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Motivation

@ lllustrate the efficiency of recent advances in Monte Carlo simulation,
especially

» Multilevel methods initiated by M. Giles (M LMC, 2008)
» weighted Multilevel methods developed in (M L2R, Lemaire-P., 2013).

@ to speed up Nested Monte Carlo simulation. ..

@ which is a key numerical tool in actuarial sciences, e.g. to compute
risk-based funding requirements, typically Solvency Capital
Requirement (SCR), for Life insurance problems and contracts
exposed to longevity risks.

A simulation benchmark devoted to multilevel methods is available at the
url

https:simulations.lpma-paris.fr
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simulations.lpma-paris.fr

A stylized toy model for SCR
(inspired by [Bauer et al., Math. & Econ. 2010])

@ A risky asset process and a short rate Vasicek model

dAt = At (’l“tdt -+ O'Ath), Ao > O,
dry = k(€ — Aor r¢)dt + o,dB, 19 >0,

K

Xt = (At,rt) with {

(W, B) Brownian motion with (W, B); = pt, pe (—1,1) under risk
neutral probability Q.
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A stylized toy model for SCR
(inspired by [Bauer et al., Math. & Econ. 2010])

@ A risky asset process and a short rate Vasicek model

dAt = At (’l“tdt -+ O'Ath), Ao > O,
dry = k(€ — Aor r¢)dt + o,dB, 19 >0,

K

Xt = (At,rt) with {

(W, B) Brownian motion with (W, B); = pt, pe (—1,1) under risk
neutral probability Q.

@ History of the model = filtration

W,B)

Fo=F"P = 7 e 0,1,
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A stylized toy model for SCR
(inspired by [Bauer et al., Math. & Econ. 2010])

@ A risky asset process and a short rate Vasicek model

dAt = At (’l“tdt -+ O'Ath), Ao > O,
dry = k(€ — Aor r¢)dt + o,dB, 19 >0,

K

Xt = (At,rt) with {

(W, B) Brownian motion with (W, B); = pt, pe (—1,1) under risk
neutral probability Q.

@ History of the model = filtration

B = FAT e (0,1,

Fi=7F
@ Yearly cash flows from the insurance company perspective over [0, T

(A1), k=1,...,T, hence Fy-adapted sequence.
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@ Available capital at time t =0

T
ACO = ANAVQ + EQ Z e~ fok rsdsﬂ'k(Alzk) € R.
k=1

=PVFP
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@ Available capital at time t =0

T
ACy = ANAV, + Eq Z e fOk rsdsﬂ'k(Alzk) € R.
k=1
=PVFP
@ Available capital at timet =1
r k
ACT = g(Ar) +Eq Z e Jo T“duﬂ'k(Al;k) | F1| = Eq [ .. ‘fl] .
k=1

=ANAV,
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@ Available capital at time t =0

T
ACy = ANAV, + Eq Z e fOk rsdsﬂ'k(Alzk) € R.
k=1
=PVFP
@ Available capital at timet =1
r k
ACT = g(Ar) +Eq Z e Jo T“duﬂ'k(Al;k) | F1| = Eq [ .. ‘fl] .
k=1

=ANAV,

@ One-year loss function L evaluated at ¢t =0

ACy
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Solvency Capital Requirement as a quantile
@ SCR at (confidence) level o€ [0, 1] [Bale II: v = 99.5%].

SCR = VaRa(L) = sup {Q(L <y) < a}.
y
e Computing SCR = compute a-quantile (a-Value-at-Risk).
» Gaussian approximation based on (mean(L), variance(L)) estimation.
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Solvency Capital Requirement as a quantile
@ SCR at (confidence) level o€ [0, 1] [Bale II: v = 99.5%].

SCR = VaRa(L) = sup {Q(L <y) < a}.
Y
e Computing SCR = compute a-quantile (a-Value-at-Risk).
» Gaussian approximation based on (mean(L), variance(L)) estimation.
» If L can be simulated at a reasonable computational cost, simulation
based methods
* Extreme values (Embrecht et al., 1997)
* Invert the empirical cumulative distribution function ([Egloff-Leipold,
2007])
* Robbins-Monro algorithm [Bardou et al., MCMA, 2011]

+ (for the last two cases)

Control variate & Importance sampling
([Glasserman], [Arouna, 2009], [Lemaire-P., AAP, 2011] , etc. )
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Solvency Capital Requirement as a quantile
@ SCR at (confidence) level o€ [0, 1] [Bale II: v = 99.5%].

SCR = VaRa(L) = sup {Q(L <y) < a}.
y
e Computing SCR = compute a-quantile (a-Value-at-Risk).

» Gaussian approximation based on (mean(L), variance(L)) estimation.
» If L can be simulated at a reasonable computational cost, simulation
based methods
* Extreme values (Embrecht et al., 1997)
* Invert the empirical cumulative distribution function ([Egloff-Leipold,
2007])
* Robbins-Monro algorithm [Bardou et al., MCMA, 2011]

+ (for the last two cases)

Control variate & Importance sampling
([Glasserman], [Arouna, 2009], [Lemaire-P., AAP, 2011] , etc. )

@ First step toward SC'R = Probability level computation i.e.
Q(L <y) =Eqlpy(L)] with oy(u) = 1p 0)(u).
7.09.2015  5/36



@ Second step : recursive level earch

such that

Stochastic counterpart?
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Nested Monte Carlo

[Devineau-Loisel, 2009], [Broadie et al., 2010].
@ Here L cannot be simulated exactly because L = Eq[. | Fi]. But
@ AC)j can be computed by direct Monte Carlo methods and ...

—fkr ds
L = Eq|A(e fr® 4, k=1:7)|7]
Markov property implies

L = Eq -F<(wﬁ+s_‘mﬁn£h+s_“BlkemjbﬂvfhaTl)‘QX

ZUX =XeR
= EqQ[F(Z,X)|X] = [EQ [F (2, 5)]]

e=x"
= AX) with F(Z,X)e L*(Q, A, P).
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e Strong Law of Large numbers I: (X;) i.i.d. copies of X = (A41,71).

Then
Lf = AXy), £ > 1, arei.i.d. copies of L
so that
1 al L?-a.s.
v lwe Q<)

outer simulations
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e Strong Law of Large numbers I: (X/) i.i.d. copies of X = (Ay,r1).
Then
Lf = AXy), £ > 1, arei.i.d. copies of L

so that
1 N L2-a.s
~ Y. gy —EQIL<Y).

=1 .
outer simulations

@ Strong Law of Large numbers II: Let (Zﬁ)k,z>1 iid. 1L (Xy)e.

2_
F(ZL X)) "% L' as K — +oo.

Mx

{

k:
inner simulations

where h = =, If Q(L =y) =0,
¢ L?
Y, = l{iflgy} — Yy = 1{L<y} as K — +4o0.
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The Nested Monte Carlo estimator is defined by

1 N
Y= NZY{
(=1

with

{ _ _ _
Vi =Lty = YL oK pzt x)<)

satisfies

2_ 1
NS B Yo = QL < y) as h=— =0, N — +oo
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Analysis of a crude Nested Monte Carlo |
In the spirit of [Broadie et al. 2010]
@ The level estimator is biased since
EqYa] = Q(Ln<y)
— Q(L<y)+cth+O(h?)  [Gordy-Juneja, 2010].
= Eq[Yo] + c1h + O(h?)

_ 1 ;
hence /» = ;- does appear as a bias parameter.
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Analysis of a crude Nested Monte Carlo |

In the spirit of [Broadie et al. 2010]
@ The level estimator is biased since

Eq[Yi] = Q(Ln<y)
— Q(L<y)+cth+O(h?)  [Gordy-Juneja, 2010].
= Eq[Y0] + cih + O(h?)

hence h = % does appear as a bias parameter.
@ Compute the Mean Squared Error

MSE(IY) = |[Iy = Q(L <y)ll5 = (bias(I}))? + var(I}))
2192 V&I‘(Yh)
~ h —_—
Cl + N
9 o  var(Yp)
=~ h —
cih” + N

(hence + is a variance parameter).
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Analysis of a crude Nested Monte Carlo Il

. . . ) _ _ N
o Complexity of the global simulation: Cost(h, N) = N x K =

@ Optimization of the simulation: Let € > 0 a target quadratic (L?)
accuracy

min

Cost(h, N).
MSE(I}N)<e?
@ Solution:

K*:i:‘/gcl

3var(Yp)
and N*"=—
h* € 2 g2
N——
inner outer
and a resulting complexity
3
32 Y(
Wt (N = S avar(to)
2 g3
versus
var(Yp)
£2

for an unbiased simulation (if Yy = 1;7<,)) were simulatable).
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Can we improve that?

> Recent breakthroughs to speed up biased Monte Carlo simulations:
@ Multistep Richardson-Romberg extrapolation (P. 2007, MCMA)
@ Statistical Romberg (Kebaier, AAP, 2006, Ben Alaya-Kebaier,
Bernoulli, 2014),

@ Multilevel Monte Carlo (MLMC, Giles, 2008, Oper. Research) and
many other co-authors or contributors (Belomestny, Dereich, Lemaire,
Miiller-Grunbach, P., Ritter, Sprutz, etc)

@ Multilevel Richardson-Romberg (ML2R) simulation (Lemaire-P. 2013,
to appear in Bernoulli, ArXiv 1401.1177v3).

> Other (recent) applications of similar ideas to Robbins-Monro stochastic
zero search algorithms (Stochastic Approximation) by Frikha (2014),
Lemaire-P. (2015, in progress), etc.
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Regular Multilevel Monte Carlo framework(s)

e Y, € L?(P) not simulatable real-valued random variable.
@ Aim: compute E [Yj] with a given accuracy ¢ > 0.
o Let Y€ L3(P), h € D:= {® n > 1}, be simulatable r.v. satisfying:

» Higher order bias error expansion (weak error expansion):
(WEa.r) = E[Y3] = E[Yo] + c1h® + coh®* + -+ + ¢, h*F + o(RT).
» Strong approximation error assumption:

(SEg) =Vhe D, ||V = Yo[2 =B ||V - o] < van.

» Unitary simulation complexity: k(h) =

S =

R =1~ MLMC (Giles, 08) and R >2~» ML2R (Lemaire-P., 13)
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Introduction

Typical setting: diffusions

We want to compute to compute by a Monte Carlo simulation.

Io =E[Y].

(to compute AC!).

> Let (Xi)iepo,r be a Brownian diffusion. We want to compute by a
Monte Carlo simulation and let

Iy=E[Yy] with Yy=(X,).

> Yy = o(X"), (X])iepo,r) scheme with step h = L (Euler, Misltein).
@ ¢ smooth: 5 =1 (Euler) or 5 =2 (Milsein) and (WE, ), o =1
(Talay-TU baro), [depending on drift b and diffusion o regularity].

e ¢ indicator function: § = 1/2 and (WE, r), o = 1 (Bally-Talay)
[depending on regularity of b and o and strong Hérmander ellipticity assumption].

> Extensions to Lévy driven diffusions (R = 1), fractional, PDM P, etc.
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Introduction

Back to Nested MC I: weak approximation rate
Let R > 2 be an integer. Let o : R — R.

K
h:%,Yo:@(L) Yh:go(f/h):ng(Il(kZlF(Zk,X)).

Theorem (Smooth functions (Lemaire-P. '13): )

¢:R — R be a2R + 1 times differentiable function with bounded

derivatives o®) k= R+1: 2R + 1. Assume X € L2F+1,
R

VheD, Eqlp(ln)]=Eqle(D)]+ 3 e + OMFH).

r=1

> Conclusion for Eq [¢(L)] computation, ¢ smooth:
(WE,r) with «o=1.
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Introduction

Theorem (Indicator functions ¢ = ¢, = 1(_,,, (Lemaire-P. '15+):)
Assume (L, Ly,) has a density. If X is monotonic, \, f, and fLip,—1=¢ are
C2E and
- 2R—k ¢(k) —
|y\li>m+oo |y| fL\Eh—ng(y) - 07 v§€ R> Vke {07 ce 72R}a

then, uniformly in y € R,

R
Q(Lr<y)=Q(L<y)+ Z E [P (L)1)

r=1

g K+ O(hfre).

@ Extends former results (for R = 1) by [Gordy & Juneja '10],

@ Conclusion for Q(L < y) = Eq [¢y(L)] computation, ¢, indicator
function: again
(WE.gr) with a=1.
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How to “kill" this bias under (WE, ), R > 2?7

i.e.
How to take advantage of our higher order expansion to kill the bias faster?
Multistep Richardson-Romberg extrapolation . 2007

> We introduce refiners an increasing R-tuple

QZ(m,nQ,...,nR)GNR s.t. n1:1<n2<...<nR

and

the resulting refined approximations Y (simulated with complexity %)

> Example of Nested MC: As K = % the refiners expand the length of the
inner simulations, namely

n; K
K i - Yo = (py<n'1K ZF(Zk,X)).
(3 T k::1
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Multistep estimator

> Let w = (w1,...w,) € R and the weighted sum

iwi [Yhywaﬁ [sz ol Zwlfif(h)“]

(%) if =1
+V~VR+lth°‘R+0(hO‘R)
R—1 R
interchange ¥ = = E [YO] + Z crh®” [Z w; ni_aT]
r=1 =1
(3x) if =0
—}—VTIRHthO‘R + o(haR)
tfgn E [Yb] + R+10RhaR + O(haR)
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Multistep estimator

Equations (x) and (%) read as a Vandermonde system

1 1 .. 1 1

1 ny e n.® 0
. W =

1 ny (R n o n;a(Rq) 0

.. whose solution w admits a closed form given by Cramer's rule:

ViE{l,...,R}, W; =

1<t <J<R
(—1)R-1 R
Furthermore = Z o (n! = Hnl)
n!
i=1

These weights w; and w,,,, only depend on «.
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Multistep estimator

The origins: Multistep estimator

> Multistep Richardson-Romberg estimator

Definition (Multistep Richardson-Romberg estimator: 7 = (h, R, n))
L N R
=] 1=

where (Yé)lgisR’ ¢ >1, are i.i.d. copies of (Y )

. n;
ng 7

1<<R

@ When Y}, = f(X 1 ) this corresponds to Euler schemes computed on
the same underlyiné B.M./Lévy process.

@ Excellent bias killer. .. But the cost of the estimator grows linearly in
R for a prescribed M SE = £? (quadratic error). . . even with
optimized refiners n; =4, 1 =1,..., R.
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Multistep estimator

Introduction of the multilevel paradigm
> We go backward using an Abel transform (with Y ) = 0):

no

R

ElYo] = Y w E[Yh}— W cph®f —
=1
R

g ni—1

(Wz—i- +w ) |:Yh—Yh:| —V~VR+ICRhaR...
W,

R
= E[v"|+Y WE [YSP - Y“,{} S L
i=2 i !

“small”

where (Y(i))Z 1,..r are i.i.d. copies of (Yh Ji=1,..r-
> This suggests to introduce the multilevel paradigm introduced by M.
Giles [Giles, Oper. research, 2008] ...
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M L2R estimator

Multilevel Richardson-Romberg Estimator (M L2R)

> ...i.e. to perform a stratification of the coarse and n;-refined levels by
assigning
N; = ¢;N simulations to level i.

Definition (M L2R Estimator = (h, R, n,q))

hn‘ NZ

(i —y@ ) N>1,

ni—1

e =
0] "i

R noz(Rfl)
o W, =) (-1 - L i=1,....R.
= IT e =n9) I (g —n)
1<j<r r<j<R

e IfW;=1,i=1,...,R ~ Giles' regular MultiLevel MC (M LMC).
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What about Variance, complexity and effort?

> var (th?rﬁ’q) = N Z
i=1

Var(Yh —-Y » )
1

ng Mg

R

p B
= @ n; Mo
R
> Comple)ﬂtv( Yh Z
=1
> Effort (Yh]\i;q) = variance x Complexity [Free of N]

= Z—va (Y( Yi ) qul
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What is the effort and “why" (Checklist!)

Effort ()
Complexity (7, N)

MSEN) = VN~ (Yo 3 = Bias(¥,%9)* +

and our target problem is

Effort(m
min Complexity (7, N) = = (_])V 3
T, MSE(Y, ) <e? €2 — Bias (Yh T;q)

@ ¢ = prescribed RMSE (L?-error).
@ The parameters of the simulation to be optimized are

‘7'[: (h,R,nl,...,nR,ql,...,qR).‘

(with b = 4 for Nested MC)
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M L2R estimator

Everything can be optimized explicitly in the parameter 7.

From now on

| ni=M"", i=1...R.|

where M is an integer M > 2.
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Rate optimal parameters for M L2R (with

— M1y
2
. L log(@h) | (1 log(cvh))"  log(l/c)
2 log(M) 2 log(M) alog(M)
h! (14 2aR)mmean M5 |
h
. 5
g1 =p (1+6h2)
T
q 8 n;, G +n;
= pt0ne | [W(R, M| |,
qﬂ 12 ’ J( ) m
2
_8  _s
var(Yp) [ 1+ 6n? Z|W R,M)|( n; 2 +n; > NIRRTy
j=1
N 1 -1 R
<1+2R) Zlqj(njfl +n5)
=
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M L2R estimator

s if6>1,
inf Cost ( ) 3 K5 =1
heD,R=>2 o ifB<1
¥4~ Io |3 <e? - ~ ’
o =o(e="),¥Yn>0)
ase — 0.

These bounds are achieved (with M = 2 if f < 1) and an order

1 1og(hzi)+\/(1 loglie i))2+210g(1/5)
)

2 + log(M alog(M)

and a closed from for the bias parameter h* = h*(e, R(¢)) € (0, h].
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M L2R estimator

Theorem (Main result (MLMC) when n; = M !, i=1,... R.)
The MLMC estimator satisfies
g2 if 3 >1,
, 2i)nIf%>2Cost (Y,f\;;q> < Kyrpae(a, B, M) 2 e 2(log(1/e))? if =1,
€D,R> e N
IARSATEE eixea  ifB<L
These bounds are achieved with an order
= i log((1+ 2a)3|ei|=h)  log(1/e)
B log(M) alog(M) |’
and a closed from for the bias parameter h* = h*(e, R(¢)) € (0, h].
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Rate optimal parameters for MLMC (with
n;, = My'il)
R 1
{ * alog M

1

h1 {(1 +20) %% <|5|) : M_(R_l)—‘
C1 h

@ = (1+0h%)

10g(|01|/€)J

q n,+n
q; = N*ehg -

R
_B _B
var(Yp) | 1+ oh Z <nj21 +n, 2) nj_1+mn;

Jj=1

1 -1 R
e’ (1 + 2a> Zqu(nj—l +n;)
‘7:

V. Lemaire & G. Pagés (LPMA-UPMC) MultiLevel for nested MC 7.09.2015 29 / 36




_ Motivation Introduction Multistep estimator 1/ [.2R estimator _Applications and numerical experiments Quantile searc
Back to Nested Monte Carlo Il

@ Weak approximation rate: o = 1.
@ Strong approximation rate: X € L? and X, F(Z, X) absolutely

continuous.
1 1 1 &

h=— h=— L=Eol|F(Z X)|X], L, = — F(Z., X
K’ K’ Q[ (a )| ]a h K; (ka )

2~ L <

2
(203 = [EEIO)[3) 18— 1]
so that, with Yy = (L) and Y}, = ¢(Ly), h > 0
» If ¢ is Lipschitz then 5 =1

Vh,hl 2 O7 HYh - Yh/ = HQO Lh (Lh/)

[ ]L]pCL X|h h |
> |f Y =@y = 1(700,1/] and Le Lp, P 2 2' then 8 j % < 1 since
< CO(”fLHsup + 1)%|h — h'|m
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Applications and numerical experiments

Numerical Applications
SCR computation in [Bauer et al]. model with confidence level o = 0.92
but without variance reduction (I.S., etc).

10000 ‘
MC —%—
9210 ML2R —+—
1000 MLMC 1
2-10 270

=
(=3
(=]

—
o
X
T

N

o
o

T

CPU-time in seconds
-
w
]
1

—
®

0.01 z 2
AN
0.001 = \%
2

—11 2—10 279 278 277 276 275 274 273
Empirical RMSE £,

Figure: M L2R — vs Nested Monte Carlo — (and vs M LMC —)
e =271020.001: ML2R + (12 sec); Nested Monte Carlo x (1200 sec)
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Applications and numerical experiments

CPUTime fn secon da]

Empirical R SE [quadratic eror]

Figure: The same compared to Virtual unbiased simulation
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Applications and numerical experiments

> If e =0.001 then

ML2R Nested Monte Carlo for level probability and a-quantiles goes 100
times faster than an optimized crude Nested MC.

> HPC implementation: Processing the M L2R simulation on a GPU (in
CUDA or OpenCL) yields a second extra multiplicative 100 factor.

> Conclusion: Huge computation time contraction
3 hours =1 second.

1 year ~ 1 day

Thank you for your attention
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Applications and numerical experiments

Theoretical application.

Theorem (Cornish-Fisher’s expansion)

Quantile expansion : Let 6" an a-quantile of Fr,, a€ (0,1). Under the
above assumptions of the above theorem

R
SCRL: = SCRS + Y xoh" + O(RF+3)

r=1
v
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Quantile searc

Quantile search by Stochastic Approximation

@ Deterministic recursive zero search procedure: Let ac€ (0,1).

OV =0 — v (QIL < 0Y) )
withVN:%, %<c<1. Then N — 6, as N — +oo.
@ Stochastic zero search Robbins-Monto procedure: Assume
y — Q(L < y) is unknown but L is simulatable. Let (LN)N>1 be
i.i.d. copies of L:
9N+1

9N - '}/N+1(1{LN+1<9N} - Oé)

0N — N1 (QL < OY) = a) + v (QIL < V) =1 pniigony)

:ZAMN+1
with AMpy 1 is a martingale increment perturbation since

QL <y) =E 1yl
As 0 — Q(L < 0) is increasing one has

(Q(L < 0) — )0 —0,) > 0.
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__ Motivation _Introduction _Multistep estimator 1/ L2R estimator_Applications and numerical experiments_Quantile searc!
Robbins-Monro procedure

o Let g : R — R be a vector field having a representation
9(0) =EG(0,Yo)

with respect to a simulatable random vector Yj.

> (i) Step decrease: yn = J%, % <c<1
> (it) Mean reversion: ¥ 0 # 0*, (g(0) |6 — 6*) > 0.
> (iii) Linear growth (in L*): V0 R, ||G(6,Yy)], < C(1+16]).
then the Robbins-Monro procedure
9N+l — 9]\/ o ,7N+1G(0N,}/E)(N+l))
converges toward its “target™

oN — 0*  a.s.

@ When g = VV, V (strictly) convex : stochastic gradient descent, etc.
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