 
and then tilting by 𝛾𝛾 to find the 
Real-world (P-density).

Columns: Q,P, and Q-P densities 
(almost always find unimodal fits)
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Fitting a GMM to 
option prices 
(continued).

Fitted GMM smiles 
are smooth, 
arbitrage-free, 
close to the market 
and asymptotic to 
a constant  implied 
volatility.
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Estimating ERP𝑡𝑡,𝑇𝑇 : option-based method
          #2. VIX Technology (Payoff replication)

 Recall that the CBOE Volatility Index (“VIX”) uses SPX options to estimate:

    𝑽𝑽𝑽𝑽𝑽𝑽𝟎𝟎,𝑻𝑻
𝟐𝟐 = 𝑬𝑬𝟎𝟎

𝑸𝑸 𝟏𝟏
𝑻𝑻

 ∫𝟎𝟎
𝑻𝑻𝝈𝝈𝒕𝒕𝟐𝟐 𝒅𝒅𝒅𝒅  = − 𝟐𝟐

𝑻𝑻
𝑬𝑬𝟎𝟎
𝑸𝑸  𝐥𝐥𝐥𝐥𝐥𝐥 𝑺𝑺𝑻𝑻

𝑭𝑭𝟎𝟎,𝑻𝑻
,  where 𝝈𝝈𝒕𝒕𝟐𝟐 is an inst. variance rate,  

𝑭𝑭𝟎𝟎,𝑻𝑻 = forward stock price for sale at 𝑻𝑻, 𝑺𝑺𝑻𝑻 = stock price (no dividends).

 Assume a continuum of puts and calls with prices 𝑷𝑷𝟎𝟎,𝑻𝑻 𝑲𝑲 ,𝑪𝑪𝟎𝟎,𝑻𝑻(𝑲𝑲), (K=strike). 

 From Breeden - Litzenberger (𝑸𝑸𝟎𝟎,𝑻𝑻 𝑲𝑲 = 𝒆𝒆𝒓𝒓𝒓𝒓𝑪𝑪𝟎𝟎,𝑻𝑻
′′ (𝑲𝑲)) and parts, value a general 

payoff 𝒘𝒘 𝑺𝑺𝑻𝑻  using the (well-known) general replication formula:

    𝑬𝑬𝟎𝟎
𝑸𝑸 𝒘𝒘(𝑺𝑺𝑻𝑻)  = 𝒘𝒘 𝑭𝑭𝟎𝟎,𝑻𝑻 + 𝒆𝒆𝒓𝒓𝒓𝒓 ∫𝟎𝟎

𝑭𝑭𝟎𝟎,𝑻𝑻 𝒘𝒘′′ 𝑲𝑲 𝑷𝑷𝟎𝟎,𝑻𝑻 𝑲𝑲 𝒅𝒅𝒅𝒅 + ∫𝑭𝑭𝟎𝟎,𝑻𝑻

∞ 𝒘𝒘𝒘𝒘(𝑲𝑲)𝑪𝑪𝟎𝟎,𝑻𝑻 𝑲𝑲 𝒅𝒅𝒅𝒅 .

 In practice, use options-implied forward (See “VIX White Paper”).
 Notational abuse here: 𝑷𝑷𝟎𝟎,𝑻𝑻 𝑲𝑲  is the put option price at strike K.
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VIX Technology (continued)

 Recall 𝐄𝐄𝐄𝐄𝐄𝐄𝟎𝟎,𝑻𝑻 = 𝟏𝟏𝟏𝟏𝟏𝟏
𝑻𝑻

𝑬𝑬𝟎𝟎𝑷𝑷
�𝑺𝑺𝑻𝑻
�𝑺𝑺𝟎𝟎

− (𝟏𝟏 +  𝑹𝑹𝟎𝟎,𝑻𝑻
𝒇𝒇 ) ,  where �𝑺𝑺𝒕𝒕 = price (with dividends).

 Want Q-expectations, using density 𝒒𝒒𝑺𝑺𝑻𝑻 𝒔𝒔 , where 𝑺𝑺𝒕𝒕 = price (no dividends).

 With �𝑺𝑺𝑻𝑻 = 𝒆𝒆𝜹𝜹𝜹𝜹𝑺𝑺𝑻𝑻, where 𝜹𝜹 = 𝜹𝜹𝟎𝟎,𝑻𝑻 is the (options-implied) dividend yield, apply 
the exponential tilt 𝐏𝐏 → 𝑸𝑸. The result allows application of the general 
replication formula (previous slide):

                         𝑬𝑬𝟎𝟎𝑷𝑷
�𝑺𝑺𝑻𝑻
�𝑺𝑺𝟎𝟎

 = 𝒆𝒆
𝜹𝜹𝜹𝜹

𝑺𝑺𝟎𝟎

𝑬𝑬𝟎𝟎
𝑸𝑸 𝒘𝒘𝒏𝒏𝒏𝒏𝒏𝒏(𝑺𝑺𝑻𝑻)

𝑬𝑬𝟎𝟎
𝑸𝑸 𝒘𝒘𝒅𝒅𝒅𝒅𝒅𝒅(𝑺𝑺𝑻𝑻)

 = 𝒆𝒆
𝜹𝜹𝜹𝜹

𝑺𝑺𝟎𝟎

𝑬𝑬𝟎𝟎
𝑸𝑸 𝑺𝑺𝑻𝑻

𝟏𝟏+𝜸𝜸

𝑬𝑬𝟎𝟎
𝑸𝑸 𝑺𝑺𝑻𝑻

𝜸𝜸
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ERP via VIX Tech 
(continued)

Using the replication 
formula, one finds the 
boxed result (𝐾𝐾0 is an 
arbitrary positive strike).

Then, integrals → discrete 
sums as in VIX white paper.

Note: NO OPTIMIZATION, 
so extremely fast!
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My two ERP 
methods 
are 
numerically 
very close
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Do the ERP’s Predict the Market Return? Only weakly
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Do the ERP’s Predict the Market Return? Only weakly
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The Key Issue: What is the best systematic forecast of 𝑃𝑃𝑡𝑡,𝑇𝑇 𝑥𝑥 ?

My proposal is 𝑷𝑷𝒕𝒕,𝑻𝑻
𝜸𝜸 (𝒙𝒙) = 𝑪𝑪 𝒆𝒆𝜸𝜸𝜸𝜸 𝑸𝑸𝒕𝒕,𝑻𝑻 𝒙𝒙  for some γ > 0.

What are some plausible alternatives; i.e., Null Hypotheses 𝑯𝑯𝟎𝟎?
 𝑯𝑯𝟎𝟎 #1:  Perhaps 𝑷𝑷𝒕𝒕,𝑻𝑻 𝒙𝒙  = 𝑸𝑸𝒕𝒕,𝑻𝑻 𝒙𝒙   (the option-implied risk-neutral distribution)

 𝑯𝑯𝟎𝟎 #2:  Perhaps 𝑷𝑷𝒕𝒕,𝑻𝑻 𝒙𝒙  = 𝑷𝑷𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉 𝒙𝒙   (a fitted long-run historical distribution)

 We can test Alternative #1 by a Maximum Likelihood Analysis. From my 
Third Friday study, I have GMM (N=4) fits to 𝑄𝑄𝑡𝑡,𝑇𝑇 𝑥𝑥  for each of 136 trade 
dates, where t is a monthly third Friday and T is the subsequent third Friday.

 I have the realized log-price-returns 𝒙𝒙 ={𝑥𝑥1, 𝑥𝑥2, …, 𝑥𝑥136}. 

 Suppose the market return Data Generating Process each month was an 
independent draws from 𝑃𝑃𝑡𝑡,𝑇𝑇

𝛾𝛾 (𝑥𝑥). 
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The Key Issue: What is the best systematic forecast of 𝑃𝑃𝑡𝑡,𝑇𝑇 𝑥𝑥 ?
                                (continued)

Suppose the market return Data Generating Process each month was an 
independent draw from 𝑷𝑷𝒕𝒕,𝑻𝑻

𝜸𝜸 (𝒙𝒙) for some γ (fixed for all the months).

     Then, the Likelihood of seeing the market data is:

                 Likelihood(𝒙𝒙)  =  𝑷𝑷𝟏𝟏
𝜸𝜸 𝒙𝒙𝟏𝟏  𝑷𝑷𝟐𝟐

𝜸𝜸 𝒙𝒙𝟐𝟐  ⋯  𝑷𝑷𝟏𝟏𝟏𝟏𝟏𝟏
𝜸𝜸 𝒙𝒙𝟏𝟏𝟏𝟏𝟏𝟏 .

     First, we find a new options-based γ-estimator:

             𝜸𝜸∗= 𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝜸𝜸 {Log Likelihood (𝐱𝐱)} = 𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝜸𝜸 ∑𝒊𝒊=𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 𝐥𝐥𝐥𝐥𝐥𝐥𝑷𝑷𝒊𝒊
(𝜸𝜸)(𝒙𝒙𝒊𝒊)

                               Next slide shows the result for 𝜸𝜸∗…
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The Key Issue: What is the best systematic forecast of 𝑃𝑃𝑡𝑡,𝑇𝑇 𝑥𝑥 ? (cont)
    Optimal γ from Maximum Likelihood of Observed Market Returns
        Confidence interval from Wilks’ Theorem here, which involves
                       critical values of a 𝜒𝜒2-distribution(df = 1).     
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Recall Wilks’ Theorem (1938)

Simplest version. We have a one-parameter data-generating probability density 
𝑃𝑃𝜃𝜃(x), where the unknown parameter θ   is to be estimated by Maximum 
Likelihood. In our case, 𝜃𝜃 = 𝛾𝛾, the CRRA. 
To do so, given a sequence of n independent observations {𝑥𝑥1, 𝑥𝑥2, …, 𝑥𝑥𝑛𝑛}, we form 
the estimate:  
                       θ∗= argmaxθ {Log Likelihood (𝐱𝐱)} = argmaxθ ∑𝑖𝑖=1𝑛𝑛 log  𝑃𝑃𝜃𝜃(𝑥𝑥𝑖𝑖).

A competing alternative is the Null Hypothesis 𝐻𝐻0 that the true 𝜃𝜃 = 0. Wilks proved 
that the Likelihood Ratio Test Statistic (LRT) has the following asymptotic behavior:
   LRT ≡ 2 { ∑𝑖𝑖=1𝑛𝑛 log  𝑃𝑃𝜃𝜃∗(𝑥𝑥𝑖𝑖) - ∑𝑖𝑖=1𝑛𝑛 log  𝑃𝑃0(𝑥𝑥𝑖𝑖) }  → 𝜒𝜒𝟐𝟐 – distribution (1 degree freedom),
                                             as 𝑛𝑛 → ∞, when 𝑯𝑯𝟎𝟎 is true.

      Note: 𝑓𝑓𝜒𝜒2(x) = 𝑒𝑒
−𝑥𝑥/2

2𝜋𝜋𝜋𝜋
 is simply the pdf of the square of a N(0,1) variate.
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The Key Issue: What is the best systematic forecast of 𝑃𝑃𝑡𝑡,𝑇𝑇 𝑥𝑥 ? (continued)
 Monte Carlo Bootstrap Distribution of Likelihood Ratio Test Statistic (LRT).
 If the Null 𝐻𝐻0 is true, P=Q: simulated returns should be drawn from GMM Q-distributions. 
     Shows the (Wilks’ Theorem) 𝜒𝜒2-distribution is a reasonable LRT limit.
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Data and automation notes

 My codes started as a mix of Mathematica (GMM) and Python (VIX tech). 
At this point they are entirely Python, with a lot of help from Microsoft 
Copilot. Python GMM fits use scipy.optimize.minimize (method = ‘SLSQP’)

 Option data from the Cboe DataShop (modest pricing).
 Cboe offers: 1. End of day option quotes with calcs (3:45pm EST snapshot)
                       2. EOD quotes: 3:45pm EST + 4:15pm EST (SPX option close).
 I use/recommend the 3:45pm quotes (high liquidity; 4pm=NYSE close).
 The 3:45pm option data is available from 2012 to date.
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Conclusions

 The ERP has substantial time and term structure variation.
 That variation is best seen through option data and Q→P transformations.
 The exponential tilt transformation is a straightforward, plausible, and 

economically motivated, one-parameter, dynamics-free model.
 Competing Hypotheses, that the true P-data generating probability distributions 

are either: (i) the option-implied Q-distribution, or (ii) a long-run historical P-
distribution, are rejected at 95% Confidence levels. 

 ERP term structures are estimated quickly with VIX-type methods.
 Option-implied Q-distributions are readily estimated by fitting Gaussian Mixtures.
 Equity-based and options-based 𝜸𝜸-estimators yield similar results.
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