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evaluate the performance of both procedures under several DGPs including stationary,
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1 Introduction

Since the seminal contributions by Perron| (1989) and [Rappoport and Reichlin (1989), the
literature has produced a comprehensive set of results on the break-point problem in a time
series framework. Useful surveys are Stock| (1994), |[Banerjee and Urga (2005), Perron| (2006)
and |Aue and Horvath| (2013), while Andreou and Ghysels| (2009) consider structural breaks
involving not only the mean process but also higher order moments as well as changes affecting
the whole distribution of financial time series.

Focusing on the problem of estimating and testing for the presence of structural breaks,
Andrews (1993) derives the asymptotic distribution of a class of sup type statistics based
on the |Quandt| (1960) statistic to test for the null of stability against the alternative of an
unknown structural break. For the multiple unknown structural breaks case, [Bai and Perron
(1998, [2003) propose to estimate break dates by a minimum least squares approach and to
test the significance of the resulting break date estimates by means of three different tests
all based on the sup-F statistic derived in |Andrews| (1993). In a cointegrated framework,
Hansen| (1992) is the first to consider tests for intercept and slope stability. In the context
of cointegrated VAR processes, [Seo (1998)) provides testing framework for an unknown single
break case while Hansen| (2003) provides a modelling framework to analyse multiple structural
changes though occurring at known dates. For the unknown multiple breaks case, the large
sample theory of the Bai and Perron! (1998 |2003) framework has been recently generalized to
the case of nonstationary models by Kejriwal and Perron| (2008, 2010). However, despite the
sounding theoretical framework, the Kejriwal and Perron| (2008, |2010|) procedure presents a
series of critical practical limitations. First, the asymptotic distributions of the tests to asses
the statistical significance of the break dates are not pivotal, thus requiring a derivation of the
critical values case by case via numerical simulation. Second, the three complementary tests
(sup-F', UDMax and Sequential sup-F') proposed often provide contradictory results about
the number of breaks to include in the model, making the inference difficult.

In this paper, we consider two novel approaches to detect multiple structural breaks in

a wide range of linear models including the cointegration set up. The first procedure is an



extension of the so called Dummy Saturation (DS) developed by Hendry et al.| (2008]), [Jo-
hansen and Nielsen| (2009), [Ericsson| (2011)) and |Castle et al.| (2012) that involves not only
impulse dummies but also step and steptrend dummies as originally mentioned in [Banerjee
et al| (1998)), De Peretti and Urgal (2005) and |Ericsson| (2011)). Generally, the DS consists
in detecting structural breaks affecting a linear system by saturating a regression with dum-
mies and then removing the non-significant ones through a general-to-specific approach. The
second methodology consists in a Sequential Bootstrapping (SB) procedure based on the sup-F
statistic of |Andrews| (1993). We evaluate the performance of both the extended DS and SB
procedures under several DGPs including stationary, nonstationary and cointegrated models.
In particular, we assess the two procedures according to the following two criteria: first, the
ability to pick up the correct number of structural breaks, and second, the ability to correctly
locate them. To this extent, we set up an extensive Monte Carlo exercise in order to compute
the empirical retention frequencies of the DS dummies and the empirical rejection frequencies
of the SB sup-F tests as well as to measure the goodness of the resulting break date estimates.
More precisely, evaluation criteria include empirical size and power as well as the gauge and
potency criteria introduced by Castle et al.| (2012)); the latter assess the considered method
from the model selection perspective rather than as formal statistical break tests. For the
DS method, evaluation criteria yield mixed results confirming the model selection nature of
the procedure. In contrast, the empirical size and power of the SB suggest that the method
hold clear and definitive promise. Finally, we carry out an empirical application involving
an analysis of the stability of the Fisher equation in the United States in order to study the
performance of the two novel procedures with a real dataset.

The remainder of the paper is organised as follows. Section 2 presents the extended DS
and the SB procedures. Section 3 reports the criteria used to assess the Monte Carlo exercise,
while the results of the simulations are reported and discussed in Section 4, where we also offer
some useful guidelines about the implementation of the two procedures. Section 5 reports the
empirical application involving the analysis of the Fisher relationship in the United States.

Section 6 concludes



2 Two Novel Approaches to Detect Multiple Structural Breaks

In this section, we describe the DS and the SB procedures.

2.1 Dummy Saturation (DS)

The DS approach, as originally proposed in Hendry et al.| (2008), Johansen and Nielsen (2009),
Ericsson| (2011) and |Castle et al.| (2012), is a technique to test model constancy by means
of a set of dummy variables. The underlying idea is to saturate a linear model involving
T observations with 7" dummy variables (one for each observations) to capture outliers and
structural breaks. Following the “general-to-specific” approach, the technique starts with an
initial model where an outlier /break may happen at all times and then removes the statistically
insignificant dummies. The framework is very general allowing to test for the presence of
multiple structural breaks in a wide range of systems.

In particular, the original approach as outlined in Hendry and Santos| (2005) and Hendry
et al. (2008) involves a saturation with 0-1 impulse dummies (impulse indicator saturation,
IIS). Recently, [Doornik et al.| (2013) develop the theoretical properties of the step indicator
saturation, where impulse dummies are replaced by partial sums of impulse dummies (step
dummies). In this paper, we propose to extend the original IIS approach to include also
step dummies and double partial sums of impulse dummies (sums of step dummies or simply
steptrend dummies) to capture structural breaks in the level or in the trend. Following the
terminology in Ericsson (2011), we define super dummy saturation (SDS) the version with also
step dummies, and super-duper dummy saturation (SDDS) the regression saturation involving
also steptrend dummies.

Consider a standard regression with a constant and a linear trend

y=a+6t+0 z+e (1)

where z; is k-dimensional vector containing exogenous regressors as well as lagged values of

y; and assume we are interested in testing the stability of the deterministic component, i.e.



a + 6t. Then, applying the principle of the DS, we saturate with dummies and we start

the selection of the parsimonious representation from one of the following models

T
IIS: gy =a+ ot + 5th + Z %’Bz{t +e
i=1

T
DS{ SDS: y=a+dt+8 z+ Y (VB +v,Bh) +e
=1

T
SDDS: y =a+ 6t + 3"z + Z(%Bi[,t + ¢z’BiL,t + wiBZt) + et
i1

where Bi{t =Ty, Bft =I5 and Bgt = (t—i+ 1)Ly fori=1,...,T. After dropping
the statistically insignificant dummies from the saturated regression, one is left with a set of
dummies which can be interpreted as outliers (impulse dummies) and/or structural breaks
affecting the deterministic component of the process (step and trend dummies)ﬂ

There are two problems with the specifications just introduced. For all cases, though espe-
cially in SDS and SDDS, there is multicollinearity between some of the dummies themselves
and between the dummies and the deterministic component of the process. Second, the estim-
ation of the saturated regressions is infeasible because of lack of degrees of freedom, given that
N, the total number of regressors, is larger than the number of observations T'. In principle,
the multicollinearity problem within dummies can be solved quite easily by excluding some
dummies (last step or last steptrend for instance). Typically, one sets ¢ = ¢, +1,...,T — 1,
where £, is the highest order of lagged dependent variables entering the process, and excludes
the first step dummy, which is exactly collinear with the set of impulse dummies, and the
last trend dummy. As far as the dimensionality problem is concerned, a possible solution is
to split the set of dummies in J blocks such that the number of dummies in each block (NNV;)
plus the number of elements in the deterministic components, the number of lagged depend-
ent variables and exogenous regressors (k) is less than the sample size (N; +2 + k < T, for

j=1,...,J), following the strategy introduced in |[Hendry and Santos (2005). More expli-

'Tt is possible to use the IIS to capture breaks in the level component. Retained consecutive dummies with
same sign and similar magnitude may be grouped according and can be interpreted as capturing a break in
the level.



citly, in the general case of SDDS, assume to form J blocks of about the same sizeﬂ such that
Ty ={BL, BBl :i=1,...,[T/J]}, To = {B,BF, B - i = [T/J] +1,...,[2T/J]},. ..,

7

Z;={Bl, Bl BI :i=[T(J—1)/J] +1,...,T}. The procedure then runs as follows:

7

e for j =1,...,J include the Z; subset of dummies in the equation of interest (e.g. (1))
and estimate the partially saturated regression recording the significant dummies from

each regression.

e Combine all relevant dummies from the previous iterations and re-estimate the model,
assuming that the total number of the retained dummies from each subset Z; is less

than the sample size.

e Retain the significant dummies.

This is the standard way to carry out a structural break analysis using the DS approach.
As explained in Castle et al. (2012)), under the null of no outliers or breaks, a7 impulse
indicators are retained on average (« being the level of significance). For this reason, if we
fix @ < r/T we control the false null retention at » dummies. This is rather satisfactory if we
think that we are testing the potential relevance of number of dummies function of 7" and even
if no breaks occur we are not losing in efficiency. This point is investigated via the Monte
Carlo exercise and we show that the procedure has the correct size only for some specific
choice of a.

An alternative and more convenient route to implement the DS is through the algorithm for
automated model selection Autometrics (see|Doornik, 2009a)). This is accessible through the
software OxMetrics© which can handle N > T as well as non-orthogonal candidate regressors.
Using Autometrics , it is possible to specify a general unrestricted model (GUM), in this
case a regression saturated with dummies,.and a tree search algorithm is able to eliminate
statistically insignificant regressors. The entire procedure of block creation is carried out by

the algorithm as well as the management of non-orthogonal regressors. An important aspect

*For the SDDS case, we set J > [+2L—] in order to have enough degrees of freedom.



is that Autometrics provides different ways to create blocks in case of N > T (i.e. sequential
blocks, random blocks, cross blocks, etc.). Despite in theory, different ways of selecting the
candidate regressors which enter in each block should not affect the outcome radically,|[Doornik
(2009b) reports that the ordering of the variables as they enter the GUM may influence the
final results. We investigate also this issue through simulations in the Monte Carlo exercise.

Finally, a theoretical investigation of the properties of the IIS framework only is developed
by [Hendry et al.| (2008) and generalized under less restrictive conditions in |[Johansen and
Nielsen (2009). On the empirical side instead, Castle et al.| (2012]) reports a comprehensive
simulation study of the IIS approach to detect outliers and level shifts in several specifications
including deterministic trends, unit roots, autoregressive processes as well as autoregressions
with exogenous regressors. |Ericsson (2011) also report a small empirical application of the
SDS only. In this paper, we extend the application of the DS approach to detect breaks in the
deterministic trend (SDDS) as well as in a cointegrated set up. Similarly, the SDS and the
SDDS size and power properties are still unexplored. In the section dedicated to the Monte

Carlo analysis we try to fill this gap.

2.2 Sequential Bootstrapping (SB) Procedure

The second methodology we consider is the SB approach. This method is specifically de-
veloped to estimate multiple structural breaks in systems with a conditional process and

several marginal (the regresssors) processes of the form:

q K
yr = a0+ 00t + D oy, Y-t + Y (WBL + wiB)+

=1 i=1
N Ky
+ Z(f?nﬂvn,t—l + Z(®n7jB£,j,t + é%n,jBa{,j,t)) +ur (2)
n=1 j=1
Pn Ky
Ln,t = Tn,0 + Cn,Ot + Z P, Tnt—Lly + Z(UnJBij,t + (bn,jBrjzj,j,ﬂ + enyt (3)
=1 j=1



where is the conditional process, isaset of n =1,..., N marginal process experiencing
their own independent breaks, BZ-Li = Iyi>1,y and Bgt = (t_ﬂ‘i‘l)I{tZTi} indicate the dummies
capturing breaks in the level and the trend respectively with T}, i = 1,..., K with the "
break date of the conditional process; B?ﬁj,t and Bg’ it indicate dummies capturing breaks
in the level and the trend respectively in the marginal process with T3, j = 1,..., K, not
necessarily equal to T;.

In a first instance, the algorithm estimates breaks in the marginal processes then these
are entered into the conditional process before looking for its own structural breaks. The
estimation of the breaks is sequential in that break dates are added one by one until a stopping
criterion is reachedﬂ Thus, contrary to the DS approach, here the philosophy is from “specific-
to-general”. Both stationary and nonstationary processes can be handled.

Conceptually, the sequential procedure has two building blocks: the first deals with the
estimation of the break dates, whereas the second with the statistical testing framework re-
quired for stopping the sequential search. The next two sections summarize the main features

of the SB procedure.

2.2.1 Structural Breaks Estimation

Consider the case of a marginal process as in and assume we are interested in estimating
possible breaks affecting this process at unknown times. The procedure starts by searching
for break which may occur at each date ¢t = 3,...,7 — 1 by means of a Wald type test. Thus,
for each t, compute the F-statistic, Fy, for testing the null hypothesis of no more breaks at
Tj=is Ho: vj =¢; = 0|7; = t. When looking for the second break and so on for the others
apart from the first one, the statistics is not computed for the already estimated break dates
(more precisely for a small neighbourhood around them). In particular, F; takes the usual
form:
T —k—2(j+1)RSS5r, , — RSS1y=

F, = 1
! 2 RSS7,— @)

3This approach was originally proposed by [Banerjee et al. (1998) and |De Peretti and Urga) (2005)).



where RSSt;_, is the residual sum of squares for the restricted model (imposing v; = ¢; = 0)
while RSS7,_, is the residual sum of squares of the unrestricted model (with the additional
j-th break occurring at Tj—;, j = 1,..,m the number of breaks). The degrees of freedom
are given by k + 2(j + 1), the number of parameters including those corresponding to the
coefficients associated to the step and steptrend dummies (2(j+1)) in the unrestricted model,
and 2 = 2(j + 1) — 24, the number of additional parameters resulting from adding one break
date.

The estimator TJ of the break date T} is given by
T; = argmax{F;} for all admissable ¢ (5)

This amounts to define the break date estimator as the argument which maximises the usual
sup-F statistic introduced initially by Quandt| (1960)) Hwith non-standard asymptotic distribu-
tion derived in |Andrews| (1993)) for the stationary case. |Bai| (1994) proved that the estimation
of the break date obtained through the minimisation of the least squares in a linear model

leads to consistent estimates, i.e. Tj = T 4 op(1). It is evident from that

T; = argmax{F;} = argmin{ RS St~}

hence the proposed estimator is consistent.

Finally, as noted in [De Peretti and Urga (2005)), the sequential estimation of structural
breaks is biased when there is more than one break. In other words, the dating of the first break
is biased when a second break is neglected and so on for the following ones. As a solution, the
authors suggest to implement a backward revision of the break dates where after estimating
the j* break, the previous j — 1 breaks are re-estimated. Alternatively, after a break dates
is found to be significant, one could also re-estimate all the breaks simultaneously but this
second option is computationally expensive. Additionally, the re-estimation procedure allows

also to check the stability of the break dates identified.

4Quandt| (1960) considers the supremum of a set of LR statistics which boils down to the sup-F test in case
of i.i.d. and normally distributed errors.



2.2.2 Stopping Rule for the Sequential Search

Once a break date Tj is estimated, it is important to test whether it is statistically significant.
This translates in testing for the null hypothesis of j — 1 breaks against the alternative of
J breaks using an F-test. Nevertheless, here the problem is that the conventional critical
values of the F-distribution cannot be employed since the break is endogenously determined
(see|Andrews|, |1993) and this implies non standard asymptotic distributions depending on the
break fraction. |Andrews| (1993) derived the correct distribution when the break is endogenous
for the “sup” versions of the Wald, LR and LM tests but only when the series is stationary and
moreover, as it has been showed in [Hansen| (2000), this is also incorrect when the regressors
experience their own breaks. The proposed solution is to bootstrap the critical values of the

test statistics:

7 = max{[};}. (6)
The bootstrap procedure to test for the significance of the j break runs as follows:

1. Estimate the regression under the null of j — 1 breaks, i.e. (for a marginal model)

P Jj—1
2o =0+ Cot + > preTi—t, + Y _(UkBL, + 6B + e (7)
/=1 k=1

and store the residuals series {é;}7_; together with the coefficients estimates.

2. For b=1,..., B repeat

(a) Draw with replacement 7" values from the centred residuals

to get {e} b}thl (semi-parametric approach). Alternatively, compute the sample
variance 62 of the centred residuals and draw {e},}%_; from N(0,52) (parametric

approach).



(b) Build recursively the bootstrapped counterpart of x; denoted by :Eat by

P j—1
i =0+ Cot + > Pusahs e, T O (OkBE + B + iy (8)
=1 k=1

(c) Compute the bootstrapped counterpart of 7, namely, 75 = max{F;,} where Fy, is

computed as in but using the bootstrapped sample xat.

3. Decide on the significance of Tj by computing the bootstrapped p-value

1 B
5 2 Lir<apy (9)
b=1

The sequential search stops when two subsequent structural breaks are not significant.
De Peretti and Urgal (2005)) show that this stopping rule is optimal and robust to biases of

additional significant breaks being neglected.

3 Monte Carlo Design

We investigate the performances of the extended DS and SB procedures undertaking an
extensive Monte Carlo simulation exercise. The purpose of the analysis is to assess the ability
of the two procedures to detect the correct number of breaks as well as the precision of the
break dates. In what follows, we introduce the criteria used to evaluate the DS and the SB

procedures and the several DGPs used in the Monte Carlo experiments.

3.1 Evaluating the Detection of the Correct Number of Breaks

A structural breaks analysis is correct if the adopted procedure is able to select the correct
number of structural breaks.

In general given a DGP affected by K* breaks, the power and the size are approximated
by computing the empirical rejection frequency with respect to a null hypothesis stating that

the number of breaks K is Hy : K = K versus an alternative Hy : K = K7 > K. If the

10



null hypothesis is such that Ky = K*, the empirical rejection frequency of the null hypothesis
gives an approximation of the size of the test on which each methodology is built, otherwise
if the number of breaks considered under the null is different from the true number of breaks
(Ko # K*) we are approximating its power. The number of times that a procedure detects
the correct number of breaks is then given by one minus the empirical size, i.e. the number
of times that we do not reject a true hypothesis about the number of breaks. This is intuitive
if we think that the presence of oversize means that the procedure is not able to detect the
correct number of breaks.

As far as the DS is concerned, however, the computation of the empirical rejection fre-
quency it is not always straightforward. This is true in particular to the case of the IIS. More
specifically, it is difficult in the case of the IIS to test for instance the hypothesis of the form
Hy : K = Kq versus Hy : K = Kj level breaks given the nature of the impulse dummies.
When instead we saturate the model with step and/or steptrend dummies, it is easier to cast
the procedure in terms of testing Hy : K = K, given that a step or a steptrend dummy is
directly related to a break in the level or the trend component. Alternatively, we may assess
the performance of the procedure considering how frequently a dummy entering the saturated
regression is retained across the Monte Carlo replications, thus treating the DS as a model
selection procedure rather than a test for breaks.

Following |Castle et al.| (2012)), we now introduce the concept of retention rate. Assume
to specify a GUM saturated with N dummies of which only n, n < N, enter in the DGP
and denote with M the number of Monte Carlo simulations. The retention rate, r, for each

dummy can be defined as

M
. 1 ,
Tj:MZI{Bj,m?éO}’ j=1,...,N (10)

m=1

where Iy, is the indicator function and 3 jm 18 the coefficient of the " dummy computed at

the m!" iteration. If the dummy is significant (3 ;m 7 0), then the indicator function equals

11



unity. Given , it is possible to define the gauge and the potency the procedure as

1 .
gauge = Z 7

1<
potency = o Jz::l T

where the gauge is the average retention rate of the non-significant dummies (according to
the DGP) and the potency is the average retention rate of the significant dummiesﬂ Note
that though gauge and potency are related to the concepts of size and power, however they
are distinct: while size and power refer to a well specified null hypothesis in terms of Kj
versus K; breaks, the gauge and the potency are useful criteria for the assessment of the
procedure but are not clearly linked to any statistical hypothesis about the number of the
breaks. Finally, note that according to the definitions above, a dummy contributes to the
potency if it enters the DGP. This is straightforward when saturating with impulse dummies.
On the other side, if saturating the GUM with step and/or steptrend dummies (SDS and
SDDS models respectively), we have to be less restrictive in that we have to define an interval
around the break date such that a step and/or steptrend dummies falling in this interval
contributes to the potency. Assume for instance that a break occurs at 77 = 50, it would be
unreasonable to count B5L2’t = I;>52) as contributing to the gauge of the SDS. For this reason,
when computing the gauge and the potency of the SDS or SDDS, we consider a dummy as
contributing to the potency if it captures a break occurring at I3 +3 observations. If more then
one dummy falling in that interval is retained, we choose the one closest to the break date,
while in the unlikely case that two dummies are equally-distant from 7; we count randomly
one as contributing to the potency and one contributing to the gauge.

Moreover, in the case we saturate with step dummies and also with steptrend dummies,
in addition to the gauge and potency, it is possible to compute the more common empirical

rejection frequency, assessing the procedure as a statistical test. As mentioned above, when

>For simulation purposes, especially when using the IIS variant, it is more convenient to work with two
aggregate retention rates: one for the dummies that contribute to the gauge and one for those which contribute

to the potency. The gauge is then obtained as m ng:l ;.V:nﬂ I{Bj,m#o} and similarly the potency.

12



working with other dummies than impulse dummies, it is easier to see the retention of a step
or steptrend dummy as an acceptance/rejection of a null hypothesis of the form Hy : K = K|
against an alternative H; : K = Ky # Ky where K is a positive integer different from Kj.
To decide about the acceptance/rejection of the null, it is possible to count how many step
dummies are retained. Consequently, the number of times that the procedure detects the
correct number of structural breaks is given by how frequently the dimension of the vector
containing the step dummies equals the number of step dummies entering the DGP, i.e. the
number of times we do not reject a true hypothesis about K. Note that when evaluating the
procedure using the gauge and the potency these criteria already assess the detection of the
correct number of breaks.

As far as the SB is concerned, we obtain estimates of the break dates and their associated
p-values (parametric and non-parametric) for each iteration m = 1,..., M. In this case,
it is straightforward to compute the empirical rejection frequency. The computation of the
size and the power of the procedure is based on the p-values of the bootstrapped sup-F' test
statistic. Under the null hypothesis of no significance of the break, a p-value approaching zero
means that the break date under consideration is significant. Given the sequential nature
of the procedure, it makes sense to compute the size and power counting how frequently we
reject a null hypothesis of the form Hy: K = Ky versus H1 : K = K1 = Ky + 1. In terms of

the p-values of the sup-F statistic and given a significance level a, we then compute

1 M
M Z I{p—valueK1<a} (11)
m=1

where p-valueg, represents the p-value of the K {h break date computed according to @ If
the null is true (Ko = K*), gives the empirical size of the procedure since it computes
the number of significant breaks that do not enter the DGP. Then, for the procedure to have
the correct size, we expect that the number of times that the K fh break date is significant
(its p-value is small) and of course should not exceed a. On the contrary, if the null is false,
(11)) represents the empirical power. To summarise, assume that the DGP is formulated with

K* =1, then testing Hy : K = 0 versus H; : K = 1 gives the power of the procedure while a

13



test of Hy : K =1 versus Hj : K = 2 gives the size. So, we have

o1&
S1lze = M ZZl I{p—valueT2<a}

1 M
power = M Z I{p—valueTl <a}-

3
Il

In practise, we fix the maximum number of breaks to be estimated in each experiment ac-
cording to the number of breaks under the alternative hypothesis of the last sequential test

for which the null is true.

3.2 Evaluating the Dating of Breaks

In addition to the desiderable property of selecting the correct number of structural breaks,
a structural breaks procedure has to able to pick up the correct timing of when the breaks
occur. This translates in assessing the goodness of the resulting break date estimates.

Let T} be the estimated counterpart of the i** break date Tj. After running a Monte Carlo
experiment, we obtain a set of estimators T m form=1,..., M. The Monte Carlo estimator

is then defined as the sample mean of {T2 m¥M_ | taken with respect to M. In order to assess

m=1

the goodness of this estimator, we compute its sample bias and sample root mean squared

error (RMSE) defined as:

. 1w
blas[T] B [T Z
m:l
S - 1 Mo .
RMSE(T}] = \/En((T; - T)%) = 77— [ D_ (T — Eur[T1))2.
m=1

Given a DGP, once that we estimate the bias and the RMSE for all procedures, we say that
a procedure provides better estimates than an alternative one if the break dates estimated
by the former has the smallest bias, or in case of a similar bias, has the smallest RMSE. In
the case we have multiple structural breaks, we compute the sample bias with respect to the

closest estimated break date.

14



This is the standard way to assess the performance of alternative estimators when Monte
Carlo analysis is involved. In what follows, we discuss some important issues related either
to the specific procedure or to the shape of the distribution of the break date estimator.

For sake of simplicity, assume we have a process with one break at 77. The first issue
concerns with the DS procedure. When working with the IIS, we need to define a rule
such that at each iteration of a Monte Carlo experiment we can consider a spike dummy
(Bi{t = Ifi—y) as the reference (i.e. Tml) to compute the bias. In this case, we use the
dummy belonging to the relevant set of dummies which is closest to the break datdﬂ If there
are multiple breaks, first we have to group the spike dummies according to their magnitude
and then select the first one from each set. To reduce the complexity of our experiments, we
consider the case of two breaks with the same magnitude but opposite sign. On the other
hand, when working with either the SDS or the SDDS, we do not have to take into account
this point since there is no more a set of dummies to be associated with a single level break but
only one step or steptrend dummy. However, it may happen that in the final model selected
by Autometrics there are more step or steptrend dummies falling in the relevant interval
around T; (gauge and potency) or more dummies than those in the DGP (size and power).
In both cases, in order to compute the bias, we consider as Tml the index of the closest step
dummy to the true break point. The bias and the RMSE of the estimates related to the
computation of the gauge and the potency are expected to be smaller than those related to
the size and the power. The main reason is that in computing the gauge and the potency we
are constraining the location of the breaks to the dummies falling into T; + 3. As far as the
SB is concerned, there is no need to define such a rule since at each iteration we have only
one estimate for a given break date.

The second issue is valid to both procedures and relates to the skewness of the break dates
estimators. If the distribution is asymmetric, the estimator computed as the sample mean is
of course biased, and thus a more appropriate criterion to judge its goodness is to consider the

median of estimator’s distribution. Thus, we report both the sample mean and the median.

51f there is a level break occurring at 71 = 90, we consider f’m,l being the index i of the first retained
dummy belonging to Z,, = {B},: i =91,...T}.
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4 Simulation Results

In this section, we present the results from our simulations. In each experiment, the number of
simulations is set to M = 1,000 and the sample size to 7' = 100. We fix the seed of the random
number generator and we build recursively 7'+ n (where n depends on the characteristics of
the process) observations M times, starting from y_,, = 0 and then discarding the first n in

order to create independence from the initial conditions.

4.1 Breaks in Level

We start by considering several univariate (marginal models) and bivariate (conditional mod-

els) DGPs affected only by breaks in the mean component. The general model can formulated

as
K
yt=a+5t+5$t+z¢iB{}+ut (12)
i=1
K,
mt:’y—kgt—kpxt,l—kaijL,t%—et t=1,...,T (13)
j=1

where B{jt = Ij;>7) denotes a step dummy (the same applies to B]’-—jt). Moving from this
simple benchmark to the alternative more general model including the breaks in trend allows
us to understand the impact of the different ways to create blocks by Autometrics . It is
reasonable to expect that, if different mechanisms to create blocks have some impact on the
selection of the final model, this becomes even more relevant as we move from the simplest
IIS to the SDDS.

Two parameters govern the detectability of the breaks: the magnitude of the dummy’
coefficients ¢; and v; and the variance of the error terms. In our simulations, we allow the
coefficients of the dummies to take different magnitude while we fix the variance of the error
terms by drawing them from a standard normal N(0,1).

For the DS, all the GUMs correspond to the DGPs saturated with dummies and we fix

all the variables that enter the DGP except the dummies. This entails that the rejection
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frequencies are computed only with respect to the dummies (i.e. we do not test the ability of
Autometrics to reject non-significant regressors apart from dummies). On the other hand, the
SB size and power properties are assessed by computing both parametric and non-parametric
p-values through 99 bootstrap replications. The nominal significance levels used in the sim-
ulations are 1% and 5%. All DGPs are investigated assuming that the number of breaks is
K ={0,1,2}. When conditional models with broken marginals are considered, the number of
breaks in the marginal model is fixed to one and the inference focuses then on the number of
breaks in the conditional model. The break dates and the coefficients of the related dummies
(1; and v;) are reported in the tables summarizing the results of the simulations. For the
IIS, we restrict the experiments to the empirical retention frequency of the dummies entering
the DGP, i.e. the gauge and the potency. For the SDS, we assess also the size and power by
computing the empirical rejection frequencies of the following hypothesis: Hg : K = 0 for the
DGP with no breaks (size only); Hy : K = 0 (power) and Hy : K = 1 (size) for the DGP with
one breaks; and Hy : K = 1 (power) and Hy : K = 2 (size) for the DGP with two breaks.
As far as the SB is concerned, we set the maximum number of breaks, to be sequentially
estimated in each experiment, equal to the true number of breaks plus one. Specifically, we
have that for the case with no breaks a test of Hy : K = 0 vs Hy : K = 1 (size only); for
the case with one break a test of Hy : K = 0 vs H; : K = 1 (power), and Hy : K = 1 vs
H, : K = 2 (size); and for the case with 2 breaks a test of Hy: K = 1 vs Hy : K = 2 (power),

and Hy: K =2 vs Hy : K = 3 (size).

4.1.1 Marginal Processes

The first set of experiments involves modelling the exogenous regressors one at the time.
These include location-scale models, stationary or non-stationary autoregressive processes
and autoregressive processes with or without trends which are all nested in ([13)). Table

reports the model specifications used in the Monte Carlo experiments for the DGPs.

[Table 1 about here.]
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We denote with “LS" the location-scale model, “ARs" the stationary autoregressive pro-
cess, “ARst" the stationary autoregressive process with trend, and “ARns" the nonstationary

autoregression.

Number of Breaks Detection

Table [2| reports gauge and potency as well as the empirical size and power for the processes
described in Table [II In order, we consider the IIS, the SDS and the SB based on both
parametric and nonparametric resampling schemes. For the IIS and the SDS, we set the
block method creation in the Autometrics options both standard (i.e. sequential) and ran-
dom. Since both gauge/potency and empirical size/power are practically identical either using
standard block method or the random block method creation, we report the results for the
standard option only.

Table |2 reports the gauge/potency and the size/power of the two procedures.

[Table 2 about here.]

Dummy Saturation. Focusing on the DS, it emerges that both the IIS and the SDS have
a good gauge at 1% target size, meaning that the average retention rate of the insignificant
dummies is satisfactorily under control. On the opposite, when working with 5% target size
the gauge is generally between 20% and 30%. Thus, in line with Castle et al| (2012), this
suggest for the DS to set a 1% target size in the Autometrics options. The average retention
rate of the non null dummies is instead mixed across the different DGPs changing from the
IIS to the SDS. While the potency level for the SDS are rarely below 80%, the IIS is affected
in the cases of the autoregressive processes and the location of the breaks. In particular, when
working with IIS and the AR models, there is lower potency because Autometrics tends to
select just the dummies near the break dates, without retaining dummies within the regimes.
This is due probably to the fact that after the shocks have been correctly captured by the
impulse dummies, the subsequent (if 1 break) or intermediate instability (if 2 breaks) is

absorbed by the autoregressive component. This may explain the loss in potency with respect
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to the LS model. From Table [2, we can see that the loss in potency decreases if we restrict
the interval between the two break dates. Furthermore, the simulation exercise allows also
to highlight that the location of the break(s) matter for Autometrics when applying the IIS.
If the level shift is close to the end of the sample, in general is no problem. However, as we
move the break in the middle of the sample, the gauge increases in particular in the case of
multiple level shifts as the distance between two break dates increases. The first effect might
be explained in that Autometrics selects the minimum number of impulse dummies that
provide a good approximation of the underlying DGP. If the level shift is at the beginning of
the sample, Autometrics selects the impulses from the first observation up to that point.
As far as the SDS is concerned, Table [2| also reports the empirical size and power about
the number of structural breaks as described in Section [4.1} There is evidence of very high
oversize both at 1% and 5% nominal levels. When considering the 1% nominal level, in almost
50% of the cases at least one insignificant step dummy is retained. As a consequence, the
number of times that the procedure detects the correct number of breaks is around 50% as
well. However, as alreday anticipated, this result is expected in that when applying the DS we
are testing the significance of a huge number of dummies and this comes at the cost that some
insignificant dummies are retained. For this reason, the information given by the retention
rates of the “null" and “non-null" dummies is in general a better criterion to evaluate the
performances of the DS. For the DS, in the next sets of simulations, we focus only on the
computation of the gauge and potency, assessing the approach as a model selection procedure.
Sequential Bootstrapping. Table 2| show that the procedure has an empirical size almost
identical to the nominal level at both 1% and 5% nominal levels when applied to stationary
and trend-stationary models, while is slightly oversized for the non-stationary autoregressive
model. The most dramatic oversize is for the multiple breaks case when we observe a 13%
with a nominal of 5% and a 3% for a nominal of 1%. This implies that the SB detects the
correct number of structural breaks in almost all cases. As far as the power is concerned,
the empirical rejection frequencies of false null hypotheses are close to 100% for all DGPs

considered in the simulations.
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Number of Breaks Detection

To evaluate the goodness of the break estimates, in Table [J] we report the sample mean, the

mean bias, the root mean squared error and the median for each estimate.
[Table 3 about here.]

The break date estimates obtained either by applying the IIS, or the SDS or the SB are very
similar. For the SDS, we report the estimates obtained when computing the gauge/potency
and those we obtaine when computing size/power. In all cases, the mean bias is sufficiently
small and the estimators are almost always median unbiased. Also the standard deviations
are satisfactorily small for all procedures the only exception being the case of the estimates
obtained when considering the size/power of the SDS in the case of stationary autoregressions.
The best performances are shown by the SDS (when considering the gauge/potency related
estimates) and the SB: the SDS provides slightly smaller standard deviations but the SB is
the only procedure which is median unbiased for all the cases considered in the simulation
exercise.

The main conclusions from the Monte Carlo exercises can be summarised as follows. First,
as expected the SDS outperforms the IIS when considering multiple breaks affecting the level
component. The IIS seems to work well for capturing outliers and single level shifts but when
dealing with multiple breaks in level, the SDS and the SB prove to be more appropriate.
Second, using empirical rejection frequencies to assess the DS can be misleading while it is
more appropriate to work with the empirical retention rates of the dummies. Third, the SB
provides empirical size close to the nominal one and very good power across all simulations
with the exception of the nonstationary autoregression model. Finally, both the IIS and SDS
as well as the SB provide good estimates of the break dates when considering structural breaks
affecting the level component. A final important point is about that to discriminate between
alternative methodologies it is better to use the gauge/potency and size/power properties

rather than the goodness of the break dates estimates.
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4.1.2 Conditional Models

We now turn to the case of conditional models with stationary and nonstationary regressors.
This setting allows us to explore how breaks in the marginal processes (regressors) affect the
conditional equationﬂ Table |4| reports the DGPs considered in this second set of Monte Carlo

simulations.
[Table 4 about here.]

We denote with “Cs" the conditional model with stationary variables and no breaks in the
marginal equation (process for x;), “Cci" the conditional model with non-stationary cointeg-
rated variables and no breaks in the marginal equation, “CMs" and “CMci" the corresponding
versions where also the marginal equation experiences structural breaks in its level compon-
ent. In the case of broken marginal equations, we let the marginal process z; to experience

one structural break distinct from those in the conditional process for y;.

Number of Breaks Detection

Table |p| reports the gauge and the potency as well as the empirical size and the power for the
conditional processes introduced above. For the IIS and the SDS, as in the previous set of
simulations involving location-scale and autoregressive processes, we do not find significant
differences among the size and power recorded in changing the block method and thus we
report the results for the standard block method option only. Thus, the assessment of the

SDS is undertaken on the basis of the gauge and potency.

[Table 5 about here.]

Dummy Saturation: Similarly to the case of location-scale and autoregressive processes
commented above, the IIS and the SDS models have gauge close to the target size only at 1%

level. The potency is instead above 90% in almost all cases with a slightly lower performance

"The first paper to consider this case with stationary regressors is [Hansen| (2000). [Hall et al.| (2012) propose
an extension to the multiple breaks case in a stationary framework, considering breaks in the regression
coefficients.
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of the IIS for the one break “Cci" case.

Sequential Bootstrapping: As far as the SB is concerned, the procedure delivers empirical
size close to nominal both at 1% and 5% nominal levels and the power is close to 100% for
all DGPs. Moving from stationary to nonstationary processes does not seem to affect the
performance of the IIS, the SDS and the SB, the only exception being the IIS with one break
case (“Cci" and “CMeci"). This is of particular interest for the SB procedure in support of the
validity of the bootstrapping in a nonstationary cointegrating framework. Another important
result is that both the DS and the SB are robust to the presence of a break in the marginal
process. The gauge and the empirical size of the procedures are not affected by letting the
marginal process experience an independent break from the ones in the conditional. As far as
the DS is concerned, the Monte Carlo exercise extends the results of the simulations contained
in [Castle et al.| (2012) for the IIS and shows the good performances of the SDS. Turning to
the SB, the robustness of the procedure to broken marginal processes is even more important
in light of that Hansen (2000) shows that the distribution of the sup-F' statistic is affected
when the marginal process experiences a break and this could lead to a rejection of stability
in the conditional process even if no breaks affect it. [Hansen| (2000) proposes a bootstrapping
approach (i.e. the fized regressor bootstrap). However, the author does not take into account
the cointegrating framework while presenting an autoregressive case with a moderate level of
persistence (0.5). Though the SB is based on a different bootstrapping approachﬂ the results
confirm once again that the adoption of the bootstrap in cointegrating equations seem to

perform well (see e.g. [Li and Maddala, |1997)).

Break Dates Estimates

Table [6] reports the results of break date estimates. All the three procedures perform quite
well in terms of goodness of the resulting estimates. The estimates of the break dates are
median unbiased and the mean bias is very controlled and less than one except for the IIS

in some cases. Overall, the best results in terms of unbiasness and smaller RMSE are those

8The procedure is very similar to that suggested by Diebold and Chen| (1996), where reasonable size is found
even when the persistence in the process considered is high.
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obtained applying the SB.
[Table 6 about here.]

4.2 Breaks in Trend

In this section, we consider processes with breaks also affecting the deterministic linear time

trend thus extending — as follows:

K
=1
Kq
T :’Y+Ct+pmt*1+Z(UjBﬁt+¢jB]7:t)+et = 1,--'7T (15)
7j=1

where Bgt = (t —T; + 1)Ly~ 1,y denotes a steptrend dummy. We consider both autoregressive
and conditional processes and we let also the marginal process experience independent breaks.
We restrict our analysis to the SDDS and the SB. In Table [7} we report the list of the DGPs

considered.
[Table 7 about here.]

ARSTr" and “ARnsTr" denote the stationary and nonstationary autoregressive processes re-
spectively, “CsTr" and “CciTr" the conditional model with stationary regressors and non-
stationary cointegrated regressors respectively, “CMsTr" and “CMciTr".the stationary and
cointegrated conditional models where the marginal processes experience independent breaks,
respectively We assume that the structural break(s) affect contemporaneously both the level
and the trend components, though we let the shock to be not necessarily of the same signs
between the level and the trend. This implies that a negative shock in the level might be
present together with a positive shock in the trend. Similarly as for the DGPs with just
breaks in level, we carry out a set of experiments for K = {0,1,2}. The null hypotheses are

the same as those reported in Section (4.1
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Number of Breaks Detection

Table |8 reports the gauge/potency and the empirical size/power for Monte Carlo simulations
involving the processes described in Table As far as the SDDS is concerned, we explore
again the standard and the random methods to create blocks as also suggested in |[Johansen
and Nielsen| (2009)) for the trending and unit root cases. In particular, the GUM is specified
alternating step and steptrend dummies such that the standard block search algorithm of
Autometrics takes into account the dummies referring to the same potential break date in
the same blockﬂ As expected, when saturating with step and steptrend dummies, the role of
the different methods for creating blocks impacts on the final selected model. Indeed, when
moving from standard to random blocks, although the variations in terms of potency are
not dramatic, the gauge is affected. Thus, we also report the results for the random block
method. Again, the assessment of the SDDS is based on the gauge and the potency only since
the saturation with further dummies would make the empirical rejection frequency even less

meaningful than before.
[Table 8 about here.]

From a close inspection of the magnitude of the gauge/potency of the SDDS and the empir-
ical size/power of the SB involving trended processes, in what follows we summarise the main
findings.

Dummy Saturation: As far as the SDDS is concerned, the gauge appears to be under
control setting the target size to be either 1% or 5% when working with the standard block
method. When using the random blocks instead, the gauge of the SDDS tends to increase
above the nominal level while the gain in potency is negligible. In particular, for the autore-
gressive processes, we see high average retention rates of null dummies also when setting 1%
as target size. Thus, we may conclude that the use of the random blocks does not improve
the performance of the SDDS. On the other side, when working with standard blocks, the

controlled gauge at both 1% and 5% is especially surprising given that the number of dummies

9We also tried to insert the step and steptrend dummies sequentially (i.e. all the step dummies first and
then all the step trend dummies) but strategy did not change the outcome of the experiments.
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that enter the initial GUM is T x 3. However, the controlled gauge comes with a considerable
drop in potency. The best potency level we find does not go above 70% with an average
around 50%. This results is not surprising since there are two dummies which should be
retained for each break date. In this case, most likely the magnitude of one dummy absorbes
the effect of the corresponding dummy affecting the deterministic component.

Sequential Bootstrapping. The performance of the SB is in line with the results of the
rpevious simulations reported above. In particular, the empirical size is close to nominal at
both 1% and 5% nominal levels. Moreover, differently from the SDDS case, the procedure
does not suffer of any loss in power, and even when considering structural breaks affecting

the trend, we register a power around 100%.

Break dates estimates

Table 0] reports the structural break estimates for the SDDS and the SB procedures. For the
SDDS, we report separately the estimates of the break dates in the level from those affecting

the trend.
[Table 9 about here.]

Overall, both the SDDS and the SB estimates have a controlled mean bias and a contained
standard deviations. In particular, as far as the SDDS is concerned, we have that the level
break(s) estimates are all median unbiased while for the trend break(s) estimates there is a
small upward median bias and the RMSEs tend to be slightly higher than the corresponding
level break(s) estimates. For the SB, the estimates are all median unbiased and the RMSEs
smaller than the SDDS counterparts.

In conclusion, when considering structural breaks affecting both the level and the trend
component of a time series, Autometrics seems to suffer the saturation with impulse, step
and trend dummies. Although the break dates estimates are still satisfying, the SDDS loses
in terms of potency. This implies that there is a quite high number of times when relevant
dummies are not retained. Furthermore, changing the way in which Autometrics forms the

blocks from standard to random does not improve the overall performance of the procedure,
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which on the contrary gets worse. On the other side, the performance of the SB does not
seem to be affected by the inclusion of break in trend in the light that empirical sizes is close

to the nominal one with the power levels approaching 100%.

4.3 Summary and Some Useful Guidelines to Practitioners

On the basis of the results from the extensive simulation exercise, in this final section we offer
some useful guidelines to applied economists on correct implementation of the DS and the SB
procedures.

With respect to the DS, an important role is played by the target size. As clearly shown
in the the Monte Carlo simulations, the DS works properly only if the 1% target size is
used. A higher target size would lead to the retention of too many dummies. As far as the
block method is concerned, the standard block method is shown by the best performance. As
also highlighted in |Doornik| (2009b)), we discourage the use of the random block scheme. As
far as the choice between the IIS and the SDS in systems affected only by breaks in mean,
what emerges from the simulations is that IIS and SDS provide satisfactory performances
both in terms of the gauge and the potency as well as in terms of break date estimates. In
particular, the SDS provides better results in terms of potency than the IIS, also reproted
Doornik et al. (2013). Moreover, saturating with both step and impulse dummies allows that
the step dummies capture breaks in level while the impulse dummies capture possible outliers.
This helps also to simplify the interpretation of the final output. When using the SDS, there
is no need to group the impulse dummies according to their sign and magnitude to detect
a break in level, as it happens when using the IIS. The procedure of grouping the impulse
dummies may be difficult to implement as the sample size grows. Note that when considering
systems affected also by breaks in trend, the potency of the SDDS tends to be lower with
respect to the case of only breaks in level. Despite the loss in potency, the performance of the
procedure is similar to that of the SB. In addition, since the ordering of the variables matters
as the number of dummies grows, we suggest to try alternative ordering schemes for the step

and steptrend dummies. What we lean from the experiments in this paper is that the best
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solution is to alternate one step and one steptrend dummy in a chronological order. In this
way, Autometrics takes into account contemporaneously dummies capturing the same break
date when forming the blocks.

As far as the SB is concerned, the procedure works very well in detecting breaks in both
level and trend. There are only few cases when the SB tends to be oversized occurring in
the nonstationary autoregressions while the procedure works quite well when dealing with
cointegrating equations. An important point is about the stopping rule in the sequential
search. As already reported in |De Peretti and Urgal (2005), we find that the optimal rule is
to stop the sequential search when two consecutive break dates are statistically insignificant.
This rule is robust to that the estimation of the initial break dates is biased when further
breaks are neglected, as it may happen that an inistial insignificant break date may get
significant once that the next break is included. The last but not the least, this stopping rule

is very simple to implement in empirical implementations.

5 Testing the Fisher Relaionship in the U.S. Economy

In this section, we implement the DS and the SB procedure to evaluate the Fisher relationship
for the United States where the nominal interest rate and the expected inflation rate are linked
via the following equation

re = ;% 4+ Bymig (16)

where 7; is the nominal interest rate, r} cal i the real interest rate and Eim41 is the expected

rate of inflation for the next period at time ¢. In a rational expectations framework we expect
that inflation is equal to the observed one plus a mean-zero Gaussian forecast error term:

Ey(mig1) = 7 + € with e i N(0,02). holds if estimating the linear equation
re = o+ 0t + By + &4 (17)

B is statistically equal to one. The fact that many empirical studies (see Beyer et al, 2009)

conclude that § differs significantly from unity may be due to the presence of unmodelled
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level/trend shifts in the Fisher relationship. To this purpose, in this paper we implement
both the SDDS and the SB procedures to equation ((17]).

We employ quarterly data running from 1985-Q1 to 2012-Q3 (111 observations) obtained
from the Federal Reserve Bank of Saint Louis database (FRED). We use the 3 months Treasury
Bill rate as short term nominal interest rate (r;) and we compute the inflation rate (m;) as

CPL;—CPI;_4

the annual relative change in the CPI (W)' Figure |1 reports the plots of the two

series.
[Figure 1 about here.]

Both series are tested for the presence of unit roots and consistently with other studies in-
volving United States post-war data (see for instance Crowder and Hoffman| |1996) we cannot
reject the hypothesis that both series are I(1). Following [Beyer et al| (2009), in order to
address potential endogeneity between interest rates and inflation rates, we estimate by
DOLS including five leads and lags of the first differenced rate of inflation.

As long as the SDDS is concerned, we set the target size at 1%, we fix all the variables
entering the Fisher equation except the dummies and we explore different combinations in the
ordering of the step and steptrend dummies as well as different block methods. In particular,
we specify GUMs where the step and trend dummies enter sequentially (i.e. all the step
dummies and then all the steptrend dummies) versus GUMs which alternate one step and one
steptrend dummy. We also employed both standard and random block methods. Consistently
with what emerges in the Monte Carlo study, the final model that support the economic theory
and passes all misspecification tests is that obtained alternating the dummies and using the
standard block method. Table reports the final model selected by Autometrics when

estimating by DOLS (to control for endogeneity) and applying the SDDS:
[Table 10 about here.]

Nine breaks and one outlier are identified. All misspecification tests are satisfied and the
residuals have all the desirable properties as Figure [2| shows, where we report the residuals,

the ACF up to 20 lags and the QQ-plot against a N(0,1). Moreover, the residuals are
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stationarity implying the presence of a cointegrated relationship cointegrates as found by

Crowder and Hoffman| (1996]).
[Figure 2 about here.]

Table [L0[ shows that in the Fisher effect holds being 5 € [0.857;1.05] with probability 95%.
As far as the implmenetation of SB is concerned, we estimate the same model by DOLS
stopping the sequential search when two consecutive break dates are statistically insignificant.
In particular, the significance of the break dates is assessed through parametric and non-
parametric bootstrapped p-values of the corresponding sup-F statistics. The sequential search

of significant breaks stops once that two break dates are statistically insignificant is reported

in Table [l
[Table 11 about here.]

On the basis of the break dates selected by the SB, we estimate the Fisher equation by DOLS
and adding the corresponding step and trend dummies. After removing the insignificant

Variableﬂ we final selected model is the once reported in Table
[Table 12 about here.|

Via the implementation of the SB, we identify six significant structural breaks captured by
step and steptrend dummies. Similarly to what we find in the SDDS, the model specification
show very good fit of r, with lack of mispecification. Note that Information Criteria favour
the SDDS model. Figure [3| reports a graphical representation of the residuals together with
its ACF and QQ-plot. Again, accounting for structural breaks,.the relationship between the

short term interest rate and the inflation rate cointegrates
[Figure 3 about here.]

We find that also in this model specification the Fisher effect holds given that 5 € [0.829; 1.187]

with probability of 95%.

10We additionally run Autometrics over the final model with the “Large Residuals" option to control for
large residuals. This i denominated “I:2000(3-4)" in Table
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Finally, to give a visual representation of the similary of the structural breaks idenditied
by the SDDS and the SB procedures, Figure [4] reports the interest rate with the structural
breaks identified by vertical solid lines (breaks affecting the level component) while the vertical

dashed lines referring to breaks affecting the trend component.
[Figure 4 about here.]

The dynamics which emerges from Figure[4]is that there is almost a one-to-one correspondence
between the structural breaks identified by the SDDS and the SB. In particular, the differences
in the breaks dates are all within one quarter when comparing a break found by the SDDS with
the correspondent closest break found by the SB. We have that the two procedures validate
each other and this is an important result given that they are based on two completely different

logics.

6 Conclusions

In this paper, we proposed two novel procedures, the Dummy Saturation (DS) and the Sequen-
tial Bootstrapping (SB) model selection procedures, to estimate and date multiple structural
breaks in the deterministic components of a linear system. Through an extensive Monte
Carlo simulation exercise, we evaluated the performance of the two procedures considering
several data generating processes ranging from the simple location-scale model to the case of
cointegrating regressions, considering both conditional and marginal processes. We evaluated
the performance of the DS involving not only impulse indicators (IIS) but also step dummies
(SDS) and both step dummies and steptrend dummies (SDDS). In doing so, we were able
to select the significant regressors from a very large set (7' x 2 for the SDS and T x 3
for the SDDS) of candidate regressors. For the DS, we found that the retention rate of the
insignificant dummies is close to the chosen target size at the 1% significant level, while the
SB provided empirical sizes close to the nominal ones both at 1% and 5% significance levels.
When considering structural breaks affecting the level component, the DS showed good po-

tency and similarly to the SB good power. In particular, we found that the SDS had desirable
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properties in terms of potency and gauge, and it often outperformed the IIS when applied to
processes with broken level. When considering also breaks in the linear time trend component
(SDDS model), the potency decreased although the gauge remained well controlled. Further-
more, we evaluated the sensibility of SDDS model to the block method options provided by
Autometrics : the use of a random block method did not improve the overall performance
of the DS consistently with what reported in Doornik| (2009b). On the other hand, the SB
proved to have empirical size close to nominal one both at 1% and 5% levels for all the DGPs
considered, the only exception being the case of nonstationary autoregressive processes show-
ing slightly oversizes. Opposite to the SDDS case, the SB was not affected by the inclusion
of steptrend dummies in terms of both size and power. Finally, both the DS and the SB
procedures showed good performance considering broken marginal processes when regressors
are nonstationary.

We implemented the DS and the SB procedures to study to which extent the Fisher effect
holds in the U.S. economy. The application of the SDDS and the SB procedures leads us to two
important findings. First, the two procedures detected almost the same break dates affecting
the deterministic components of the Fisher equation. Second, the Fisherian hypothesis is
valid only when structural breaks are properly detected and modelled. In the light of the
profound instabilities experienced over the last decades, detecting and modelling structural
breaks may also be important to validate other well established economic relationships. The
robust procedures considered in this paper certainly help to undertake correct inference.

The findings in this paper suggsts some further reserach developments. First, it may
interesting to explore an extension of the framework proposed in this paper to identify breaks
affecting the slope coefficients. While this should not complicate the inference for the SB
procedure, the computational cost may increase substantially for the DS procedure. Second,
it will be useful comparing the performance of the our DS procedure with breaks in mean and
trend using Autometrics with the robust dummy saturation estimator proposed |[Johansen and
Nielsen| (2009).based on an M-estimator with a biased-corrected variance term. This is part

of an ongoing research agenda.
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Table 1: Marginal Models DGPs.

DGP

LS: Xy = 0.2—1—25-(:1 UjB]L:t‘i‘ut

ARs: mp = 0.2+ 0.6m-1 + Y0 v;BE, +
ARst: ¢ = 0.2+ 0.05¢t +0.6z,-1 + 31 v;BY, + g
ARns: =024+ m4 1 + ZJK:1 UijLt +u

Note: In order to achieve independence from the initial conditions, for the “ARs” and “ARst”
models we start the recursion to generate the x4 series at x_59 = 0 for t = —50, ..., 100 and then
we discard the first 50 observations. Similarly, for the “ARns” model, we start from z_1090 = 0,
t = —100,...,100, and then we discard the first 100 initial observations.
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Table 2: Correct Number of Breaks Detection for Marginal Models.

1IS SDS SDS SB (param.) SB(nonparam)
DGP T; Gauge Potency Gauge Potency Size Power NCB Size Power Size Power | Dummies’ coeff.
LS - 1.6 - 1.6 - 48.5 - - 1.4 - 1.5 -
24.1 - 18.5 - 100.0 - - 4.5 - 5.2 -
70 1.6 98.7 1.2 100.0 414 1000 586 1.2 100.0 1.0 100.0 vi=5
19.1 99.9 17.6 100.0 99.5 1000 0.5 53 100.0 5.4 100.0
20,40 | 0.5 49.9 0.9 98.8 35.8 100.0 642 1.5 999 1.1 100.0 | v =3,va=-3
16.4 91.2 20.6 99.2 98.9 1000 1.1 54 100.0 5.0 100.0
ARs - 1.6 - 3.4 - 65.3 - - 1.2 - 0.7 - -
25.7 - 24.6 - 100.0 - - 3.5 - 3.6 -
70 1.7 19.2 2.5 100.0 59.1 100.0 409 1.3 994 09 98.4 v =5
22.7 35.4 23.0 100.0 99.9 1000 0.1 54 1000 5.8 100.0
20,40 | 2.1 14.7 1.1 83.1 391 994 609 1.6 997 09 99.1 vy =5,v3 =5
24.3 44.0 19.7 96.7 99.2 1000 08 6.0 999 53 99.9
20, 30 1.2 81.9 1.3 99.8 44.3  100.0 55.7 1.2 999 1.2 99.9 vl = 5,03 =5
18.2 90.8 21.0 99.6 99.8  99.9 01 49 999 538 99.9
ARst - 1.6 - 3.4 - 68.9 - - 0.9 - 1.3 - -
27.7 - 21.3 - 100.0 - - 5.7 - 5.3 -
70 1.7 17.7 24 100.0 60.7 1000 393 0.8 991 09 98.1 vi=5
24.2 37.9 20.1 100.0 99.8 1000 0.2 52 1000 5.4 100.0
20,40 | 2.0 14.6 1.2 75.1 405 982 595 1.3 968 08 95.8 vl =5,v3 =5
26.2 45.3 17.1 95.4 99.3 999 0.7 55 993 52 99.2
20, 30 1.3 83.3 1.3 99.6 46.1 999 539 1.0 951 1.0 95.1 v = 5,03 =5
18.5 91.2 18.2 99.4 99.8 1000 02 50 994 54 99.3
ARns - 1.6 - 3.4 - 74.2 - - 2.0 - 1.6 - -
26.1 - 23.8 - 100.0 - - 7.4 - 7.6 -
70 0.7 38.8 1.3 100.0 44.0 100.0 56.0 2.8 100.0 25 100.0 v =25
17.7 66.3 19.6 99.8 99.7 100.0 0.3 10.7 100.0 11.6  100.0
20,40 | 134 73.1 0.9 98.6 37.0 1000 63.0 3.0 992 34 99.3 vy =3,v3 =5
28.5 82.7 17.7 99.1 98.6 1000 1.4 13.0 999 12.6  100.0
20,30 | 4.8 83.7 1.1 99.7 44.0 100.0 56.0 33 945 3.3 93.2 v = 3,03 =—5
21.9 91.8 19.1 99.4 99.6  100.0 04 120 994 135 99.4

Notes: The specification of the processes is given in Table [l} The numbers under the columns “gauge” and “potency”
represent the empirical retention frequencies of the null and non-null dummies respectively according to the DGP, while
the numbers under the columns labelled “size” and “power” are the empirical rejection frequencies of null hypothesis
about the number of breaks. For a detail of the null hypotheses, see the end of Section [I.I] Gauge and potency as well
as size and power for the SDS are computed only with reference to the step dummies. “NCB” denotes the percentage of
times a procedure detects the correct number of structural breaks according to the DGP. Finally, “-” indicates the no
break case and thus only gauge and size can be calculated.
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Table 4: Conditional Models DGPs.

DGP

Cs: y =02+ 08z + %1, ¥;BL, +u
zp = 0.6x:—1 + e

Cei: ye = 0.2+ 0.8z + 35| ViBi +
Tt = T—1 + e

CMs: = 0.2+ 0.8z + Y1y ¥, BE + 1w
20 = 0.5+ 0.6z, 1 + B/ + e

CMci:  y = 0.2+ 0.8x; + Zfil wiBiL,t g
2 =05+ 21 +uB" + e

Note: For the “Cs" and “CMs" models, we start the recursion to generate the ¢
series at z_50 = 0 for t = —50,...,100 and then we discard the first 50 obser-
vations. Similarly, for the “Cci" and “CMci" models, we start from z_100 = 0,
t = —100,...,100, and then we discard the first 100 initial observations.
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Table 5: Correct Number of Breaks Detection for Conditional Models.

118 SDS SB (param.) SB(nonparam)
DGP T; Gauge Potency Gauge Potency Size Power Size  Power Dummies’ coeff.
Cs - 1.5 - 1.9 - 1.6 - 1.5 - -
25.9 - 22.0 - 6.0 - 5.6 -
70 1.6 98.2 1.3 100.0 1.4 1000 1.1 100.0 Y =5
194 99.9 20.7 100.0 59 100.0 5.6 100.0
20, 40 1.0 97.4 0.8 99.8 1.3 1000 1.2 100.0 Py = 5,19 = =5
18.9 99.9 18.4 99.9 6.5 100.0 6.0 100.0
Cci - 1.6 - 1.8 - 1.3 - 1.2 - -
25.9 - 21.6 - 5.5 - 5.2 -
70 7.5 74.6 1.4 100.0 1.3 1000 1.5 100.0 Y =5
24.6 79.5 20.5 100.0 50 100.0 5.7 100.0
20, 40 1.7 95.5 0.7 99.8 1.2 100.0 0.4 100.0 P =5,y = =5
19.2 99.3 17.8 99.9 4.7 100.0 4.3 100.0
CMs - (90) 1.6 - 1.8 - 14 - 1.0 - v=—2
26.0 - 22.0 - 6.4 - 6.0 -
70 (90) 1.5 92.1 1.3 100.0 1.5 1000 1.2 100.0 P =5v=-2
19.2 99.0 20.0 100.0 6.8 100.0 5.9 100.0
20, 40 (90) 1.1 97.7 0.8 99.6 1.4 1000 1.3 100.0 | ¥ =5,y = =5, v =—2
19.0 100.0 18.3 99.8 59 100.0 6.0 100.0
CMci - (90) 1.6 - 1.8 - - 1.0 - v=—2
26.0 - 21.8 - 6.0 - 6.0 -
70 (90) 2.7 83.6 1.3 100.0 1.7 1000 1.8 100.0 P =5v=-2
20.0 93.3 19.7 100.0 45 100.0 5.6 100.0
20, 40 (90) 1.2 97.7 0.8 99.8 1.1 100.0 0.9 100.0 | ¥ =5,y = —5,v=—-2
19.1 99.9 18.0 99.8 49 100.0 5.3 100.0

Notes: The specification of the processes is given in Table The numbers in brackets in the column “T;" represent
the break dates affecting the marginal process. The numbers under the columns “gauge" and “potency" represent the
empirical retention frequencies of the null and non-null dummies respectively according to the DGP, while “size" and
“power" represent the empirical rejection frequencies of null hypothesis about the number of breaks. For a detail of the
null hypotheses, see the end of Section Gauge and potency for the SDS are computed only with reference to the
step dummies. Finally, “-" indicates the no break case and thus only gauge and size can be calculated.
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Table 7: Marginal and Conditional Models DGPs with Broken Linear Trend.
DGP name

ARSTr: p = 0.2+ 0.05t + 0.62,1 + Y1 (v;BE, + ¢,BE) +

ARnsTr: x; = 0.240.01t + 241 + Zszl(UjBiI:t + ¢J’BiT7t) + uy

CsTr: ye = 0.2+ 0.05¢t + 0.5z, + S/, (¥, B, + wiBL) +
e = 0.6x:-1 + €4

CeiTr: ye = 0.2+ 0.02t + 0.5z, + Y1) (¥, BE, + wiBL) + uy
Ty =Ti1+ €

CMsTr: ye = 0.2+ 0.05¢ + 0.5z, + Yot (¥, BE + wiBL) + wy

CMciTr: g = 0.2+ 0.01¢ + 0.5z, + Yoo ) (¥, BE, + wiBL) + wy
xy = 0.5+ 0.001¢ + 2¢—1 + UBtva + ¢BtTw T

Note: For the “ARsTr", “CsTr" and “CMs" models, we start the recursion to generate the
¢ (or yg) series at x_50 = 0 for ¢t = —50,...,100 and then we discard the first 50 observa-
tions. Similarly, for the “ARnsTr“CciTr" and “CMciTr" models, we start from z_190 = 0,
t = —100,...,100, and then we discard the first 100 initial observations.
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Table 8: Correct Number of Breaks Detection for Marginal and Conditional Models with Broken
Trend.

SDDS SB (param.) SB(nonparam)
standard blocks random blocks
DGP T; Gauge Potency Gauge Potency Size Power Size Power Dummies’ coeff.
ARsTr - 0.1 - 3.6 - 0.9 - 1.3 - -
2.8 - 13.5 - 5.7 - 5.3 -
30 0.6 56.0 4.0 58.2 1.1 992 1.2 98.5 vy =—=H
2.2 57.8 14.4 75.0 51 100.0 4.7 99.9 ¢ =0.1
50, 80 0.6 48.5 3.5 64.4 0.5 100.0 1.0 99.9 v = —8,v2 = =5
3.0 53.8 14.1 75.4 4.8 100.0 4.8 100.0 ¢ =0.2,0p =04
ARnsTr - 0.2 - 5.5 - 3.0 - 2.7 - -
3.5 - 13.9 - 8.7 - 8.6 -
30 0.7 49.3 5.8 68.5 0.7 100.0 1.1 100.0 v =-3
3.8 59.2 15.8 80.8 6.8 100.0 6.6 100.0 ¢; =0.05
50,80 1.1 49.6 5.2 64.8 0.8 951 1.1 95.7 vy =—3,v2=—5
3.8 57.1 15.6 79.9 50 99.3 6.1 99.5 01 =0.1,¢5 =0.4
CsTr - 0.4 - 0.8 - 1.1 - 1.6 - -
2.8 - 8.1 - 5.6 - 5.4 -
30 0.6 57.1 1.2 56.0 1.1 100.0 0.7 100.0 P = -5
2.1 54.6 9.6 67.4 48 100.0 4.7 100.0 w; =0.1
50,80 0.8 67.7 1.5 65.8 0.8 100.0 0.7 100.0 Py = =8,y = =5
2.7 61.5 9.9 70.5 3.8 100.0 4.5 100.0 wy = 0.2,wp =04
CciTr - 0.5 - 0.7 - 1.4 - 1.0 - -
2.6 - 8.4 - 5.4 - 5.4 -
30 0.6 56.3 1.2 56.1 0.8 100.0 0.7 100.0 P =—
2.0 56.7 9.9 67.6 3.5 100.0 4.7 100.0 w; =0.1
50,80 0.8 64.1 1.5 64.5 1.0 100.0 0.5 100.0 Yy = =8,y = =5
2.7 58.6 10.4 72.0 46 100.0 5.0 100.0 w1 =0.1,wy =04
CMsTr - (90) 0.3 - 0.7 - 0.8 - 1.3 - v=-2,¢=-0.1
2.7 - 8.7 - 6.1 - 6.1 -
30 (90) 0.6 57.2 1.1 57.2 0.6 100.0 0.7 100.0 Y =—b,w1 =0.1
2.1 56.0 10.0 69.6 49 100.0 5.0 100.0 v=-2,¢=-0.1
50, 80 (90) 0.8 63.4 14 68.9 0.7 100.0 0.7 100.0 | 9 = —8,99 = —H, w1 = 0.1,wp = 0.4
2.6 60.6 10.3 71.3 3.9 100.0 4.3 100.0 v=-2,¢=-0.1
CMciTr - (90) 0.5 - 0.7 - 0.7 - 1.3 - v=-2,¢=-0.1
2.4 - 9.2 - 3.9 - 4.7 -
30 (90) 0.5 63.3 1.1 63.4 1.1 100.0 0.8 100.0 ;= —8,w1 =0.1
1.6 59.3 9.3 70.1 44 100.0 3.7 100.0 v=-2,¢=-0.1
50, 80 (90) 0.8 55.9 1.5 64.1 09 99.7 0.7 99.5 Py = =8,y = =5, w1 = 0.1,wp = 0.4
2.5 58.6 10.0 71.8 4.4 100.0 4.3 99.9 v=-2,¢=-0.1

Notes: The specification of the processes is given in Table m The numbers in brackets in the column “T;" represent
the break dates affecting the marginal process. The numbers under the columns “gauge" and “potency" represent the
empirical retention frequencies of the null and non-null dummies respectively according to the DGP, while the numbers
under the columns denoted “size" and “power" are the empirical rejection frequencies of null hypothesis about the
number of breaks. For a detail of the null hypotheses, see the end of Section @ Gauge and potency for the SDDS are
computed only with reference to the step and steptrend dummies. Finally, “-" indicates the no break case and thus only
gauge and size can be calculated.
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Table 10: SDDS Procedure: Final Selected Model for the Fisher Relationship.
Coefficient Std.Error t-value  t-prob

Constant -0.5732 0.1053  -5.440 0.000

Trend 0.0253 0.0049 5.120 0.000

Ty 0.9520 0.0488  19.500 0.000

Amy_s 0.2351 0.0775 3.030 0.003

ATy 0.7045 0.0993 7.100 0.000

ATyis 0.2638 0.0847 3.120 0.003

ATy 0.6827 0.0843 8.100 0.000

ATy 0.5917 0.0967 6.120 0.000

S:1990(4) -0.4132 0.1477  -2.800 0.006

S:1991(1) -0.4151 0.1526  -2.720 0.008

T:1994(2) 0.3244 0.0287  11.300 0.000

T:1995(1) -0.3178 0.0302 -10.500 0.000

S:1998(4) -0.3559 0.0966  -3.690 0.000

S:2000(3) 0.7176 0.1338 5.360 0.000

T:2000(3) -0.3866 0.0304 -12.700 0.000

T:2001(4) 0.3469 0.0334 10.400 0.000

S:2005(3) 0.9773 0.1000 9.770 0.000

S:2008(1) -0.9225 0.0901 -10.200 0.000

1:2005(3) -0.6259 0.1451  -4.310 0.000

Adj. R? 0.9817 AIC  -3.976

HQ -3.776

SC -3.484

AR 1-5 test: F(5,77) = 2.316 [0.0515]

ARCH 1-4 test: F(4,93) = 1.646 [0.1693]

Normality test: 2(2) = 0.623 [0.7325]

Hetero test: (27 71) = 1.026  [0.4489]

RESET23 test: F(2,80) 0.701 [0.4991]
Note: LYYYY(Q) indicates an impulse dummy (Bz{t = Ig—vyyvyv@)})

S:YYYY(Q) a step dummy (BiL’t =I>vyyy(Q)y) and T:YYYY(Q) a steptrend
dummy (B, = (¢ = YYYY(Q) + DIge>vyyyy(Q)})-
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Table 11: Break Dates Selected by the SB Procedure.
Date 1994Q2 2005Q4 2002Q1 2008Q1 1991Q1 1998Q4 1095Q2 2000Q4

P p-value  0.000**  0.000**  0.000**  0.000**  0.000**  0.010** 0.404 0.141
NP p-value  0.000**  0.000%*  0.000**  0.010**  0.000** 0.020* 0.343 0.242

k%

Notes: The bold dates represent the statistically significant structural breaks. indicates significance
at 1% while * significance at 5%. Both parametric (P) and nonparametric (NP) p-values are computed
according to 99 bootstrap replications. For each significant break date a step and steptrend dummies are
created in order to estimate the final model reported in Table
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Table 12: SB Procedure: Final Selected Model for the Fisher Relationship.
Coefficient  Std.Error t-value  t-prob

Constant -0.6934 0.1749  -3.960 0.000

Trend 0.0238 0.0055 4.320 0.000

Ty 1.0080 0.0895 11.300 0.000

Ao -0.3078 0.1380 -2.230 0.028

ATy 0.3136 0.1191 2.630 0.010

ATy 0.8419 0.1579 5.330 0.000

ATyys 0.6665 0.1296 5.140 0.000

ATy 0.7949 0.1340 5.930 0.000

ATy 0.5240 0.1517 3.450 0.001

S:1991(1) -0.6555 0.1411  -4.640 0.000

S:1994(2) 1.0446 0.1303 8.010 0.000

T:1998(4) -0.1076 0.0118 -9.100 0.000

T:2002(1) 0.0821  0.0170  4.830  0.000

S:2005(4) 0.9405 0.1496 6.290 0.000

T:2005(4) -0.0368 0.0169 -2.170 0.033

S:2008(1) -0.5456 0.1839 -2.970 0.004

1:2000(3-4) 0.7510 0.1581 4.750 0.000

Adj. R? 0.9511 AIC  -3.008

HQ — -2.830

SC -2.568

AR 15 test:  F(5,79) — 2.006 [0.0863

ARCH 1-4 test: F(4,93) = 0.606 [0.6594]

Normality test: 2(2) = 3.103 [0.2119]

Hetero test: F(27,73) 1.224  [0.2455]

RESET23 test:  F(2,82) = 2326 [0.1041]
Note: LYYYY(Q) indicates an impulse dummy (Bil,t = T—vvyyy(Q))s

S:YYYY(Q) a step dummy (Bl-LJ = I>vyyy(Q)y) and T:YYYY(Q) a steptrend
dummy (Bf, = (t = YYYY(Q) + DIfs>vyyv(Q)})-
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Figure 1: Three months Treasury Bill rate () and inflation rate ().
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Figure 2: SDDS procedure final selected model plots. The first plot reports the residuals é; time
series. The second plot reports the autocorrelation function of é; up to the 20" lag. The third plot
reports the QQ-plot of é; against a standard normal.
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Figure 3: SB

procedure final selected model plots. The first plot reports the residuals é; time series.

The second plot reports the autocorrelation function of é; up to the 20" lag. The third plot reports
the QQ-plot of é; against a standard normal.
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