Emerging Markets Group

EMG Working Paper Series
WP-EMG-01-2024

‘Factor Models with Downside Risk’

Daniele Massacci Lucio Sarno Lorenzo Trapani

July 2024

Emerging Markets Group Bayes
Business School City University
106 Bunhill Row London EC1Y 8TZ UK
www.bayes.city.ac.uk/emg/



Factor Models with Downside Risk”

Daniele Massacci' Lucio Sarno’ Lorenzo Trapani®

This Version: July 2024

*We are grateful for comments and suggestions to Kay Giesecke (Editor), an anonymous Associate Editor, two
anonymous Referees, Tim Bollerslev, Adam Farago, Massimo Guidolin, Alexandros Kostakis, Alessandro Melone,
Olivier Scaillet, Michael Weber, Dacheng Xiu and to participants at presentations held at: the 31st EC? Conference,
Paris, 11-12 December 2020; the 14th International Conference on Computational and Financial Econometrics (CFE
2020); the 9th Italian Congress of Econometrics and Empirical Economics; the 2022 Annual SoFiE Conference; the
University of Essex; the University of Liverpool; and the University of Verona. All errors are our own. For the
purpose of open access, the authors have applied a Creative Commons Attribution (CC BY) license to any Author
Accepted Manuscript version arising from this submission.

tDaniele Massacci is with King’s College London, the University of Naples Federico II and CSEF. Email:
daniele.massacci@kcl.ac.uk.

fLucio Sarno is with the University of Cambridge, Cambridge Judge Business School, Girton College and the
Centre for Economic Policy Research (CEPR). Email: l.sarno@jbs.cam.ac.uk.

SLorenzo Trapani is with the University of Leicester and the University of Pavia. Email: 1t285@leicester.ac.uk.


daniele.massacci@kcl.ac.uk
l.sarno@jbs.cam.ac.uk
lt285@leicester.ac.uk

Factor Models with Downside Risk

We propose a conditional model of asset returns in the presence of common factors and
downside risk. Specifically, we generalize existing latent factor models in three ways: we show how
to estimate the threshold which identifies the “disappointment” event triggering the bad state of
the world; we permit different factor structures for asset returns in good and bad states; we show
how to estimate consistently the conditional risk premia of observable factors from the estimated
latent factors. The usefulness of the model is illustrated with an empirical application to a broad

cross-section of stock portfolio returns.



1 Introduction

A growing body of research argues that the cross-section of asset returns should and does
reflect a premium for bearing downside risk. This risk premium compensates investors for holding
assets that covary strongly with the market when the market declines or is abnormally low: such
assets are undesirable precisely because they offer particularly low returns in bad times. For
example, Ang, Chen, and Xing (2006) find a downside risk premium in the cross-section of US
stock returns, a result confirmed by Farago and Tédongap (2018) using a five-factor conditional
model. Lettau, Maggiori, and Weber (2014) show that a conditional capital asset pricing model
that allows for downside risk can explain not only US stocks, but also the cross section of returns
in currency and other major asset classes. These results are consistent with the original conceptual
framework of Markovitz (1959), who advocated using semivariance as a measure of risk, rather
than variance, because semivariance measures downside losses rather than upside gains.

In the presence of a downside risk premium in asset returns, the unconditional, linear asset
pricing model, which constitutes the workhorse model of empirical asset pricing, is misspecified. A
conditional model is required to characterize the different dynamics of asset returns and properties
of risk premia in good and bad states of the world.! However, estimation and inference for asset
pricing models with downside risk is a challenging task. This is because allowing for different
regimes means that: the number of risk factors in the model may be different between good and
bad states of the world; the risk exposures on the factors may also change across states; the
“disappointment event” that triggers the downside state is, in general, unknown; and, finally,
the estimation of risk premia in this context, taking downside risk into account, needs to be
fully developed. Our paper offers a methodological contribution, addressing all these issues, and

presenting a conditional model of asset returns in the presence of common factors and downside

1To be clear, the existence of downside risk premia does not inherently render any linear asset pricing model
misspecified. However, the workhorse model in asset pricing is based on a linear specification that imposes symmetry
in the exposure to risk and is, therefore, unable to capture the downside risk premium. A conditional linear model
that allows for asymmetric exposures to risk in the pricing equation is required, while the standard linear model
that assumes symmetric exposures displays nonzero pricing errors when the true data generating process is a
conditional linear model. Moreover, in the presence of a downside risk premium, the unconditional linear model
also displays higher mean squared prediction errors. See Section A.1 in the Internet Appendix for a formalization of
the notion of conditional versus unconditional specification, and the nature of misspecification in the unconditional
linear model in the presence of a downside risk premium.



risk; further, we consider a latent factor model approach, which allows to span the entire factor

space as advocated by Giglio and Xiu (2021).2

This setup is general enough to also encompass
previous models with downside risk, while allowing for different common factors across states and
estimation of the threshold determining the downside state.

We make at least three contributions to the literature on factor models of asset returns. First,
we develop a model where the state of the world is conditional within the model (i.e. the state
at time t + 1 is predicted on the basis of information at time t), and estimate the value of the
threshold that triggers the switching from one state of the world to the other. This is different
from the existing literature cited above, which determines the disappointment event in terms
of the relative position of the contemporaneous market return with respect to a threshold value
that is set a priori equal to a pre-specified value. In essence, existing models of downside risk
assume that the state of the world is known within the model, whereas in our model the switching
between states is driven by a conditional expectation of a variable (or set of variables) crossing
an unknown threshold value. This is achieved by generalizing the inferential theory for panel
threshold models proposed by Massacci (2017) to the case where the number of common factors
and their loadings are allowed to differ across states.®> Second, we develop a procedure to estimate
the number of common factors in a model with downside risk, by explicitly allowing for the case
where such number may differ across regimes. This is done in a similar fashion to Trapani (2018),
although it is not a trivial extension since it requires a preliminary round of estimation where
the full factor model is estimated (thereby including the threshold, and the spaces spanned by
factors and loadings), and the strong consistency of all estimates is required. Finally, we complete
the inferential theory by developing a further step, to allow for the mapping of the estimated

latent factors in each stage onto economically relevant observable ones.* Overall, the distilled

2Since it is not clear which pricing factors should be used (the true factors), virtually any model which uses
observable factors is at risk of omitting a relevant pricing factor, thereby suffering from omitted variable bias. This
misspecification problem is addressed by Giglio and Xiu (2021), who propose a three-pass procedure to tackle the
omitted variable bias problem by considering a latent factor model which allows to span the underlying true factor
space.

3We also derive the relevant inferential theory for the estimated threshold, and propose a methodology to carry
out hypothesis testing for the threshold value, e.g. to test whether it is equal to a pre-specified value.

4This step follows from extending the results of Giglio and Xiu (2021) to a conditional setting, delivering
estimates of risk premia for any candidate risk factor that are robust to omitted variables and measurement error
biases.



essence of these results is a general conditional model of asset returns with downside risk that
can be estimated and tested without imposing arbitrary restrictions on the stochastic process of
returns. In our view, this setup constitutes at least a workhorse model for conducting empirical
asset pricing in a downside risk framework.

We illustrate the usefulness of this methodology by studying empirically the factor structure
of equity portfolio returns (the same cross-section used by Farago and Tédongap, 2018). The
switching mechanism is driven by an indicator function that relies on a single conditioning variable,
which captures the expectation of a bear market state, as embedded in the Arrow-Debreu (AD)
portfolio recently proposed by Lu and Murray (2019) in a different context. Specifically, using
traded option prices on S&P500 stocks, the price of the AD Bear portfolio — that pays one dollar
when the market at expiration is in a bear state — is a forward-looking measure of the (risk-neutral)
probability of future bear market states. The AD Bear portfolio return reflects the change in this
probability, i.e., bear market risk. In short, we use the AD Bear return as the conditioning variable
in the switching mechanism to predict a downside (upside) state. This setup makes the model
conditional, in the sense that the state of the world is no longer assumed to be known when fitting
a model for returns at time ¢+ 1, which is the simplifying assumption in the literature on downside
risk (Ang et al., 2006; Lettau et al., 2014; Farago and Tédongap, 2018). Rather, the state of the
world at time t 4+ 1 is now an expected state, with the expectation conditional on information
available up to time t. We estimate the threshold of the AD portfolio return that drives the two
states of the world using our procedure, and then estimate the full conditional model, producing
results both in- and out-of-sample.

Starting from the in-sample results, the empirical estimation of the proposed latent factor
model with downside risk proves illuminating when compared to an unconditional model of as-
set returns. Indeed, the unconditional model performs poorly in both states of the world, with
systematic pricing errors - i.e., the unconditional model predicts much higher returns than the
realized ones in the downside (bad) state, and lower returns than the realized ones in the satis-
factory (good) state. Puzzingly, when analyzing the full sample performance of the unconditional
model, this can appear satisfactory, but this is only because averaging across negative and positive

pricing errors in different states gives the false impression that the model can capture the average



excess equity returns accurately. In other words, assessing the performance of the unconditional
factor model over the full sample can give the illusion that it performs well when in fact it per-
forms poorly in both regimes. In contrast, the latent factor model with downside risk appears
to have no systematic tendency to generate positive or negative pricing errors in either regime,
and therefore also unconditionally, fitting the cross-section of equity returns used here very well.
The conditional model performs significantly better than the unconditional benchmark in terms
of the goodness-of-fit criteria we consider, namely the R? the root mean square error (RMSE)
and the average pricing error. Moreover, we also find that the conditional model can price the test
asset portfolio returns fully in-sample, with the average pricing error (alpha) being statistically
insignificantly different from zero.?

The inadequacy of the unconditional model is well illustrated by Figure 1 below, which plots
unconditional portfolio equity returns against average portfolio equity returns conditional on either
good or bad states. Good and bad states are defined in two different ways: (i) depending on
whether the contemporaneous aggregate stock market return is below or above —3% (a common
definition of the state of the world in the literature) in a given month (left plot); and (7i) depending
on whether the conditional expectation based on the AD Bear portfolio return predicts a bear
market or not next month (right plot). Both scatter plots make clear how a linear approximation
underestimates returns in good times and overestimates returns in bad times. It is also clear that
a linear relationship cannot possibly fit these returns data in the downside state, making apparent
the need for a conditional model that changes across states.

Turning to the out-of-sample analysis, we produce results for the last ten years of the sample
keeping constant the estimate of the threshold that drives the switching mechanism (which is
set at the value estimated in the preceding sample), and forecast portfolio returns at time ¢ + 1
conditional only on information available at time ¢, recursively. The outcome of the empirical
analysis is qualitatively the same as for the in-sample analysis, in that the unconditional model
has many shortcomings and statistically significant average pricing errors, while the conditional

model fits the data much better. The conditional model outperforms the unconditional asset

5The results are qualitatively identical when estimating the model for the shorter sample period that reserves
the last ten years for out-of-sample analysis as well as when using the full sample of data at our disposal.
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Figure 1: Conditional and unconditional realized returns for equity portfolios
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Notes. Over the period February 1997 - August 2005, the scatter plot shows realized average returns in upside (red
dots) and downside (blue dots) states against unconditional average returns for the 130 equity portfolios described
in Section 6.1 in the following two scenarios: (i) the state variable is the contemporaneous market log-return and
the threshold value is fixed at -3% (left panel); (i7) the state variable is the one-month lagged value of the average
AD Bear portfolio return and the threshold value is estimated using the procedure described in Section 4.1, and
as discussed in Section 6.2.1 (right panel).

pricing model in terms of every measure of goodness-of-fit examined, displaying higher out-of-
sample R?, lower RMSEs, and lower average pricing errors across each regime. However, we also
find that the average pricing errors are not statistically equal to zero even for the conditional
model, although they are one order of magnitude smaller than the average pricing errors from
the unconditional model. This suggests that, as one might expect, there is some deterioration
in performance when taking the conditional model out of sample, notwithstanding its superiority
relative to the unconditional benchmark. We would like to point out that, both in- and out-
of-sample, we test formally the hypothesis that the average pricing errors are the same for the
conditional and unconditional models against the alternative that the average pricing errors from
the conditional model are lower. In each case (i.e. both in-sample and out-of-sample) we strongly
reject the null hypothesis, implying superior pricing performance of the conditional model.
These empirical results also highlight the importance of allowing for different common factors

across states. We find that more common factors are needed in the satisfactory state of the world



than in the downside state to capture the factor structure of returns. This is consistent with the
widely held view, and much anecdotal evidence, that returns display a lower-dimensional factor
structure in bad times than in good times, i.e. that diversification benefits diminish in bad times
when they are needed most (see e.g. Cappiello et al., 2006). This result arises within the model,
estimated using our procedure that explicitly allows the factors to change across states. In short,
the empirical results provide a strong case for the full-blown, unconstrained estimation of latent
factor models with downside risk in the context of asset pricing.

Beyond the aforementioned contributions, our paper relates to (at least) three additional
strands of literature. The first one studies asset pricing with asymmetric pricing of “good” and
“bad” covolatility: in a continuous time framework, Bollerslev, Li, and Todorov (2016) show that
continuous and jump CAPM betas are priced in a different way; Bollerslev, Patton, and Quaedvlieg
(2022) decompose the market beta into four semibetas, which depend on the covariation between
the return on the market and that on individual assets; Bollerslev (2022) provides a comprehensive
overview of contributions on pricing “good” and “bad” realized volatilities. Second, our paper
is also linked to the literature on consumption-based asset pricing with disappointment aversion:
Delikouras (2017) develops a model in which disappointment events take place when lifetime utility
falls below its certainty equivalent; Delikouras and Kostakis (2019) consider the more general setup
in which the disappointment threshold is a multiple of the certainty equivalent. Finally, our paper
is related to the broader literature on conditional asset pricing that allows for time variation in
risk exposures and/or the price of risk (see e.g. Gagliardini et al., 2016, Gagliardini et al., 2019,
and Zaffaroni, 2019, inter alia), and there are many examples of this approach for equity returns
(e.g. Ferson and Harvey, 1991; Boguth et al., 2011), currency returns (Lustig et al., 2011; Colacito
et al., 2020), and hedge fund returns (Patton and Ramadorai, 2013).

The remainder of the paper is organized as follows. Section 2 introduces the asset pricing
model. Section 3 deals with identification of risk premia. Section 4 presents the methodology to
determine the number of pricing factors. Section 5 discusses estimation and inference of pricing
factors, risk exposures and risk premia. Section 6 presents the empirical analysis. Section 7
concludes. In the paper, we only present the main results for the sake of a concise discussion;

assumptions, simulations, technical lemmas and proofs are all relegated to the Internet Appendix.



2 Model

In this section, we first present, for convenience, the setup of the unconditional asset pricing
model that is most commonly used in the literature (Section 2.1). We then discuss the conditional
asset pricing model with downside risk, whose estimation is the main contribution of this paper
(Section 2.2).

At the outset, it is useful to establish some notation. We denote the ordinary limit as “—7;
I(-) denotes the indicator function; we use ¢ty to denote an N-dimensional vector of ones; I}, is an

identity matrix of dimension k; finally, we set Cy 7 = min {N 12 v 2}.

2.1 Unconditional asset pricing model

Let R;; be the return (in excess of the risk-free rate) on the test asset ¢ at time ¢. The

unconditional asset pricing model can be written as
Rit =0 + i + B + Biug + €, (1)

with 1 <7< N, 1<t <T, where N and T denote the cross-section and time-series dimensions

of the available sample, respectively, and

In Eq. (2), f; = (fis, ..., frs) is a P x 1 vector of latent factors with E (f;) = ps, so that u; in
Eq. (1) represents the P x 1 zero mean vector of factor innovations; further, in Eq. (1), 7 is the
zero-beta rate; v; = (Y1.1,...,7.p) is the P x 1 vector of risk premia; 8; = (Bi.1,...,8i.p) is the
P x 1 vector of risk exposures; ¢; is the pricing error; and ¢, ; is the idiosyncratic component such

that E (¢;;) = 0 and E (ut€;;) = 0. In matrix notation, the model becomes
Rt :’70LN+Q+B’71 —l—But—i-et, (3)

where R; = (Ry,...,Rnt), a= (aq,...,an), and B = (By,...,Bn)"



Following Giglio and Xiu (2021), we let some of the true factors be omitted or measured with
error (or both). In particular, the K observable factors g; can be either tradable or nontradable
(or both), and have the structure

g =a+ Au; + e;. (4)

Given 71, the K x 1 vector of risk premia of g; is v = Av;.

2.2 Conditional asset pricing model with downside risk

The conditional factor model of interest is:

Ry = 1(D,) (71),0 +api+ Bp o1 + Bé),iul?,t)

+1(S;) (73,0 + asi + BsiYsa + 5S,iu3,t) + €t

where
U+ = fj,t — K r, ] = D7S (6)

The model in Eq. (5) generalizes Eq. (1) to allow for downside risk, as captured by the
disappointment event D;. The satisfactory event S; occurs whenever D, does not take place,
ie. I(Dy) +1(S;) = 1 and I(Dy)1(S;) = 0. We define the disappointment event as D; =
{E;_1 (Z;) < 0}, where Z; is a state variable and 6 is a threshold.® Under perfect foresight,
Ey,1(Z;) = Z;, which is the case typically studied in the literature on downside risk at least since
Ang, Chen, and Xing (2006). The theoretical results derived below hold regardless of whether
one works under perfect foresight (i.e., using contemporaneous information about the state) or
with the conditional expectation (i.e., using lagged information to predict the state); see also the

comments after Assumption 5 in the Internet Appendix. However, our focus is primarily on the

6 Alternatively, Z; could also be a function (e.g., a linear combination) of several variables. Furthermore, we
would like to point out that the direction of the inequality in the definition of the state depends upon the specific
variable Z; chosen. For example, the definition D; = {E;_; (Z;) < 0} is a natural one when Z; is a variable like
the market excess return, which is associated with a bad state of the world when it takes abnormally low values.
Conversely, in the case of a variable that is associated with a bad state of the world when it takes abnormally
high values, the downside state would be defined as D; = {E;_1 (Z;) > 6}. This is the case, for example, if Z;
is a volatility or an illiquidity indicator, and is also the case for the AD Bear portfolio return we use in our later
empirical work.



model that uses the conditional expectation, and in the empirical work we focus on this more real-
istic case, where the state of the world at time ¢ is unknown and needs to be predicted using only
information available up to time ¢t — 1. Section 2.3 below discusses D, and S, in detail. In Eq. (6),
f:= (fﬂ,t, ey ijpjﬂg)/ is the P; x 1 vector of latent factors satistying E [f;; I (j;) = 1] = p;,r; ;.
is the P; x 1 vector of factor innovations such that E [u;; |I (j;) = 1] = 0. As for (5): v, is the zero-
beta rate and v, = (7]-7171, e ,7]-,17pj)/ is the P; x 1 vector of risk premia; 8;; = (6”-71, e ,Bjﬂ"pj)/
is the P; x 1 vector of risk exposures; o ; is the pricing error; the idiosyncratic components €;

satisfy E'[u;€;4 |I(j:) = 1] = 0. The model in matrix form is

R; = 1(D:)(vpoty + ap+Bpypi + Bpup,) (7)

+1(S) (vs,0tn + s + Bsvys1 + Bsus,) + €,

where a; = (j1,...,;n), and B = (Bj1,...,8;n). We generalize the mapping between the

true latent factors and observable factors in Eq. (4) as
g: = 1(Dy) (ap+Apup,) + 1(S;) (as+Asus;) + €. (8)
The K x 1 vector of risk premia of g; becomes
Yeir = 1(Dt) vpg +1(St) Vsg: Vieg = Ajvin, j=D,S. (9)
When the disappointment event occurs, we thus have vg; = ¥pg = Apyp 1.’

2.3 The disappointment event

The motivation for a downside risk premium arises from various theoretical perspectives. In
some setups, the rationale is behavioral and linked to theories of loss aversion, as in the papers

by Ang, Chen, and Xing (2006) and Farago and Tédongap (2018); in other setups, it is based

"The conditional asset pricing model in Eq. (7) allows for unrestricted zero-beta rates vp,0 and vs,0, and for
non-zero pricing errors ap and as. None of these invalidates our methodology. In particular, non-zero conditional
pricing errors, which for instance may arise from failing no arbitrage conditions, do not affect estimation and
inference on the risk premia.



on rational asset pricing models, as in Lettau, Maggiori, and Weber (2014). However, all these
different frameworks are based, qualitatively, on the same definition of disappointment event. As
a prime example, we focus on Farago and Tédongap (2018). The theory therein considers an
economy where the representative investor has Epstein-Zin preferences over consumption, and
embeds generalized disappointment aversion into this framework as in Routledge and Zin (2010).
Maximization of the investor’s lifetime utility results in a Stochastic Discount Factor (SDF) that
takes the form

MtG_lff =M1 X f (B (Zh)),

where M;_1 ; is the SDF without disappointment aversion, and f (F;_; (Z;)) is a term that depends,
inter alia, on whether the disappointment event has occurred or not; note that such a disappoint-
ment event D; is defined in terms of the conditional expectation of a state variable Z;, and on
whether such expectation exceeds (or falls below) a threshold. Indeed, under further assumptions
and algebraic manipulations, Farago and Tédongap (2018) show that the disappointment event
D, takes the following form

D, = {Tw,t —aloyy, < 6} ,

where: 7y, is the log-return on the market; Aoy, is a measure of the return on the volatility of the
market (standardized to have the same standard deviation as ry;); a is a non-negative parameter
which captures the relative weight of -, and Aa?w in determining the disappointment event; and,
finally, @ is the threshold value that determines the occurrence of D;. Thus, the disappointment
event refers to times when the return on the market is particularly low and/or changes in volatility
are particularly large relative to the threshold €. In their analysis, Farago and Tédongap (2018)
experiment with various positive values of a, and find that there is no qualitative difference in
the determination of the state of the world as a varies; hence, setting a = 0, they define the
disappointment event as

Dt = {T’Wﬂg S 9} .

10



Ang, Chen, and Xing (2006) and Lettau, Maggiori, and Weber (2014) also employ the same

definition for D,.® The satisfactory event is then defined as

St:{TI/V,t>9}‘

Therefore, Farago and Tédongap (2018), and all the papers cited above, use contemporaneous
information on the realized log-excess return in the aggregate stock market in order to empirically
determine the state — which means the state of the world is determined assuming E; 1 (Z;) = Z; =
rw,. Naturally, this setup prevents the model from being fully conditional.

We depart from this approach along two dimensions. First, the switching mechanism that
determines the state of the world is conditional only on lagged information, which makes the
model genuinely conditional: thus, the state is predicted within the model rather than assumed
known. Second, such conditioning information does not include the realized stock market excess
return. Defining the state on account of the conditional expectation F;_; (Z;) entails that no con-
temporaneous information is used. The conditioning information set for the switching mechanism
does not identify the disappointment state directly as a large negative return on the stock mar-
ket. Rather, it is related to the market-based prediction of a bear market as priced in the stock
options market: the AD Bear portfolio provides by construction a forward-looking measure of the
(risk-neutral) probability of future bear market states. Specifically we define the disappointment
state as Dy = {E,_1 (Z;) > 0} where E;_; (Z;) is the AD Bear portfolio return at time ¢ — 1.

Summing up, we build on the existing literature on downside risk by generalizing the standard
setup to make the model conditional in the sense that the state of the world is no longer assumed
to be known when fitting a model for returns. Rather, the state of the world is now an expected
state, with the expectation conditional only on available information.

As a final remark on notation, both D; and S; depend on 0: to stress this dependence, we

write d;+(0) =1(j;), for j =D, S.

8In Ang, Chen, and Xing (2006), 6 is set equal to the sample mean return, whereas in Farago and Tédongap
(2018) it is set to —3% in the core results, with some robustness checks for alternative values. A similar approach
is followed also by Lettau, Maggiori, and Weber (2014).

11



3 Identification

3.1 Identification of risk premia

In the conditional factor model in Eq. (7), there are two kinds of identification issues: (i) the
rotational indeterminacy typical of statistical factor models; and (7i) the unobserved heterogeneity
problem induced by the pricing errors.

Rotational indeterminacy simply means that risk exposures, pricing factors and risk premia
in the linear model in Eq. (3) are only identified up to a linear transformation. Indeed, for any

P x P positive definite matrix L we have

R, = "Yun+a+ B~y +Bu +¢

= Aoty + a+ BLL !4 + BLL 'u, + €.

Hence, B, v, and u; are only identified up to L, as they are all unobservable. However, as shown
in Giglio and Xiu (2021), the risk premia for the observable factors g; in Eq. (4) are identified,
since it holds that 74 = Ay; = ALL 'y,

The conditional pricing model in Eq. (5) faces essentially the same identification features. For

any P; x P; positive definite matrix L;, with j =D, S, we have

R, = dp.(9) ('VD,OLN + ap + BDLDL1_>17D,1 + BDLDLi_jluD,t)

+ds+(0) (VS,OLN + as + BsLsLg s + BSLSLEIU—S,t) + €.

The risk premia g, defined in Eq. (9), however, are identified, since

Yeir = dpi(0)Apyp1 + dsi(0)Asysa
= ds(0)ApLpLp'yp 1 + ds+(0) AsLsLs'vs.1-

As far as the second identification issue is concerned, in each regime returns are characterized
by a factor model which allows the error terms ¢;; to be correlated across time and across units

(thus being an “approximate factor model,” using the terminology of Chamberlain and Rothschild,

12



1983). This setup requires such correlations to be weak, e.g. the serial correlation between ¢;;
and €, must vanish as the lag %k increases; similarly, cross-correlation between ¢;; and €
must be “small” for ¢ # j. Under this assumption, one can estimate factors and loadings, e.g.
using a “classical” estimator such as Principal Components, and ensure that loadings and the
common factors are estimated consistently (up to a linear transformation). The presence of the
pricing errors «;, in each unit, introduces what we term “unobserved heterogeneity,” which adds
onto the error term. The new error a; + €+ is strongly correlated across ¢ by construction (due
to the presence of a;) and therefore consistent estimation of factors and loadings would no longer
be possible - in essence, due to a failure of the “approximate factor structure” mentioned above.
Hence we pre-process the data by demeaning across time, which essentially smooths away «;
from each unit, ensuring that factors and loadings can be estimated consistently. This means
that we express the model for R; in terms of deviations from the conditional means. Formally,
let Tj(0) = Y-/, d;;(0) be the number of times that the event j occurs, for j = D,S. Define
the conditional average returns R;(6) = T;(0) "t 1, d;+(0)Rs: R;(6) is the mean of R; when j

occurs. In order to estimate pricing factors and risk exposures, we consider the model

R,(0) =R, — dp+(0)Rp(0) — ds(0)Rs(0) = dp(0)Bpup(0) + ds:(0)Bsus:(0) + &,  (10)

where 11,(0) = w;—1;(6) is the deviation of u; from the conditional mean u;(#) = T;(0) ' S/, d;.(0)uy;

and € = dp(0)[e: — €p(0)] + ds+(0)|e; — €s(0)], where €;(0) = T;(0)* thl d;+(0)€j s is the con-

ditional mean of ¢, when j occurs.

3.2 The disappointment threshold ¢

As noted in Section 3.1, the identification of factors, exposures and risk premia requires
knowledge of the disappointment event D;, and thus of the threshold 8. Typically, the literature
pre-specifies a value for 6, and the subsequent estimation of the asset pricing model is then
conditioned on that value being true. In this paper, we provide an estimator of 6 and derive its

limiting distribution (Section 4.1).
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4 Inference

In this section, we study inference on Eq. (5): we begin by presenting the estimation and
hypothesis testing on 6 (Section 4.1); we then discuss the estimation of the number of common
factors in each regime (Section 4.2); and, finally, we present the Principal Component estimation
of B;; and =;1 (Section 4.3). The assumptions we make in the subsequent estimation procedure
are listed and discussed in Internet Appendix A.2. However, we note here that the assumptions
in each regime are essentially the same as the assumptions in Giglio and Xiu (2021).

We begin by introducing some further notation. The superscript “°” denotes the true value
of a parameter; when this is not used, we refer to a generic value. We also use the short-
hand notation 7; = T;(6°) and m; = m; (0°) = T} (6°) /T; further, the true number of fac-
tors in each regime is denoted as PP and P2 respectively, also using, when needed, P° =
PY + P2. Finally, here and throughout the whole paper, P* denotes the probability conditional
on{R;;,1 <i<N,1<t<T}; weuse «De» and “57 to indicate convergence in distribution and

in probability according to P*, respectively.

4.1 Estimating 0°

We begin by studying the estimation of #°. Recall the N x 1 vector of demeaned returns
ﬁt(e) = (Rm, o ,ZTZN’t)/, for 1 <t < T, defined in Eq. (10). For generic numbers of factors
Pp, Ps and P = Pp + Ps, define the N x P matrix of loadings BY = (BgD,BPS), and the

associated Pp x T and Ps x T matrices of demeaned factor innovations ULP = (ugz’l, . ug”T>

and Ug® = (ufs, ..., ufs), with U = (U7, UPS’) .
The objective function in terms of B, U? and 0, is given by the sum of squared residuals

(divided by NT):

S (B”,U",0) = —ZHRt — dp, (0) BEPuES — ds, (0) BEul|

(11)

For given P, the estimators of BP = (B Bgs) — with ij = (Bj,l, o ij)/ for j =D,S — and
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U? and 6F are defined as

{BP (UL HP}—arg min S(BP u” 9)

BP UP 0

In order to solve this minimization problem, we begin by concentrating the objective function
S (BP, U’ 9) with respect to BY and 6, subject to the constraints N~ 1B B = Ip, for j =D, 8.
It follows that the estimator of UF is

by (B5P.0) = N~* (dp, (0) B (9)) R,

a5 (B5.0) = N~ (ds, (9) B (9)) R

Hence, we can define

s (B”, )— ZHRt — dp, (0) Brugy, (B, 0) — ds, (0) BEugs (B, 9)” .
Letting .
S 0) = v S d OROR,(0) (12)

t=1
for j =D, S, the Principal Component estimator ij (0) for ij given 6 is v/ N times the N x P;
matrix of eigenvectors of ZA]]. g (0) corresponding to its largest P; eigenvalues, under the orthonor-
malization restriction N1 (Efj (0)']§fj (9)) =1Ip,, for j =D, S (see e.g. Bai, 2003).

We now define
Z |R(0) — dp (0) BP (0) 67, (BR2 (6)50) — ds, (0) BE (0) 085 (B (6);0) jf .

Let BP (6) = [B7P (0), B (0)] and UP (0) = [U5' (B2 (6);0) , US (BS* (0) ;9)}’. For P =
Pp + Ps with Pp > P2 and Ps > Pg, we finally have the estimator

o~

0 = arg melnS[ B” (), U" (9) ,0} ; (13)



6 can be obtained e.g. through a grid search. In Section B of the Internet Appendix, we com-
plement the theory with a small-scale simulation exercise, reporting bias and mean squared error
for the estimated 6°. We find that the estimator works well in general, especially when the factor
structure of the two regimes differs substantially.

In the Internet Appendix, we show that 0 is a strongly consistent estimator of #°, deriving
its rate (see Lemma C.7). In principle, the limiting distribution of 6 can be derived along similar
steps as in Chan (1993), and can be employed to carry out inference on #°. However, this is bound
to depend on several nuisance parameters, and therefore the asymptotic distribution of 6 would
be only of theoretical interest. Hence, in this paper we propose a different approach to test for
null hypotheses of the type

Hy: 6% =c¢, (14)

where ¢ is a value of interest; we note that being able to test for (14) also offers the possibility of
computing confidence intervals, by inverting the test. This procedure does not require the limiting
distribution of 5, and it relies only on the rate of convergence, using an approach similar to the one
in Horvath and Trapani (2019). In particular, this approach is very similar to the one proposed
in Section 4.2, and therefore, in order to avoid repetitions, the details are relegated to Section A.3

of the Internet Appendix, to which we refer the interested reader.

4.2 Determining the number of common factors

After estimating 6°, it is possible to procede to the estimation of the factor structures in
each regime. We would like to emphasize that the estimation error 6 — 6° does not have an
impact on estimation and inference in the subsequent steps of our procedure — intuitively, this
is due to the fast rate of convergence of § — #° (see Lemma C.7). The next step of the analysis
is the estimation of the dimensions of the factor spaces P3 and P¢. In principle, after splitting
the sample around the estimated threshold 6, any of the techniques currently available for linear
models can be employed — indeed, it can be shown that, in the presence of a factor structure, the

sample second moment matrix of the data has as many spiked eigenvalues as there are common
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factors, which is the building block for all existing methodologies.® In this paper, we extend the
procedure proposed by Trapani (2018) to estimate the number of factors in each regime, PP and
P2. Such an extension is not trivial, since it requires controlling the regime-splitting errors coming
from using an estimated value of §°.1°

As in the previous section, here we only report the relevant algorithm; details and the theory

are in Section A.4 of the Internet Appendix.

Let gp,t =1 (ﬁt> and (/i\g,t =1- JDJ, and define s = T .1, prt and Tp = 1 — 7. Also,

we henceforth use the short-hand notation R, = ﬁt(ﬁ). We use the sample covariance matrices

~ 1 I

Yp=—> RRd 15
D T%D ; tAW UD ty ( )

o= ET:E R/d, (16)
S — T'ﬁ's P tLVUS ¢

and denote the i-th largest eigenvalue of f]j as §J@, with j =D or S.

Using Lemma A.1 and Theorem A.3 of Section A.4 in the Internet Appendix, we can determine
the number of common factors in each regime using the following method, based on two separate

steps.

9For example, a possible approach (see Bai and Ng, 2002) would be to use a threshold, for the eigenvalues of
the sample covariance matrix of the data, on the penalty function of some information criterion computed in both
regimes; however, the critique in Hallin and Liska (2007) suggests that such a threshold may be quite arbitrary,
and the resulting estimate may not be robust to its tuning. Alternatively, a different approach based on using the
ratio of adjacent eigenvalues (see, inter alia, Ahn and Horenstein, 2013, and Lam and Yao, 2012) can be used.
Whilst this technique ameliorates the arbitrariness connected with thresholding methods, existing contributions
make — explicitly or implicitly — extensive use of (large) random matrix theory, which requires several constraints
on the form and amount of serial and cross sectional dependence, and on the relative rate of divergence of N and
T as they pass to infinity. The procedure proposed herein, which extends the work by Trapani (2018), overcomes
these issues: being based on (sequential) testing, it avoids having to set an arbitrary threshold; also, the results in
that paper hold for virtually any level of (weak) serial and cross-sectional dependence, and for any combination of
N and T.

10We would like to point out that, in principle, all other existing techniques could be extended to our setup,
with the same difficulties as mentioned above.
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In the first step, we study a test for the individual eigenvalues, i.e.

g =N a7
Hyo o) <o)

for some 0 < ¢ < oo and j = D,S. In essence, the null hypothesis is that the i-th largest

j
eigenvalue of the covariance matrix of the data (in each regime) diverges, thus suggesting that
there are at least ¢ common factors. Conversely, upon rejecting the null hypothesis, the conclusion
can be drawn that there are fewer than ¢ common factors in Regime j. Thus, the second step of

the analysis is to determine PR and P2 by carrying out a sequence of tests for i = 1, ..., Py, with

P« a user-defined upper bound.

We begin with (17). Define

NG
(i N~eg;
(0 (g]( )) = exp (J) ; (18)

9, (p)
where!!
0= 3 .
! N —p h=p+1 ’
In Eq. (18), we have defined
€ when IIEJT\J, > %
J 1 InT; T, _ 1
o 5ln]\Jf te When ln]\; < 2

where € > 0 is a (small) user-chosen number. We now offer a brief, heuristic discussion of the role of
the tuning parameter p;. As we show in Lemma A.1, the population eigenvalues gj(i) diverge as fast
as N if the number of common factors equals or exceeds j, whereas they are bounded otherwise.

However, according to Theorem A.3, the sample eigenvalues have an estimation error which may

" The purpose of g; (p) is to rescale 5]@; in Trapani (2018), it is suggested to set p = 0 (that is, to use the trace

to rescale §J(l)), other choices are also possible, such as p = 4, which is recommended in Barigozzi and Trapani

(2022).
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also diverge, albeit at a slower rate than N. The value of p; (which, as can be verified, is strictly

smaller than 1) is chosen in such a way that N~% §j(-i) still passes to positive infinity whenever g(i)
does, whereas it drifts to zero whenever g(

J
ji) is bounded: in other words, pre-multiplying §](~i) by
N~% cancels the estimation error when gj(-i) is bounded, whilst not cancelling the signal in g](-i)
when this is not bounded. Naturally, if g; is large (i.e., if ¢ in Eq. (19) is chosen as a “large”
number), this will attenuate the estimation error in §]@, but it will also attenuate the signal in
§j(~i) when g](-i) diverges, and therefore it can be expected that the number of common factors may
be understated. Conversely, a small value of p; (corresponding to using a “small” value of ¢, e.g.
e = 107%) is less likely to attenuate the estimation error, and therefore it can be expected that
the number of common factors may be overstated.!?

We now describe the test for (17).

Step 1 Generate an i...d.N (0, 1) sequence {g(?) 1<m< M}, where the fj(z,)ns are independent

J?m’

across ¢ and j.

Step 2 Define the Bernoulli sequence C](Z,)n (s) =1 (w (Aj(-i)) X Z(]TZL < s).

Step 3 Compute

@ _ [T (0 o) L 1
T; —/_Oo (Uj (5)) \/ﬂexp (—232 ds,

where

3 (s -3).

(4)
Ujl (s) =

We show that, under the null, ng') by X3, thus providing a rule to decide between Hy and H 4
in (17). On account of this, it is possible to propose a sequential procedure to determine P2 and
PY.

This is based on the following two-step algorithm, for j = D, S.

Step 1 Run the test for Hy : g](-i) = 00 based on T§1). If the null is rejected, set ﬁ’j = 0 and stop,

otherwise go to the next step.

12Tn our empirical exercises in Section 6, we explore the robustness of our methodology to estimate P3 and Pg
to the choice of pp and pgs, respectively.
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Step 2 Starting from ¢ = 1, run the test for Hy : g](Hl) = o0 based on T§i+1). If the null is
rejected, set IB] =1 and stop; otherwise repeat the step until the null is rejected, or until the

pre-specified maximum number P, is reached.

Let @« = a(N,T) denote the level of the individual tests and ¢, = ¢, (N,T) be the corre-

sponding critical value. We show that, as long as the level of the individual tests goes to zero, P;

is a consistent estimator.

Theorem 1. We assume that Assumptions 1-6 in Section A.2 of the Internet Appendix are sat-
isfied. As min (N, T;) — oo under (A.22), if co (N, T) — 0o with ¢ (N,T) = 0(M), then it holds
that

Py = P} + oz (1),

for almost all realizations of {R;4,1 <i < N,1<t<T}, and j=D,S.

In the implementation of the algorithm, it is necessary to have an upper bound P.y; this is

chosen as

Prax = O (Ch£) (20)

for some user-defined ¢ > 0. The selection rule in (20) is as an extension of the otherwise
customarily employed Schwert’s rule; see Schwert (1989), and also the comment on p. 203 in Bai
and Ng (2002). In the empirical analysis, we use and recommend Pyax = {min {N /s v 3” We
note that, in Section B of the Internet Appendix, we report simulation evidence on the performance
of the estimator of the number of common factors in finite samples, and results from trying some
variants of (20) as robustness checks, but results are virtually unaffected. The main takeway from
the simulation experiments is that the test for the number of factors is reliable in detecting the
true number of common factors in finite sample setups of the data generating process that are
similar to the samples used in the empirical analysis for N and T, when T is sufficiently large,
whereas the estimated number of common factors tends to overstate the true number, especially
in the downside regime, when 7' is small. This can be viewed as conceptually similar to having a
set of irrelevant variables in a regression model, and may be considered preferable to understating

the number of common factors, which would correspond to an omitted variable scenario.
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4.3 Estimating common factors and loadings

Once # and ]3J (for j = D,S) have been obtained, estimation of factors and loadings in each
regime follows by standard arguments, e.g. applying Principal Components (see e.g. Bai, 2003),

as also mentioned in Section 4.1. In particular, let

£ 5 (7) = 1= >yt (9) R, (9) R (5)

t=1

P

for j = D, S, be an estimator of i]‘,ﬁ (0) defined in Eq. (12). The estimator B B (HA) for B;” is

given by v/N times the N x ]3j matrix of eigenvectors of EA? (5) correspondmg to its largest P

eigenvalues, under the orthonormalization restriction N ! < 9)) =1I5,forj=D,S.
J

We then estimate {uj7t}tT:1 by OLS as

~ ~

o/} (B (9).0) = 5" (40 (3) B (9)) R,

for j =D,S.

5 Three-pass estimation of risk premia

We now show how to estimate conditional risk premia in good and bad states of the world
for the observable factors g; in the spirit of Giglio and Xiu (2021). In particular, we propose the

following three-pass procedure:

First-pass: Based on the results in Section 4, estimate 6°, P]Q, {ujyt}thl, and {ﬂj,i}i]\il forj =D, S:
o SN T s\ N
recall that the notation for the corresponding estimators is 6, P;, {ﬁﬁ} , and { Bf;}
t=1 i=1
for j =D, S, respectively.

Second-pass: Estimate the risk premia of f;; by running regime-specific cross-sectional regres-

sions (Eq. (21) below).

Third-pass: Estimate A; within each regime by running a regression of g; on ] based on (8)

(Eq. (22) below) and rotate the risk premia of f;; (Eq. (23) below).
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We have discussed the first pass in Section 4.2, where consistency of 6 and ﬁj are derived. We
now turn to the second and third one. In this section, we report only the main results on the risk

premia; further results are in Section A.5 of the Internet Appendix.

5.1 Regime-specific cross-sectional regression

Given the N x P; matrices of beta estimates ij = (ﬁfi, ce JP}V) , define the N x (1 + PJ>
matrices X\j = <LN,]§fj>, for j = D,S. Let I'; = (’yj70,fy§71)/, for j = D,S, and R; =
(Rl,t7 NN RN,t)la fort = 1, ce ,T.

The regime specific cross-sectional regression of R; on /)Zj yields
~ o~ ~ \ —1 g~ ~
T, = (XX;)  (X/Re)dj, (21)

for j=D,Sand 1 <t <T. Let now fj =T7; for j =D,S. Then, I'; is estimated as

T, = ?j’o - L ifjt = (X/X;) 1 X/R; (0)],
Vi 7=t

for j = D, S, where R; (é) =T;'>0, ‘Zj,tRb

5.2 Estimation of regime-specific risk premia

Let gj,t = gt(jﬂ (5) — gj’ Wlth gj = j;j_l Zt,T:l gt&\j,t (é\), fOI' j = D, S
The estimator for A; within each regime is
T -1
A= [Z dj (0) gj,ta;,tl [Z dj. () ﬁj,tﬁ;t] : (22)

t=1

for j = D,S. Similarly, the estimator for «; ¢ is

Vig = AjVi, (23)
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for j =D,S.

5.3 Asymptotics: consistency and limiting distribution of 7,

We report here the asymptotics for 7;q; results for f‘j and _/AXj are in Section A.5.3 of the

Internet Appendix. We begin by showing the consistency of our estimators.
Theorem 2. We assume that Assumptions 1-8 in Section A.2 of the Internet Appendiz are sat-

isfied. Then, as min (N, T;) — oo, it holds that

Vig — '7;‘),g = op (1) + op- (1),

for j =D,S, for almost all realizations of {R;+,1 <i < N,1<t<T}.

Theorem 2 states that 7; 4 is consistent; no restrictions are required on the relative rate of

divergence of N and T as they pass to infinity.

Next, we present the limiting distribution of the estimation error.!3

Theorem 3. We assume that Assumptions 1-9 in Section A.2 are satisfied, and that min (N,T;) —

o0, with

mo€ (0,1), (24)
T1/2
- 0. (25)
Then, it holds that
1 1 -2, o \ D
<T27,j + Nza”/,j) (/yj,g - 7j,g> — N (07 ]K> ’ (26)

for j =D,S, for almost all realizations of {R;;,1 <i < N,1 <t <T}, where ¥, ; and ¥, ; are

defined in Section A.5 of the Internet Appendiz.t*

13Finally, we note that, when estimating I';, we also obtain an estimator of the zero-beta rate ~; o for j = D, S.
14A comment on (25) in the theorem may be in order. By Theorem 2, all estimators are consistent, irrespective
of the relative rate of divergence between N and T as they pass to infinity. Theorem 3, conversely, requires a
restriction, namely that T = o (N 2). However, it can be envisaged that most datasets (unless T is very “short”,
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6 Empirical analysis

We now apply the conditional factor model and the methods described above to a cross-section

of equity returns. We assess the model’s performance both in- and out-of-sample.

6.1 Data

We use equity returns (in excess of the risk-free rate) from the following set of N = 130 US
equity portfolios: 25 portfolios sorted by size and book-to-market; 25 portfolios sorted by size and
momentum; 10 size-sorted portfolios; 10 book-to-market portfolios; 10 momentum portfolios; 25
portfolios sorted by size and operating profitability; 25 portfolios sorted by size and investment.
The risk-free rate is the one-month US Treasury bill rate. The data are obtained from Kenneth
French’s website.!> We consider the sample period from February 1997 to September 2015, a
total of T = 224 monthly observations, which is dictated by the state variable in the switching
mechanism, as described below. Farago and Tédongap (2018) analyze each of these sets of portfo-
lios individually.'® Equipped with our conditional model, we can consider the entire cross-section
of returns, which is aligned with Lewellen, Nagel, and Shanken (2010), who advocate the use of
sizeable cross-sections of asset returns.

The state variable used to determine the disappointment event is the AD Bear portfolio return
constructed by Lu and Murray (2019). This variable measures the time variation in the ex ante
probability of future bear market states (i.e., states in which the market portfolio suffers a large
loss), which makes it a well-suited candidate variable for the switching mechanism in our model.
The construction of this variable is based on an Arrow (1964) and Debreu (1959) portfolio (hence
the expression “AD Bear” portfolio) from traded S&P500 index options. The AD Bear portfolio
pays off $1 when the market at expiration is in a bear state. Therefore, the price of the AD
Bear portfolio is a forward-looking measure of the (risk-neutral) probability of future bear market

states, and the short-term AD Bear return reflects the change in this probability. In practice, the

which is typically not the case in empirical work) should satisfy this requirement. We also refer to the discussion
after Assumption 6 in the Internet Appendix for a taxonomy, and further comments, on the restrictions between
N and T which are required for some of our results.

15See https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html.

16See Section 3.2 and Table 1 in Farago and Tédongap (2018).
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AD Bear portfolio is a bear spread position in S&P500 index put options, which is long an out-
of-the-money (OTM) put and short another OTM put. Bear spreads are used as hedges against
downside risk by institutional investors. The Chicago Mercantile Exchange (CME) maintains a
separate order book for S&P500 bear spread trades, which account for a substantial portion of
S&P500 option trading volume on the CME. This variable is available from February 1997 to

September 2015, and therefore this is the sample period which we employ in the empirical work.!”

6.2 In-sample analysis

We begin by reporting results on estimation and inference on the threshold level § (Section
6.2.1) and on the number of factors in each regime (Section 6.2.2). We reserve the last ten years of
the sample period (October 2005-September 2015) for out-of-sample analysis, and hence perform
in-sample estimation and inference on the basis of the sample from February 1997 to September
2005, although we also validate the results over the full sample from February 1997 to September

2015 later in this section.

6.2.1 Estimation of 0

Results on estimation of # are in Table 1. The estimated disappointment threshold 0 is equal
to 0.210: this generates Tp = 30 downside observations, with a relative frequency of approximately
29%. Note that the AD Bear return has a mean of —0.256, a median of —0.446 and a standard
deviation of about 1, also displaying positive skewness of about 0.7. The negative mean reflects the
compensation investors pay for the insurance provided by the AD Bear portfolio against downside
risk (which is the mirror image of the premium required to provide such insurance in stock option

markets), while the positive skewness reflects the fact that downside events are infrequent. The

17 Also, note that Lu and Murray (2019) employ the AD Bear portfolio return to construct a beta-sorted portfolio
investment strategy in stocks. The excess return from this strategy is shown to be statistically significant on
average, reflecting compensation for bear risk as priced in equity markets. Therefore, an alternative state variable
to determine the disappointment event is the excess return from this strategy, which is available at the monthly
frequency. Further details are provided in Section 4.2 in Lu and Murray (2019). We employ the AD Bear return
directly in this paper since it is more directly linked to our economic motivation for the state variable that drives
the disappointment state. However, we also employed the excess return from the strategy and found qualitatively
identical results (not reported). As the AD Bear portfolio return is available at the daily frequency, we aggregate
it to monthly frequency by taking the average of the series within each month. These data are obtained from
Zhongjin Lu’s website at https://sites.google.com/view/genelu/data.

25


https://sites.google.com/view/genelu/data

positive estimate of 6, 0.210, being higher than the mean of the AD Bear portfolio return and much
higher than the median, identifies the downside state of the world where the AD Bear portfolio
yields excess returns larger than 0.210.!% It is also instructive to notice that the stock market
excess return is, on average in each regime, just under 1% per month in the satisfactory state and
about —0.9% per month in the downside state, meaning that the regimes identified by the AD
Bear return and the estimated 6 are consistent with sizable stock market losses in downside, and
healthy returns in the satisfactory regime.

To enhance our understanding of the downside regime, we evaluate the correlation between
the downside indicator, as resulting from using the estimated threshold 67, and various measures
of economic and financial conditions that may be related to the downside regime. We consider
the following set of variables: the stock market excess return (RmRf); the NBER US recession
indicator (REC); the year-on-year log-change in industrial production (Al P); the CBOE volatility
index based on S&P 500 index options ( VIX); the CBOE volatility index based on S&P 100 index
options ( VXO); the economic policy uncertainty index of Baker, Bloom, and Davis (2016) (EPU);
the Equity Market Volatility tracker of Baker, Bloom, and Davis (2016) (EMV); the Policy-
Related Equity Market Volatility tracker of Baker, Bloom, Davis, and Kost (2019) (PREMYV);
the Geopolitical Risk index of Caldara and Iacoviello (2022) (GPR); the TED spread (TED); the
disaster probability for the US of Barro and Liao (2021) (SPX); the spread for the T-bond between
10 and 2 year maturities (770Y2Y'). The correlation with the market excess return is negative
(—0.171) and statistically significant at the 10% level. Broadly speaking, the correlations point
towards a connection between the downside indicator and the measures of economic and financial
conditions which we consider, especially those related to volatility. This finding is consistent with
a vast literature in asset pricing, which shows that volatility risk is a priced risk factor (see, inter
alia, Ang et al., 2006, Ang et al., 2009, and Menkhoff et al., 2012). Note, however, that the
bilateral correlations are far from perfect and are always lower than 0.5; this indicates that the
determinants of the threshold go beyond volatility and uncertainty. Yet, the downside indicator

displays positive and statistically significantly correlations with the NBER recession indicator,

REC; with the VIX, VXO, EPU, and EMV; with the Policy-Related Equity Market Volatility

8 Descriptive statistics for the AD Bear return are provided in Table F.1 in the Internet Appendix.

26



tracker, PREMV; and with the disaster probability, SPX.

6.2.2 Estimating the number of common factors

We estimate the number of common factors - using the sequential testing procedure described
in Section 4.2 (see also Section A.4 in the Internet Appendix for further details) - for three cases:
(1) the unconditional model described in Section 2.1 (this case is denoted henceforth without using
any subscripts); (2) the satisfactory regime j = S; and (3) the downside counterpart j = D.

Whilst the details on the implementation of the procedure are in Sections 4.2 and A.4, here we
note that in order to assess the robustness of the estimates to the choice of the tuning parameters
op and gs, we try several values of € in Eq. (19) in the range between 0.01 and 0.12.° By
construction, implementing the sequential tests with lower values of ¢ is bound to result in the
detection of more common factors (or, equivalently, more statistically significant eigenvalues) than
with higher values of £. On the one hand, this provides us with a range of common factors to employ
in the estimation of the model; on the other hand, we note that the estimated number of common
factors stabilizes after a certain level, which indicates robustness of the results.?! Alongside the
estimated number of common factors, we evaluate the proportion of the total variance explained
by each factor. Letting gj(.i) denote the i-th largest eigenvalue for each of the two regimes j =D, S
(and, similarly, using ¢ for the whole sample), the proportion of the total variance associated

with the i-th common factor is measured as

with v defined similarly for the whole sample.

Results are in Table 2. As mentioned above, we have tried different values of € in the construc-

9 An interesting question is what drives the value of 6, and the model could allow for # to be endogenously
determined by some state variables and to vary over time. We leave this further generalization for future research.

20Recall that, according to Eq. (19), € > 0 is required. We have tried positive values of € smaller than 0.01, and
results are the same as obtained with ¢ = 0.01.

21For the sake of completeness, we carry out the individual tests with M = N in Step 1; similarly to our findings
in the simulations (reported in the Internet Appendix), we assessed the robustness of the results by using also
M = |N/2] and M = 2N, but recorded virtually no changes. In the determination of the number of factors, we
carry out the individual tests using a nominal level o = %.
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tion of p; according to Eq. (19). As predicted by the theory, when ¢ is very close to 0, the number
of estimated common factors is higher, and it tends to decrease as ¢ increases. Based on the
estimates Pp and Ps, the most striking finding in Table 2 is the discrepancy between the number
of estimated common factors in the two regimes. We note two main points. First, the number
of common factors in the downside state, Pp is found to be in the range between one and four,
depending on the tuning parameter; as we know from the simulations in the Internet Appendix,
Pp has, if anything, a tendency to overstate Pp, so an estimate of four common factors in regime
D may be overly conservative. The number of common factors in the satisfactory regime, Ps is
generally greater than in the downside state (except for the smallest values of € considered, when
the number of factors is four for both regimes), being equal to three even for the largest value of &
considered. This means that the factor structure of asset returns tends to be lower dimensional in
the downside state, i.e. the data tend to be driven by few(er) common factors during bad times,
suggesting that dependence among asset returns increases in a downturn. In turn, this result is
intuitively clear and consistent with the anecdotal evidence that factor diversification tends to
decline when needed most (see e.g. Page and Panariello, 2018 and the references therein).?* Sec-
ond, applying the sequential testing procedure to the unconditional, linear model would lead to
detecting a number of factors equal to or even larger than the highest number of factors (detected
for the satisfactory regime), suggesting up to five factors. Indeed, the number of factors and the
factors themselves are assumed to be identical for all observations in the linear model: this leads
to overestimation of the number of factors required to fit the data in the downside state, where
one would expect the linear model to perform particularly poorly.

These findings clearly indicate that it is important to allow for a different number of factors
in each regime. From a statistical point of view, it is natural that removing a restriction leads
to better inference — in this case, the number of common factors is neither understated (which
would correspond to an omitted variable problem) nor overstated (which would be tantamount
to including irrelevant variables). From an empirical viewpoint, the results clearly imply that

restricting the number of common factors to be the same across regimes is not an adequate choice.

22This result is also consistent with the literature that shows that, in crisis times, the macroeconomy is driven
by a smaller number of common factors (we refer, inter alia, to Stock and Watson, 2009, Cheng et al., 2016 and Li
et al., 2019).
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6.3 Model fit

In this section, we compare the performance of the latent factor model with downside risk
against a linear specification. We report three measures of goodness of fit: the R?; the root mean
squared pricing error (RMS,); and the average pricing error (AVG,). For the AVG,, we also
report a p-value for the null hypothesis that AV G, is equal to zero, and a p-value for the null
hypothesis that AV G, is the same for the unconditional and the conditional models. These p-
values are obtained using the wild bootstrap described in Appendix E, adapted from Giglio et al.
(2021). We report results from estimating both the unconditional and the conditional model with
factors ranging from one to six. Recall that the tests in the previous section indicate that the
number of common factors for the unconditional model is up to five. For the conditional model,
the tests suggest three or four factors in Regime S, whereas in Regime D the tests suggest a broad
range between one and four factors.

The results in Panel A of Table 3 show that the conditional model performs well, with a high
R? both in the S regime and in the D regime. The results also suggest that the performance
of the linear, unconditional model over the full sample is satisfactory with an R? of 0.928 (when
the number of common factors P is set to its estimate P of five). However, we know from earlier
evidence that the factor structure of the cross section of asset returns analyzed here is very different
in the two regimes, and that the number of latent factors that matter for pricing the cross-section
of asset returns in the downside regime is likely to be smaller than the number of factors required in
the § regime. Given that the data experience such strong regime dependence, it seems surprising
that the unconditional, regime-independent pricing model performs as well as it does. To better
understand the gain from using a conditional asset pricing model that allows for downside risk,
it is therefore useful to check the performance of the unconditional model for observations in the
S and D regimes separately. The results in Panel A of Table 3 show that the performance of the
unconditional model is very poor in the D regime, and inferior to the conditional model also in
the S regime.?® This suggests that the seemingly good performance of the unconditional model

over the full sample is illusory, in the sense that it comes from somehow combining large pricing

23In fact, the R? turns negative for observations in the D regime, which can happen given that the unconditional
model is fitted using all observations available and then assessed only on a subset of these observations.
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errors with opposite sign from two regimes which generate small pricing errors on aggregate, over
the full sample.

The relative performance of the unconditional and conditional models can be seen clearly in
Figure 2, which reports scatter plots of realized versus model-implied returns for the unconditional
model and for the conditional model (with three factors in downside, and four factors in the upside
regime) under three different cases: the D regime, the S regime, and the full sample. This figure
shows how the unconditional model (blue circles) performs very poorly in downside. Note the
large errors in the top row of scatter plots in Figure 2: the unconditional model predicts much
higher returns than the realized ones, which tend to be very negative in this regime. Hence, the
unconditional model is not able to capture such extreme, bad events. The conditional model
(red squares) performs much better, and there is no systematic tendency to generate positive
or negative errors in the downside regime. Turning to Regime S, the conditional model again
performs very well, with the majority of test asset returns lying close to, or on, the 45 degree line.
In contrast, the returns implied by the unconditional model display a monotonic pattern (hence
are highly positively correlated) with realized returns in Regime S, but have a clear tendency
to lie above the 45 degree line. This means that, even in Regime S, the unconditional model
generates systematic (non-random) pricing errors; however, these pricing errors have the opposite
sign than in the D regime, since the unconditional model predicts lower returns than realized in
the § regime. Over the full sample, the averaging across the errors of these two regimes — large
errors for a small number of observations in the D regime and more moderate pricing errors with
the opposite sign for a large number of observations in the § regime — gives the appearance that
the unconditional model performs well, but this is fallacious: the unconditional model performs

poorly in both regimes.
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Panel B of Table 3 provides corroborative numerical evidence on the differences in pricing errors
illustrated graphically in Figure 2 for the sample 1997-2005. The RM S, for the unconditional
model appears to be low (0.230 for five factors); yet the RMS,, is very large in the D regime (over
2) and quite large also in the S regime (larger than 1). The conditional model produces a RM S,
that is at least an order of magnitude smaller in both states of the world. Specifically, over the
sample 1997-2005 the conditional model with three factors in Regime D and four factors in Regime
S generates a RM S, of 0.53 in Regime D (more than four times smaller than the unconditional
model), and 0.313 in Regime S (about one third the RMS,, of the unconditional model).

Panel C of Table 3 sheds further light on the sign of the pricing errors by reporting the average
« across the test assets, namely AV G, alongside its statistical significance based on the bootstrap
test of the null that AV G, is equal to zero.?* Again the unconditional model with five factors
displays a very low AVG,, which is not statistically significantly different from zero over the
full sample. However, it produces very large and statistically significant pricing errors in both
Regimes D and S for any number of factors considered. The sign of AV G, is clearly negative in
Regime D and positive in Regime S, as argued earlier on the basis of the scatter plots in Figure
2. In contrast, the conditional model delivers, for both cross sections, average pricing errors in
the two regimes which are at least one order of magnitude lower and statistically insignificantly
different from zero. The average pricing errors of the conditional model become particularly small
in magnitude when using three factors in Regime D and four factors in Regime S (consistent with
the tests performed earlier).?

Finally, Panel D of Table 3 reports results for the bootstrap tests of the null hypothesis that
the difference in the average pricing errors between the conditional and the unconditional model
is greater than or equal to zero against the alternative that it is lower than zero. Under the null
hypothesis, the unconditional model performs at least as well as the conditional model at pricing

the cross-section of equity returns, whereas under the alternative hypothesis the conditional model

241t is worth noting that zero average pricing errors across portfolios is a requirement in our in-sample estimation
as it is (part of) our Assumption 7 — which is also required in the three-pass method of Giglio and Xiu (2021); see
their Assumption I.1. In this sense the tests presented below are also a test of the validity of Assumption 7.

25However, we view the tests for the number of factors as an indication of the number of factors required, and
more factors may be allowed for in practical applications if they are required to fully span the information in the
test asset returns.
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performs better. In essence, this is the same null hypothesis of the Diebold-Mariano test for equal
model forecast accuracy commonly applied in time series forecasting (see Diebold and Mariano
(1995)), adapted for our purposes. The test results are clear-cut, in that the null is strongly
rejected for each number of factors and each regime. This result again corroborates the superior
performance of the conditional model.

To check robustness of these results, we also perform the full in-sample estimation of the
unconditional and conditional models for the whole period from February 1997 to September
2015. The results, reported in Table 4, are consistent with the earlier evidence. The estimate of
the disappointment threshold is 0.318, therefore just slightly higher than its estimate using data
up to September 2005 (which was 0.210). In Table 4, we report the same three goodness-of-fit
measures provided in Table 3, which all confirm the superiority of the conditional model under all
three goodness-of-fit measures. The pricing accuracy of the model over the whole sample period
is shown graphically in the bottom row of scatter plots in Figure 2, which confirm the deficiency
of the unconditional model (especially in downside) and the accuracy of the conditional model in
both states of the world. Overall, the results from the estimation carried out over the full sample
1997-2015 provide results that are qualitatively identical to the results obtained over the shorter
1997-2005 sample period.

The analysis above clarifies the gain from using a conditional latent factor model of asset
pricing that allows for different regimes, and hence different sets of factors in good and bad times.
The pricing model is very different in these two regimes: this captures the stark difference in
the time-varying factor structure of asset returns, which is lower dimensional in bad times, and
requires more factors in good times. A model that does not allow for this feature can spuriously
generate a strong correlation between model-implied and realized returns over the full sample, but
in fact it performs poorly in both good and bad times. At an applied level, the conditional model
is consistent with the notion that asset returns become more highly correlated in bad times, with
their factor structure reducing in dimensionality to a smaller set of factors, and this feature is key

for the model to characterize adequately returns in downside.?

26Tn a previous draft we also report the results from the estimation of the risk premia for various tradable and
non-tradable factors, obtained using the three-pass procedure detailed in Section 5. We omit these results here for
brevity, but recall that the estimation of conditional risk premia is straightforward as it follows the formulae given
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6.4 Out-of-sample analysis

Next, we assess the out-of-sample performance of the conditional model relative to the uncon-
ditional model, using the last ten years of data (sample from October 2005 to September 2015) as
the “testing sample” on which we carry out our forecasting exercise. In this application, we set the
estimated disappointment threshold 7 equal to the in-sample estimate (obtained on the 1997-2005
sample) of 0.210, and keep it constant throughout the out-of-sample analysis. We estimate the
factor structure recursively, i.e. conditioning on information available at time t — 1 to produce
forecasts of excess returns at time t. The same recursive procedure is applied to the unconditional
asset pricing model.

Formally, given the in-sample window of length 7', let the out-of-sample window be equal to

Toos- For toos =T, ...,T + Toos — 1, the forecast of R;, ,4+1 from the conditional model is
Re tous+1 = AD,t005+1XD,t00s I'D to0s T A t0,s+1X S t00s TS toos: (28)
where X4, o and I';;, . are the recursive estimates of X;,, . and I';,, ., respectively, obtained

using information only available for 1 <t < tp,s. Note that, given the estimated disappointment
threshold § = 0.21, the indicators JD,toos-‘rl and C/Z\S,toos-‘rl are known at time tp,5 as they depend
only on the value of the AD Bear portfolio return at time tp,s - thus, our forecasting exercise is
genuinely, fully out-of-sample. Similarly to (28), the forecast of Ry, ,+1 from the unconditional
model is

R\u7t005+1 = /Xtof;sf‘tmw (29)

where X\tOoS and Ty, are the recursive estimate for X, . and I';, ., respectively, obtained using
only information available for ¢t = 1,...,tp,5. The average forecast values from the conditional
model within each regime and from the unconditional model (namely, ﬁc7j7oog and ﬁupgs, re-
spectively) are computed as the averages of Ry, 11 (in both Regimes D and S) and Ryzy 41,
respectively. These average forecasts are then compared against the corresponding realized av-

erage values of Ry, ;41 for the out-of-sample period, calculated both over the whole period and

in Section 5.
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within each regime (namely, R; 0,5 and Roog, respectively).

The results are reported in Table 5, where we present the same statistics conducted for the in-
sample analysis, except that they are computed over the out-of-sample period using the recursive
procedure described above. The out-of-sample R? (R% o) follows a similar pattern to the in-
sample results, since the conditional model generates high R% ¢ in both regimes, whereas the
unconditional model performs very poorly in Regime D, where it displays negative values of R .
Again, over the full set of data of the out-of-sample period, the unconditional model gives the
false impression to fit the data well, with the R% ¢ being always above 0.8 for each number of
factors considered, but this masks its poor performance in the downside regime. These results
are qualitatively identical to the in-sample results. In terms of the out-of-sample root-mean-
squared pricing error (RM S, 00s), again the results are qualitatively identical to the in-sample
counterpart in that the mwos is substantially larger for the unconditional model than for
the conditional model in both regimes, confirming the superior performance of the conditional
model. For example, the unconditional model with five factors (as indicated by the tests for the
number of factors) produces a mmoos of 1.848 in Regime D and 0.782 in Regime &, whereas
the conditional model produces an WQ,OOS of 0.868 in Regime D and 0.533 in Regime S (with
three and four factors, respectively).

Turning to the average pricing error (AV G4 005) We notice again the same pattern observed
in-sample in terms of their relative magnitude. However, the size of the average pricing errors is
higher out-of-sample for both the conditional model and the unconditional model. Specifically, the
unconditional model with five factors displays a low AV G, although it is statistically significantly
different from zero. However, it produces very large and statistically significant pricing errors in
both Regimes D and S for any number of factors considered. In contrast, the conditional model
delivers much smaller average pricing errors in the two regimes. This evidence is consistent with
the results obtained in-sample.

However, the key difference between the in-sample results and the out-of-sample results is
that the average pricing errors are statistically different from zero in both regimes not only for the
unconditional model, but also for the conditional model, on the basis of our bootstrap tests (see

Panel C of Table 5). Therefore, while the conditional model produces much lower average pricing
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errors (in absolute terms) than the unconditional benchmark, some alpha remains to be explained.
Hence, we also formally test the null hypothesis that the difference in the average pricing error
between the conditional and the unconditional model is statistically significantly different from
zero. These further bootstrap tests are reported in the bottom part, Panel D of Table 5, and
suggest clearly that the null hypothesis that the unconditional model performs at least as well
as the conditional model is strongly rejected, thus corroborating the superior performance of the
conditional model.

Overall, the empirical evidence reported above suggests that, as one might expect, there
is some deterioration in performance when taking the conditional model out-of-sample, but its
superiority relative to the unconditional benchmark continues to be as evident out-of-sample as

it is in-sample.

7 Conclusions

In this paper, we propose a methodology to model and price the cross section of asset returns
in the presence of common factors and downside risk. Both features have been shown to offer
superior explanatory power in several empirical papers in asset pricing. We extend the framework
used in the extant literature in three ways: we allow for downside risk via a conditional threshold
specification which allows for the estimation of the (usually set a priori) threshold level; we
consider different factor structures in the two regimes, allowing also for different numbers of
factors; we provide analytical solutions to recover conditional observable factors’ risk premia from
the estimated latent ones in both regimes.

The proposed conditional model is illustrated through an empirical application to a large
cross-section of equity returns. The results show that estimating the number of common factors
separately yields very different estimates across regimes, with the downside risk state having
a smaller number of common factors, whilst returns in the good state of the world are driven
by more common factors. More generally, the empirical analysis shows clearly the limitations
of unconditional asset pricing models that ignore state dependence, while illustrating that the

proposed conditional model is capable to adequately characterize the key properties of the cross-
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section of equity returns.

Yet, we merely view our model as a tentatively adequate characterization of asset returns data
which is superior to the unconditional model in a number of respects, but it is only one of many
alternative conditional specifications. Future work could focus, for example, on endogeneizing
the threshold that identifies the downside state as a function of state variables, on alternative
variables to include in the switching mechanism that captures the state of the world, on allowing
explicitly for weak pricing factors, and on richer characterizations of out-of-sample forecasting of
the conditional factor structure. Also, it seems plausible that the conditional model proposed here
could be employed in different applications in various risk management contexts, for example to
examine CoVaR or marginal expected shortfall in order to better understand how market crashes

can co-arise through different economic structures. We leave these developments to future research.
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Table 1: Estimation of §°

0 0.210
T 103

p 30

ip 0.291
RmRf 0.463
RmRfp -0.883
RmRf 0.955
Corr ﬁt,Rme) -0.171%
Corr ﬁt,REC) 0.180*
Corr ﬁt,AIP) -0.059
Corr ﬁt,VIX) 0.308***
Corr ﬁt,VXO) 0.300***
Corr ﬁt,EPU) 0.245*
Corr ﬁt,EMV) 0.410%**
Corr Zst,PREMV> 0.416***
Corr (D;, GPR 0.116
Corr (Dy, TED 0.014
Corr @t,SPX 0.230**

Corr (D, T10Y2Y> 0.010

Notes. For the period February 1997 - August 2005, the table reports the estimated value of §° ([9\)7 the total
number of time series observations (7'), the estimated number of periods in the downside regime (fp% the estimated
frequency of downside events (7Tp), the average value of the stock market return in excess of the risk-free rate over
the whole period, as well as in downside and upside (RmRf, RmRfpy and RmRf g, respectively). The table also

reports the correlation between the estimated downside indicator function I (ﬁt) and the following variables: RmRf

is the market return in excess of the risk-free rate; REC is the NBER U.S. recession indicator; AIP is the year-
on-year log-change in industrial production; VIX is the CBOE volatility index based on S&P 500 index options;
VXO is the CBOE volatility index based on S&P 100 index options; EPU is the economic policy uncertainty index
of Baker, Bloom, and Davis (2016); EMV is the Equity Market Volatility tracker of Baker, Bloom, and Davis
(2016); PREMYV is the Policy-Related Equity Market Volatility tracker of Baker, Bloom, Davis, and Kost (2019);
GPR is the Geopolitical Risk index of Caldara and Tacoviello (2022); TED is the TED spread; SPX is the disaster
probability for the U.S. of Barro and Liao (2021); T10Y2Y is the spread for the T-bill between 10 and 2 year
maturities. ***, ** and * indicate significance at 1%, 5% and 10% level, respectively.
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Table 2: Number of estimated common factors

Number of factors % of variance explained

€ Full Sample Regime D Regime § Eigenvalue Full Sample Regime D Regime S
0.01 5 4 4 1 0.734 0.765 0.703
0.02 5 4 4 2 0.106 0.098 0.123
0.04 4 3 4 3 0.043 0.044 0.046
0.06 4 2 4 4 0.035 0.030 0.034
0.08 4 2 4 5 0.015 0.016 0.017
0.10 4 2 4 6 0.008 0.008 0.011
0.12 4 1 3

Notes. For the period February 1997 - August 2005, the table contains the number of estimated common factors
for different values of e defined in Eq. (19). It reports inference on the number of common factors over the whole
period, as well as in the two regimes S and D. The table also reports the percentage of the variance explained by
each individual common factor through the corresponding eigenvalue, as defined according to (27).
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Table 3: In-sample goodness of fit measures

Panel A: R?
Unconditional Model Conditional Model
Full Sample Regime D Regime S Regime D  Regime S
fie 0.689 -1.019 0.560 0.720 0.851
fit — for 0.691 -1.035 0.567 0.855 0.870
fit — f3t 0.895 -1.108 0.661 0.905 0.938
fie — far 0.896 -1.107 0.661 0.928 0.969
fit — fst 0.928 -1.091 0.665 0.944 0.979
fie — fet 0.929 -1.091 0.666 0.946 0.981

Panel B: RM S,

Unconditional Model Conditional Model
Full Sample Regime D  Regime S Regime D  Regime S

St 0.478 2.441 1.184 0.909 0.690
fie — for 0.476 2.451 1.174 0.655 0.642
fit — f3t 0.278 2.494 1.039 0.530 0.446
fit — far 0.277 2.494 1.039 0.462 0.313
fit — fst 0.230 2.484 1.033 0.408 0.256
f1t — fet 0.229 2.484 1.032 0.401 0.246

Panel C: AVG,

Unconditional Model Conditional Model
Full Sample Regime D  Regime S Regime D  Regime S

fit 0.074 -2.080*** 0.960*** 0.072 0.054
fit — fot 0.082 -2.072%** 0.968*** -0.038 0.108
f1t — f3t 0.019 -2.136%** 0.905%** 0.028 0.072
fi1t — faz 0.020 -2.135%** 0.906*** 0.030 0.024
f1t — [5t 0.004 -2.150*** 0.890*** 0.014 0.003
f1t — fet 0.005 -2.150*** 0.891*** 0.015 0.004

Panel D: Hp : A |ma| >0

Regime D Regime S
fit -2.008*** -0.906***
fit — for -2.034*** -0.860***
fie — f3t -2.108*** -0.832***
f1t — fat -2.105%** -0.882***
Fre — foe -2.136%+* -0.888***
f1t — fet -2.135%*** -0.887***

Notes. For the period February 1997 - August 2005, this table shows in-sample goodness of fit measures as a
function of the number of factors: R-squared (R?); root-mean-squared pricing error (RMS,,); average pricing
error (AVG,,); test statistic for the null hypothesis that \WJ of the conditional model is greater than or equal
to |ma’ of the unconditional model within each regime (Hy : A |ma’ > 0). They are obtained for the
unconditional model over the whole period, and in j = D,S; and for the conditional model in j = D, S. For the

unconditional model, the pricing error over the whole period is ayy = R — XI' where R = 7! Z?:l R;, and
the pricing error in j = D,S is @y = R;j — XTI where R, = TA]-_1 ZtT:1 dj,th. For the conditional model, the
pricing error in j = D, S is &; = R; — X;I;. R?is: 1— (&j,au /R'R) [(N -1) /(N — P)} for the unconditional

model over the whole period; 1 — (a;‘,uajﬂ /R'R) [(N -1 /(N - ]5)] for the unconditional model in j = D, S;
1-— (&;&j /f{;f{j) [(N -1 /(N — 15])} for the conditional model in j = D,S. RMS, is: /oy, /N for the

~

unconditional model over the whole period; , /&;M&Lu /N for the unconditional model in j = D,S; ./ ag a,;/N for

EES

the conditional model in j =D, S. *
in Appendix E.1.

indicates significance at 1% level. p-values are obtained with the bootstrap
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Table 4: Whole sample estimation

Panel A: 69
0 0.318
T 223
Tp 56
D 0.318
RmRf 0.536
RmRfp -1.241
RmRfs 1.105
Panel B: R2
Unconditional Model Conditional Model
Full Sample Regime D Regime S Regime D  Regime S
fie 0.860 -1.059 0.667 0.933 0.946
fit — fat 0.861 -1.063 0.670 0.940 0.951
fit — f3t 0.943 -1.066 0.697 0.953 0.953
fie — far 0.963 -1.069 0.705 0.960 0.988
fit — f5¢ 0.964 -1.069 0.705 0.960 0.990
fie — fot 0.964 -1.067 0.704 0.960 0.990
Panel C: RM S,
Unconditional Model Conditional Model
Full Sample Regime D  Regime S Regime D  Regime S
fit 0.279 2.431 0.875 0.439 0.353
fit — fat 0.278 2.433 0.872 0.413 0.336
fie — f3t 0.179 2.435 0.835 0.367 0.329
fie — far 0.143 2.437 0.824 0.341 0.168
fit — fst 0.142 2.437 0.824 0.341 0.154
f1t — fet 0.141 2.436 0.825 0.340 0.153
Panel D: AVGy,
Unconditional Model Conditional Model
Full Sample Regime D  Regime S Regime D  Regime S
fit 0.035 -2.296*** 0.817*** 0.044 0.036
fit — fot 0.038 -2.294*** 0.820*** 0.019 0.047
f1t — f3t 0.005 -2.326%** 0.787*** 0.014 0.039
f1t — faz 0.005 -2.326*** 0.788*** 0.011 0.007
fie — fst 0.004 -2.327%** 0.787*** 0.012 0.003
fie — fot 0.004 -2.328%*** 0.786*** 0.011 0.003
Panel E: Hp : A |AVG,1| >0
Regime D Regime S
fit -2.253%*** -0.781***
fit — for -2.275%** -0.773***
Fie — fae -2.313%+ -0.748**
fit — fat -2.314%** -0.780***
Jit — fst -2.315"** -0.784***
fit — fot -2.316*** -0.783***

Notes. For the period February 1997 - August 2015, this table shows estimation results. TD, 7p, RmRf, RmRfp
and RmRfg are as in Table 1. R?, RMS,, AVG,, and Hy : A ’AVGQ| > 0 are as in Table 3. *** indicates
significance at 1% level. p-values are obtained with the bootstrap in Appendix E.1.
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Table 5: Out-of-sample goodness of fit measures

Panel A: RQOoS
Unconditional Model Conditional Model
Full Sample Regime D  Regime S Regime D  Regime S
fie 0.860 -1.214 0.675 0.708 0.908
fie — fat 0.843 -1.226 0.665 0.581 0.851
Jit — [fst 0.883 -1.247 0.678 0.497 0.842
fie — far 0.857 -1.282 0.672 0.446 0.847
fie — fse 0.841 -1.316 0.669 0.421 0.846
f1t — fet 0.842 -1.333 0.666 0.414 0.842

Panel B: RM S, 005

Unconditional Model Conditional Model
Full Sample Regime D  Regime S Regime D  Regime S

fie 0.266 1.835 0.788 0.667 0.419
fie — far 0.281 1.833 0.796 0.796 0.532
fit — f3t 0.241 1.835 0.777 0.868 0.544
fie — far 0.266 1.841 0.782 0.907 0.533
fie — f5e 0.279 1.848 0.782 0.924 0.534
fit — fet 0.277 1.847 0.782 0.926 0.538

Panel C: AVG, 005

Unconditional Model Conditional Model

Full Sample Regime D  Regime S Regime D  Regime S
fit 0.081*** -1.720*** 0.764*** 0.523*** -0.177 ***
fit — fot 0.086*** -1.716*** 0.769*** 0.459*** -0.149***
fie — f3t 0.045*** -1.756%** 0.728%** 0.496*** -0.155%**
fit — faz 0.046*** -1.755%** 0.730*** 0.498*** -0.206***
f1t — f5t 0.042*** -1.760*** 0.725%** 0.492%** -0.214***
fit — fet 0.041*** -1.760*** 0.724*** 0.492%** -0.213%**

Panel D: Ho : A |ma| >0

Regime D Regime S
fit -1.198*** -0.587***
fit — fat -1.257** -0.620***
Jit — fat -1.260"** -0.573***
fie — fae -1.257%** -0.524***
fie — fst -1.267*** -0.510%**
fit — fot -1.268*** -0.511%**

Notes. For the period September 2005 - August 2015, this table shows out-of-sample goodness of fit measures
as a function of the number of factors: R-squared (R, 4); root-mean-squared pricing error (RM S, 005); average
pricing error (AV Gy ,00s); test statistic for the null hypothesis that ’AVGQ,OOS’ of the conditional model is greater

than or equal to |AVGQ7005| of the unconditional model within each regime (Hy : A ‘AVGQ,Oos‘ > 0). They are
obtained for the unconditional model over the whole period, and in j = D,S; and for the conditional model in
J =D,S. Given the quantities in Section 6.4, for the unconditional model the pricing error over the whole period is

<

Q1,008 = EOOS_ﬁU,0057 and is & 11,008 = Rj,00s—Ru,005 in j = D, S. The pricing error in j = D, S for the con-
ditional model is &; 005 = Rj,00s — ﬁc,j,OoS- R% gist 1— (aZ//{,OoSaU7OOS /ﬁloosﬁoog> [(N -1) /(N — ﬁ”
for the unconditional model over the whole period; 1 — (a;%ogsaj,u’o(,s /EIOOSEOOS> [(N -1) /(N - If’) ] for
the unconditional model in j = D,S; 1 — (&;70056@7005 /ﬁ;,Oosﬁj,OoS) [(N -1) /(N — IE’J)} for the condi-

tional model in j = D,S. RM Sy, 00s is: \/a;/{,OoSau1OOS/N for the unconditional model over the whole period;

\/&;7u7oosaj)u7oog/]\f for the unconditional model in j = D, S; \/a37005&j,oos/N for the conditional model in

j=D,S. *** indicates significance at 1% level. p-values are obtained as in Appendix E.2.
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Internet Appendix
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Factor models with downside risk



A Complements

In this section of the Internet Appendix, we add a more in-depth analysis of our model, and
complement the theory spelt out in Sections 4 and 5, adding further details and explanations. In
particular, in Section A.1, we describe some properties of the conditional and unconditional model
specifications. In Section A.2, we list and discuss all the relevant assumptions used in the paper.
In Section A.3, we discuss in greater depth the test presented in Section 4.1. In Section A.4, we
present all the relevant theory for the estimation of the number of common factors in each regime,
discussed in Section 4.2. Finally, in Section A.5, we complete the asymptotic theory developed in
Section 5.3.

Here and in the rest of the appendix, we use the notation c¢g, ¢1,... to denote positive and
finite constants, which do not depend on the sample sizes and whose value can change from line

to line, and we use the expression “a.s.” as short-hand for “almost surely”.
b

A.1 Model analysis

In this section, we analyze the structure of the econometric specifications used in our paper -
that is, the structure of both the conditional and the unconditional specifications.

In particular, we formally illustrate the nature of the misspecification in the standard, uncon-
ditional model used in asset pricing, when the true model is asymmetric due to the presence of a
downside risk premium. We primarily focus on showing that, when using the unconditional model,
in the presence of a downside risk premium, this results in nonzero cross-sectional pricing errors.
We also briefly touch on the predictive ability of the two specifications, considering - in addition
to the previously considered cross-sectional pricing errors - the time series predictive errors, thus
analyzing the impact of choosing a conditional versus an unconditional specification along both

dimensions.

In order to study both types of errors, consider the following simplified version of (1), with

only one factor common to both states

Riy = Bsifdl(S;) + Bp, fl (Dy) + €iy, (A1)
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with 1 <t < T and 1 < i < N. To ensure that the two states S; and D, are well-defined, we
remark that 8s; # fp; and that 0 < P (D;) = mp < 1, with P(S;) = s = 1 — mp. We also define

EC(ft|Dt) = WUp,

Ec (ft‘St) = HMs,

where we use the notation “FE¢” to emphasize that we refer to the conditional specification of
(A.1). Hence, it follows that the expected excess returns conditional upon either state S; and D,

are given by

Ec(Ri1|Dy) = Popipp,
Ee (Ri,t’St) = BS,Z',MS-

Conversely, the unconditional excess returns corresponding to (A.1) are equal to
Ee (Rit) = BpiktpTp + BsipisTs-
Consider now the case where the researcher uses an unconditional specification in lieu of (A.1),

Viz.

Riy = Bife + iy, (A.2)

obtained by constructing j; so that E (u;;) = 0. In such a case, using the notation “Ey” to refer

to the unconditional specification of (A.2), it holds that

Ey(Riy) = BiE(fi) = Bi[E(fi| D) P (Dy) + E (fi|St) P (Sy)]

= [ (upmp + psms)
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Hence, using (A.2) introduces pricing errors in both states, seeing as

ap; = Ec (Ri,t\Dt) — By (Ri,t)

= Pp.ipp — Bi (kT + psTs) ,

and

as; = Ec (Ri,t’St) — Ly (Ri,t>

= Bs,its — Bi (upmp + psTs) -

Similarly, the unconditional pricing model makes a pricing error even “on average”, i.e. uncondi-

tionally

a = FEe (Ri,t) — By (Ri,t)

= BpipTp + Bspsms — Bi (wpTp + psTs) ,

which is in general nonzero. Conversely, when only one regime is present, i.e. when 8s; = Bp,; =

B;, it holds that

a; = Ppippmp + Bsipists — Bi (Hpmp + psTs)

= i (upmp + psms) — Bi (ppmp + psms) = 0.

We now turn to considering (suppressing, for simplicity, the subscript i) the predictive error

of both models

Ry = Bsfil (St> + Bp fil (Dt) + &, (A'?’)
R, = Bfi+u, (A.4)

with again 8 constructed such that E (u;) = 0. The one-step-ahead predictions are defined as
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follows: the conditional model (A.3) predicts asymmetrically, on the grounds of the predicted

state, viz.

Eﬁ)w = BsEi (fir1) 1(Str1) + B Lt (fir1) 1(Diya) 5 (A.5)

conversely, the unconditional model in (A.4) predicts symmetrically, with

ﬁrgz)l\t = BE (fir1) (A.6)

respectively.!

Let

~

2

MSPE® = E (R —RS),)
~ 2

MSPE® = E(Ru—RY,)

t+1t

denote the Mean Squared Predictive Errors of both models.

Theorem A.1. We assume that {€¢;} and {f;, Zi_1} are mutually independent, with E (¢;) = 0.
Then it holds that
MSPEY > MSPE©),

with equality if and only if Bs = Bp = (.

Theorem A.1 states that, in the genuine presence of different regimes, the unconditional spec-
ification is “mis-specified”, in that it incurs a higher cost (expressed in terms of expected squared
error of prediction) than a conditional specification (see Davies and Newbold, 1980). The “strong
exogeneity” assumption that {¢} and {f;, Z; 1} are mutually independent is stronger than nec-

essary, and we make it only to simplify the main arguments in the proof, reported below.

Note that this (and the following ones) is an infeasible prediction, being based on the true parameter values
Bs and Bp. In an asymptotic set-up, where parameters are estimated consistently, this simplification does not
impact on the results reported in this section.
Note also that (A.5) corresponds to

RO _ Psk (fe1) if £y (Zt41) > 0,
tHlt — BpEy (fie1), if By (Zegr) <0.
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Proof of Theorem A.1. We begin by computing M SPE©). It holds that

E (Rt+1 - éﬁwf
= Eler + Bs (fr1 — B (fir1) 1(Ses1) + B (fror—Er (fr1)) T(Degr))” .

We note that E (€:41 (fer1 — Et (fi+1)) 1(Se41)) = 0 by the independence between {¢;} and { f;, Z;_1}.

Hence the expression above simplifies into

E(Ret - B9,,) (A7)
= B (6?“) + B [Bs (fer1 — By (fir) L(Sis1) + Bo (frri—Ei (fi41)) L(Degr)]
= B(G) + B3 [(forr = B (fir)* L(Sein)| + B3E [(fror=EBe () T(Dis)|

We now study MSPE®: by construction we have

B (R — B9,
= Eleryr + Bsfisal (Senr) + Bofiral (Dest) — BE (frsr))
= Eleryr + Bsfisal (Ser) + Bofrnil (Deyr) = BE, (firsr) 1(Sit1) = BE: (fr) T(Dpyr))”
= Eleiri + Bs (firr = B (fr1) L(Str1) + B (ferr = Ee (fi41) T (Dig)

— (8= Bs) B (fir) L(Sei1) = (8= o) Ei (fis) L(Di)]*.

We now note that, as above, E [¢;11F; (fi+1) I (St+1)] = 0; further, consider

E(firr — B (fiv1)) B (fr41) T(Se11)]
= E{E|[(fir1 — B (fir1)) Ee (fir1) T(Sis1)]}
= EA{E[(fis1 — E: (fir1)) B (fix)] 1(Sig1) }

because I (S;11) is measurable with respect to the information set available until ¢ by construction.
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Also, it is easy to see that

B [(fer1 — Bt (fer1)) Ei (fran)]
= Ei[fer1 Bt (ferr)] — Be [Ey (fr1) Br (fra)] = 0,

a.s., seeing as

Ey By (frr1) Be (fir)] = [Be (firn)]”,

and, by measurability

By [fer1 By (frn)] = Ee (fer1) Ei (fien) -

This immediately entails that

B (Rey — BY,)’

t+1t

= F (Rt—l—l - Rii)1|t)2 + (B8 = Bs)’ BB (firs1) 1(Si1)]?
+(8 = Bp)’ E[Ey (fr1) I(Diyr)]” -

Note that equality holds only when s = fp = 5. ]

A.2 Assumptions and further notation

Let
Eg = u%,t U ug,ta (A.8)
!/
where u? has dimension P} such that max (Pp, P9) < P) < Pp+P¢, and let B ; = ( o i1 s 2,]‘71\/)

be, for j = D, S, the N x P matrix suitably filled with zeros so that B, ;up = Bu), for j =D, S.

Finally, let
0 = Busi— g,D,i' (A.9)

i Mu,S

Assumption 1. There exists ann € (%, 1] such that 6) # 0 fori=1,...,|N"]| and Zi]\i\_N’IJ-&-l 169 <

Q.
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Assumption 1 is related to the results in Bates, Plagborg-Mgller, Stock, and Watson (2013),
who show that, if no more than a fraction O (N 1/ 2) of the cross-sectional units in a large di-
mensional factor model have a structural break in the loadings, then the principal components
estimator applied to a (misspecified) linear model has the same convergence rate as in the no
break case - namely, O, (C&}) (see Bai and Ng, 2002). Thus, Assumption 1 requires that at least

as many as O (N") of the N assets have regime specific factor loadings, for 3 <n < 1.

Assumption 2. It holds that, for all N: (i) (a) the largest eigenvalue of T; " Sy E (€,d; (6°))
is finite for j = D, S, and (b) the smallest eigenvalue of Tj_1 S E(e€,d;, (60°)) ds positive for
j=D,S; (ii)

a3 LSS 8 (et () e (8)) <

k=1 t=1 s=1

<

forj=D,S.

Assumption 3. It holds that (i) E||f;,||*"* < oo for some r > 0, with j =D,S and 1 <t < T
(i) it holds that, as T — oo
1 0 0 0
=B (£0:d;0 (0) £, (0°)) — Bx; (6,6°),

t=1

where ¢ ; (0,60°) is positive definite for j = D,S and all 0; (iii) HB?@ < oo for j = D,S and

1 <i<N; (i) NﬁlB;Bj — Yp,; as N — oo, where X ; are positive definite matrices for

j=D,S; (v) the eigenvalues of ¥p ;3¢ ; (0°,60°) are distinct for j =D, S.

Assumption 2 stipulates that the idiosyncratic part of the model (i.e., the errors ¢;;) can be
cross-sectionally correlated; however, by part (i) of the assumption such cross-sectional correlation
is weak. Conversely, by Assumption 3, the “signal” part of the model (i.e., the one related to
the common factor structure) introduces strong cross-sectional correlation between the ﬁivts. In
particular, as we show in Lemma A.1 below, Assumption 3 entails that the eigenvalues of the
covariance matrix of the ﬁi,ts have a spiked structure, whereby the largest eigenvalues diverge

proportionally to N whereas the other ones are bounded.
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Assumption 4. It holds that (i) E (e;;) = 0 and E|e;,|> < oo; (ii) E (dj (0)d;, (0) €46i0) =
Tiitw (0) With |Tjit0 (0)] < |Tjto| for 1 < i < N, and Tj_1 sSrosr [Tt < 00 for j =

D,S; (iii) B (T; ' S, djy (0) €i€re) = 05500 (0) with o500 (0)] < ojil for 1 <t < T and
NN SV ojia] < oo for j=D,S; (iv)

4

T
T’j_l/Q Z (djﬂg (0) Ei,tel,t — E (djﬂf (0) Ei,tel,t))

t=1

E < o0,

for j=D,S and 1 <i,l < N; (v) it holds that E (fgsei,t|zt) =0forj=D,S and 1 <t,s<T,

2
]<oo,

with
E

N
N~
i=1

T
11].71/2 Z dj,t (9) fﬁtfi’t
t=1

forall @ and j =D,S.

Assumption 4 mimics similar assumptions in the literature (see e.g. Assumptions C and D in

Bai, 2003), and essentially it states that the idiosyncratic errors are weakly dependent.

Assumption 5. [t holds that (i) {fﬁt,zt,et} is a strictly stationary, ergodic, p-mizing sequence

4
with mizing numbers p; ,, satisfying > oo, pjl/ni < oo forj=D,8 (ii) E (Hfﬁtei,t ‘Zt) < 00 a.S.
4
and E (HfﬂotH |zt> <00 a.s. forj="D,S and 1 <i < N; (iii) z; has bounded and strictly positive
density; (iv) the density of z; is continuous at 0°; (v) E (fﬁtfﬁﬂzt = 9) is a.s. positive definite and

continuous at 0 = 0° for j = D, S with Zi]\iLN"JH 0E (fQ £z = 80) 6) < oo a.s.; (vi) {fﬁt} and

It 3,

{€i+} are two mutually independent groups conditionally on z; for j =D,S and 1 <i < N.

Assumption 5 draws upon Assumption 1 in Hansen (2000) (see also Massacci, 2017), to which
we refer to for further discussion. In our context, it is used in order to obtain the convergence
rate of the estimators for factor innovations and loadings. We point out that some of the other
assumptions above - chiefly the ones that contain “time series results”(e.g., Assumptions 4 (7v)-(v))
- would follow from Assumption 5, although they could also be derived from other dependence
assumptions.

We would like to point out that Assumptions 4 and 5 does not necessarily require z; to be

a contemporaneous series, i.e. a series observed at time ¢. Indeed, z; can also be defined as the
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prediction, based on information available up to a point in time in the past ¢t — h, viz.
2= Erp (w) = B (w] F5) (A.10)

where fq’ijfoo is the o-field defined by the past information on w; which is used for the prediction
of wy, i.e. .F'qﬁ;foo = 0 (Wy—p, W—p—1,...). This also naturally nests, as a special case, the case of z
being genuinely observable, i.e. z; = w; itself, which is typically used in the downside risk literature
(see e.g. (Ang et al., 2006; Lettau et al., 2014; and Farago and Tédongap, 2018)). In the case
where z; is a conditional expectation of a variable wy, it can be shown that z; satisfies Assumption
5 as long as w,; does - that is, it is possible to spell out our assumption on the observable quantity

w; rather than on the more artificial z;. Indeed, let F!

2,—00

= o (24, 241, ...); then of course

Froo © Firloo © Froooo: (A11)

2,—00

Hence, for any F, _ -measurable function ¢ (-), it holds that

E {90 (ft7 Et) ’}—;,—00}
= F {E {tp (£, €) |]:fu_1100} |‘7:§,—00}

= E{E[E(p(f.e) |7, o) IFL ] 17}
Hence, if £ [(p (fi, €) \Ffv’,m} =0 a.s., as prescribed by Assumption 4(v), it follows that
E [E (gp (f;, &) |.7:127_OO) |f5foo} =0 as,

and therefore £ [ap (f;, €) |.7-"§,_OO} = 0 a.s. also follows. If there exists a finite constant ¢y such

that £ {gp (. €r) ]}'fu_foo] =0 < ¢ a.s., as in Assumption 5, then

E[E (¢ e)|F, ) IF] <en



a.s., for some finite constant ¢;; hence, E [gp (f;, &) |.7-"Ztﬁoo] < ¢y a.s. Finally, letting p¥ be the

rho-mixing coefficients of wy, and pZ, those of z;, (A.11) immediately yields p? < p¥ by definition.

A final note on the assumptions above. As mentioned above, Assumption 3(7v) is typical
in the literature on inference on factor models (we refer, inter alia, to the contributions by Bai
and Ng, 2002 and Bai, 2003) and, in essence, it requires that the common factors be “strong” or
“pervasive”. A well-known consequence of the assumption is that - as we show in Lemma A.1 -
the eigenvalues of the second moment matrix of the data diverge at a rate exactly equal to N,
which we exploit in the construction of our tests for the determination of the number of common
factors. On the other hand, Assumption 3(7v) rules out the potentially interesting case of having

4

“weak” common factors. As pointed out in Uematsu and Yamagata (2021), a “weak” common
factor can be defined as a common factor whose corresponding eigenvalue in the second moment
of the matrix diverges, but at a rate slower than N. Such a case could be of interest in general,

and especially in the context of a threshold factor model, where e.g. a pervasive factor affects only

a fraction of the units in one regime, and is absent in the other regime.

Assumption 6. As min (N,T) — oo, it holds that

(In N) (InT) /2™
T1/27Tj

=0,

forj=D,S.

By Assumption 6, §§i) — gj(i) is of a smaller order of magnitude than N. As mentioned above,
this ensures the spiked structure of the spectrum of the sample second moment matrices.!

Some further comments on the asymptotic regimes - i.e., on the restrictions which are required
between N and T - are in order; hereafter, we also provide a summary of the restrictions required

by each result. According to Assumption 6, our general asymptotic regime is based on (N, T") — oo

jointly (we refer to Phillips and Moon, 1999, for a definition of joint versus sequential limits). The

in essence, the assumption is a restriction on the rates at which 7; can drift to zero: in particular, the
assumption is satisfied as long as 7rj_1 =0 (T v 2’6) for any € > 0. Note that the assumption also (very mildly)
restricts the relative rate of divergence between N and T as they pass to infinity - in essence, however, it allows
for N to grow at an arbitrarily high polynomial order with T, i.e. it allows for N = O (T") for any value of .
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restriction on the relative rate of divergence as IV and T required by the assumption is, essentially,

equivalent to

N=0 (exp (ﬁ)) . (A.12)

This restriction is satisfied in the vast majority of datasets; based on (A.12), N can be smaller
than 7', but also much bigger than 7', even greater than any polynomial rate in 7. Indeed, this
(very mild) restriction is a consequence of our method of proof (see in particular Lemma C.1) to
derive almost sure rates, and we conjecture that it could be further relaxed.

As far as the restrictions needed by each set of results, in general all our results involving
rates and consistency do not require any further restrictions between N and T as they pass to
infinity. For example, the rate of convergence for the estimated threshold, 7 (see Lemma C.7), only
requires Assumption 6; hence, our test in Section A.3 for Hy : §° = c also only requires Assumption
6, and if the test were inverted, to construct confidence intervals, these also would not require
any further restrictions between N and T. Similarly, the consistent estimation of the number of
common factors (Section 4.2); the (consistent up to a linear transformation) estimation of factors
and loadings (Section 4.3); and the consistent estimation of common components (Section 4.3) and
risk premia (Section 5.3), do not require any further restrictions between N and 7. Conversely,
any result involving limiting distributions does require further restrictions between N and 7', in
addition to Assumption 6, although this is typical in general in the context of large factor models
(see, as a prime example, Bai, 2003). For example, a restriction like

T1/2

- 0, (A.13)

is required to have the limiting distribution of the estimated loadings (Theorem A.6); of the
estimated risk premia, ;¢ (Theorem 3). This restriction, per se, does not require 7" to be smaller
than NV, and it is satisfied when N and T are of comparable dimension, or even if T" is “a bit larger”
than N. Similarly, the asymptotic distribution for the zero-beta rates (Theorem A.7) requires the

restriction
N1/2
T

— 0,
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which is in a dual relationship with (A.13). Even in this case, it is not required that N be smaller
than 7', and it is satisfied when N and T are of comparable dimension, or even if N is “a bit

larger” than 7.

Assumption 7. "'t holds that, for j = D,S: (i) E ( i} wzozjz) < ¢oN for all {w;}", such that

N ow? < oo; (i) {ajl}fvl is independent of all other quantities; (iii) it holds that, as N — oo,

1/2
{Var (Zi_l viajz)] / Ei:l vi; 2 N (0,1,) for every v-dimensional sequence v;, 1 < i < N,

such that HN SN v

Assumption 8. It holds that: (i) in (4), (a) ||A]| = O (1) and (b) E (e;) = 0 with E |je,||* < oo;
(i) T ST yeu); = Op (1) for j =D,S.

Assumption 9. For j =D, S, it holds that (i) E (et|u§-’7t) =0 a.s. for allt and (i) as T — oo

0
12 ST vece (etu )d (67) Dy 0 Veuj e

Sioyud,dj (0°) 0 Muej  Vuy

T

where

Vew; = lim E 71 i vec (em%) (vec (esugjs))/dj,t (@0) dj s (90)> ,

T—o00 to=1

T—o00

)

Vo, = lim BT }T: uf P id; (6°) d; s (90)> ,
t,s=1

T—o00

T
Moy = Jin 2 (70 32 (e ) 0 () . (90)).

)

Assumption 10. It holds that a;; is i.i.d. across i with F (04?71> =02, <00 for j=D,S.

il Assumption 7 contains some regularity conditions on the pricing errors «; in (1). By part (i), we require that
the second moment of the ;s grows linearly with N; a possible case in which this would happen is when «; is 4.i.d.
with zero mean and finite variance. However, the assumption is more general than this, and it allows e.g. for the ;s

to have nonzero mean. Indeed, if F (o) # 0 for 1 < i < N, with N, = O (Nl/g) and I (Zz N1 wlaz> < coN,

the assumption would hold anyway. Note also that part (7%) of the assumption could be derived using more
primitive assumptions on the «;s (see e.g. the very general CLT in McLeish, 1974).
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Assumption 10 is a simplifying assumption, which complements Assumption 7 by requiring

the homoskedasticity of the o;; across i.

Assumption 11. [t holds that: (i) ap and ap are independent; (ii) as T — oo

vec (equp dp )

up.dpy 4 N(0,V)

T—1/2 Z

t=1| wvec(ejus ds,)

upds ¢
with

Vue,D

Hue,’D VU,D

Hue,DS Hue,S;u,D Vue,S

Hue,D;u,S Hu,'D;u,S Hue,S vu,S

where Vye j, Vi j, and 1L, ; are defined in Assumption 9 (for j =D, S) and

T T !
weSuD = TE <ZUD,th,t> (ZUeC (etus,tds,t)> );
=1

t=1
=1

1 T T !
e DS = TE <Zu8,td8,t>< Uec(etuD,th,t)> ;
t=1 t

t=1

T T !
weDs = TE <ZU€C (etuD,th,t)> (Zvec(etus,tds,t)> >,
=1

1 T T /
DS = TE (Z uD,th,t> (Z Us,tds,t> ) -
=1 =1

A.3 Complements to Section 4.1: the test for §° = ¢

We discuss our test for Hy : ° = c¢. The test is based on similar passages (albeit in a very
different context) to Horvath and Trapani (2019); some arguments are very similar to the ones
used in Section A.4, and we therefore present them only once, to avoid repetitions, in the next

section.
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We know that, by Lemma C.7
é\_ ‘90 = Oq.s. (T_IUN,T (€>> )
where Ty 7 (€) is defined in (C.3). Define now the deterministic sequence sy such that

lim SNT = 00,
min(N,T)—o0

lim  syrT Onr (€) =0,

min(N,T)—o0

for all e > 0. By construction, we have sy (HA— c) = sn1 (6° — ¢) + 045 (1). This, and Lemma

C.7, entail that, under Hy

and therefore we can assume that, under the null

lim SN.T (GA— c) = 0.

min(N,T)—o0

Conversely, whenever 0° # ¢, it follows that

P (w : min(}l\}%%m SNT (5— c) = oo) =1,

and therefore we can assume that, under H4

min(]l\;,ljg)_mo SN,T (é\_ C) = Q.

This dichotomous behaviour can be reversed by choosing a transformation A (-) such that lim,_,.. h (x)

0 and lim,_,o h (z) = oo, thus defining

fr =1 (s (- ))
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Exactly as above, we can assume, on account of continuity, that

min(fl\}g})%oo h (SN’T (5— C)) = 00,
minulvi%ﬁoo h (SN:T ((3 - C)) =0,

under Hy and H 4 respectively.

We can now construct the following test (also similar to the one in Section 4.2 below):
Step 1 Generate an i.i.d. sequence {fﬁl, 1<m< Mg}, with common distribution N (0, 1);
Step 2 Generate the Bernoulli sequence (Y, (s) = I (f}v/%gg < 3);

Step 3 Define

S0 = /;OO '09 (s)’2 \/12_7T exp (—132> ds,

where

? 0= %9:1 (o) -2).

Theorem A.2. We assume that the assumptions of Lemma C.7 are satisfied. Then, as min (N, My, T') —

oo with
My

hl/2 (SN’TT_IU]\LT (6))

0, (A.14)

it holds that S 25 X3, under Hy, and that R=1S° L co > 0 under H 4, for almost all realizations

of {Ri;,1<i<N,1<t<T}.

The proof of Theorem A.2 is very similar to the proofs in Horvath and Trapani (2019), and it
is therefore omitted to save space. Letting x? denote a chi-squared distribution with one degree
of freedom, and defining the critical value ¢, as P (x? > c,) = « for a nominal level o, Theorem
A2 entails

im P (S7>ec) =1, (A.15)

min(N,T,Mg)—o0

under H 4, and

lim P (59 > ca) = a, (A.16)

min(N,T,My)—o0
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under Hy. Equation (A.15) has the “traditional” interpretation: when the null is false, the test -
asymptotically - rejects with probability 1. Conversely, equation (A.16) does not have a straight-
forward meaning. The test is constructed using a randomization based on {ﬁfn} which does not
vanish asymptotically, and therefore the asymptotics of S? is driven by the added randomness.
Thus, different researchers using the same data will obtain different values of S?, and, consequently,
different p-values. In order to ameliorate this, we - along the lines of Horvath and Trapani (2019)
- propose to generate the test statistic S¢ for 1 < b < B times, using, at each iteration, an i.i.d.
sequence {ﬁg%b}, 1 < m < My, with common distribution N (0, 1), independent across b. Define
1 B

Qu=5 D 1(S <ca). (A.17)

b=1

The Law of the Iterated Logarithm entails that!

lim inf lim \/ B Qu=(l-q) =—1.
B—oomin(N,T,Mp)—oo | 2InIn B/, (1—a)

Hence, we propose the following “strong rule” to decide in favour of Hy:

QQE(l—a)—\/a(l—a)wmn;B. (A.18)

~ —1
Finally, we point out that, in our empirical exercises, we have used fyr = (\/T ‘8 — CD and

My =TV4.

The test for Hy : 6° = ¢ discussed above can be generalized in order to compare estimates
of A from different datasets. Indeed, let the subscripts 1 and 2 denote each datatset, and define

the sample sizes as (N1,77) and (Na,T,), and the relevant estimates as 0, and . Then, upon

VDetails on this argument are in Horvdth and Trapani (2019).
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defining a sequence sy p = sy 7 (71, T2) such that

lim Sy = 00
min(Nl,Tl,NQ,TQ)—}OO N’T ’

. 3}kv,T — — _
min(N1,71117I]{712,T2)—>oo min {Tl, TQ} max {UNl’Tl <€> P ON2 T (6)} N 07

the test described above can be applied readily using

Fir = 1
v \/min {71, T5} ’51 — 52"

e.g. using, in Step 1 of the algorithm, My = min {T11/4, 21/4}.

A.4 Complements to Section 4.2: theory

Equations (15) and (16) in Section 4.2 contain two estimators of the population covariance

matrices, defined as

T

Zp= 7 > £ (RiRjp, () (A19)
T
Yg = Tis ; E (RiRids, (6°)) . (A.20)

Recall that we denote as gj(-i) the i-th largest eigenvalue of ¥p and g (according as j = D or S).

Lemma A.1. We assume that Assumptions 1-3 are satisfied. Then it holds that, for j =D,S
N < g <EIN, foro<i< P},

for some 0 < gy) < 6§i) < 00, and

g](-i) < c§i), fori > P]Q + 1,

for some M < o0.

J
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Theorem A.3. We assume that Assumptions 1-5 are satisfied. Then it holds that, for all 1 <
t<Nandj=7D,S

7 [ NT1/2 € €
ﬁg(') - g](-) + 04.. ( 0 (In N)1+ (1nT)1/2+ ) ’
T

for every e > 0.

Lemma A.1 and Theorem A.3 can be read together. According to Lemma A.1, the spectrum
of each second moment matrix has a spiked structure; more specifically, the largest P]Q eigenvalues
diverge to positive infinity as N — oo, whereas the others are bounded. The fact that the
divergence rate is exactly IV is a direct consequence of Assumption 3(7v) and also of having
assumed 7 = 1. However, as long as the largest P]Q eigenvalues diverge, even at a slower rate, the
arguments below are still valid although the construction of the tests may be more convoluted.
Theorem A.3 offers the sample counterpart to Lemma A.1, giving a bound for the estimation error

~(1) _ (@) v vi

9 g, -

Hereafter, we provide some comments, and the relevant asymptotics, on the individual tests
for (17), viz.
Hy gj(-i) = ji)N
Hy gj(i) < cg-i)
Since Theorem A.3 only contains rates, we propose a randomized version of the estimated eigenval-

ues §](-i), based on Trapani (2018). Based on Lemma A.1, each g](-i)

should diverge or not according
to whether there are at least i common factors or fewer. Thus, we would expect the same sep-

aration result to also hold for §J@.

represents the null hypothesis), §§i)

Indeed, whenever g](-i) diverges as fast as N (which, in (17),

also does, at the same rate: this is an immediate consequence

of Theorem A.3. Conversely, there is no guarantee that §J@ converges when gj(i) does so: in this

VAs is typical in (large) Random Matrix Theory, there is no guarantee that §J(l) — gj@ will drift to zero as

min (N,T) — oo. See for example the related contributions by Bai and Yao (2008), Bai and Yao (2012) and Wang
and Fan (2017), and also Lemma 2 in Trapani (2018), where a similar result is derived, under different assumptions
and for a linear model. Indeed, @\jz) - ](»Z) may even diverge to infinity. However, as long as ﬁj(»’) - J@ is of smaller
magnitude than gj(i) for j < PJQ, the spiked structure of the spectrum of the second moment matrices is preserved,
in that §j(l) is of smaller magnitude when j > P]Q compared to the case j < P]Q.

ViNote that we are not imposing that 0 < 7p,ms < 1; we are therefore entertaining the possibility that e.g.

mp = mp (T') — 0, which may be well suited to a situation in which one of the two regimes occurs very rarely.

XIX



case (which corresponds to the alternative hypothesis in (17)), from Theorem A.3, it is still pos-

sible that the estimation error §](»i) - ](»i) will diverge at a rate NT~%2, modulo some logarithmic

terms.

Therefore, in order to ensure that §§-i) has the same separation result as its population coun-

7

terpart g(j ), we propose to use the statistic 1 (gj(.i)) defined in (18). In (19), we have defined

h’lTj 1

b — € when 4 > 5
;=

. llnTj lnTj l

sy T€ when & <3

The rationale for this choice is that we need to choose p; such that

leng1/2
lim ————— (InN)"™ (InT)"?* =0; (A.21)

min(N,T)—o0 T7Tj

(19) is therefore proposed under the condition 0 < 7p, my < 1, although it is valid for any values of
7p and mg. If this is violated, in principle (A.21) can be employed to construct a refined proposal

for p;. Based on (19) and on the strong rates in Theorem A.3, it is easy to see that

lim o (ﬁ;l)) = oo under Hy,

min(N,T)—o0

lim @ (gf)) = 1 under Hy.

min(N,T)— o0

Let ¢ be defined such that ,
o
&
1 N —(h)?
N—p h=p+1Cj

0<x<

where Qgi) and the Egh)s are defined in Lemma A.1l. It holds that

Theorem A.4. We assume that Assumptions 1-6 are satisfied with n = 1 in Assumption 1. Let
M = M (N), so that limy_,oo M (N) = 00. Then, as min (N,T;) — oo with

M exp (—%Nl_gj) — 0, (A.22)

XX



it holds that under Hy
T 2532, (A.23)

J
for almost all realizations of {R;+,1 <1< N,1<t<T}, j=D,S and all1 <i<N.
Under H 4, it holds that there exists a positive, finite constant ¢y such that

1

I MTf) 5 o, (A.24)

for almost all realizations of {R;+,1 <i < N,1<t<T}, j=D,S and alll1 <i<N.

The theorem, and the algorithm above, suggest that some tuning is needed prior to imple-
menting the test. To begin with, note that the power of tests based on ng‘) increases with M by
(A.24); conversely, in the proof of (A.23) it is shown that the test statistic has a non-centrality
parameter which is controlled by (A.22), and which vanishes faster the smaller M. Thus, the
choice of M reflects the well-known size-power trade-off. In Section B and in the empirics, we use
M = N, which satisfies (A.22) and is our recommended choice.

In Step 2, we recommend to draw the values of s from a standard normal. By integrating s
out in Step 4 of the algorithm, the statistic ng‘) becomes scale-invariant, in the sense that ng’)
does not depend on the support of 5.V This form of scale invariance is clearly desirable. From a
practical point of view, we propose to use a Gauss-Hermite quadrature to approximate the integral

that defines Tg-i), Viz.

L T CCD) a2

where the z;, 1 <1i < ng, are the zeros of the Hermite polynomial H, (z) and

VT2t (ns 1)!2. (A.26)
s i (20

i =

Thus, when constructing ne (s), we construct ng of these statistics, each with s = y/2z;."i

J

Vii'We point out that, in the original paper by Trapani (2018), this is not the case since the methodology is
implemented by extracting several values of s from a uniform distribution with support, say, S: doing this makes
the test statistics dependent on S, thus making them not scale invariant.

ViliThe values of the roots x;, and of the corresponding weights w;, are tabulated e.g. in Salzer, Zucker, and
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A.5 Complements to Section 5.2

A.5.1 Assumptions

For j = D, S, consider the matrices M{/) = limy_o T~ 3L, ujtujtd]t (6°). We then define

Ay —1 N —1
Sij = ¢ AGVasAY + ((’V?,ﬁ (M) ) ® [K) Veu,j (((Ml(f)) Vi
170 @) L0 1 (A0 (DY
+Cj jHue,j (Mu ) Vi1 ® Ik )+ C; Vi1 (Mu )
2 0/ 0 1 o/ 1 o i o7

where iy is an N x 1 vector of ones.

A.5.2 Estimation of long-run covariance matrices

We propose the following estimators

~ ~ o~ o~ —~ o\ —1 ~ —~a\ —1
.5 = GOV AL+ (<A;71 (Mfﬁ) > ® ]K> Veu,; <((M1(1J)) %‘,1) ® IK)
~ ~ —~\ —1 —~/\ —1
+071AjHue] (((Mu])) i 1) ® [K> + C; ((7},1 (Ml(l] ) ) ® [K>
- < [1apiap  (1ap 15 V] =
~2 i ’j Pjr Pjr.

n (A.27), recall that X\j = (LN, Bf) Also, we have used

MO — ’_]{ i u; tﬁ}tc@ ‘

o ), k —() | =)
Vaj = mu0+£(1_hm+1>( uk+muk)7
o ), k i)
Veu; = meu,0+kz::1 (1 T ho o 1) ( euk +meuk>

T L A hm k .
H’ue] = 7 > (vec (etu;t) ), d;, + kZ::l <1 i 1) (m%)k + mh)k

i
I\

Capuano (1952).
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(A.29)

(A.30)

(A.31)

(A.32)



with

—) L5 '
Myr = TtZZkJ:rl( td] t) (u]t kd]t k) ’
= b3 (o)) e ) )
e = b o)) ().
t=k+1
T
Ng)k — ; > (Uec (étﬁ ) )(ﬁj,tfkc/l\j,tfk)/u
t=kt1

for k =0,1,.... In (A.30)-(A.31), we use h,, = O (T1/3), and € = g; — (§+Kﬁt). Finally, in
order to compute 2 et

~ T ~ >/ ~ ~ T
Ciae = Rirdje — [F0+ By (B + 850)| s,

and define ¢;,;, = Tj_l S L, € and
1N
AR SIA
All the estimators defined above are consistent - in order to save space, we omit the proofs,
which is based on standard, if tedious, calculations based on using the results reported in the

above. The only result that does not follow immediately is the consistency of 52 ., which we state

Cl{j7

as a lemma.

Lemma A.2. We assume that Assumptions 1-10 hold. Then, as min(N,T;) — oo for j =
D,S wunder (24) and (25), it holds that G2 ; = o7 ; + op- (1), for almost all realizations of
{Riy, 1<i<N1<t<T}.

A.5.3 Estimation of I'; and A;: asymptotics

Define the P} x T matrices of regime-specific factor innovations U (8) = [u;1 (6) , ..., u;r (6)],
for j =D, S, such that Up (0) + Us () = (uy,...,ur) = U.

As is well known, I'; (and A;) cannot be estimated consistently, but only up to a rotation.
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Define the P]Q X ]3] rotation matrix

) o) - 2O B?,]?Vj D0, (4.33)

for j = D, S, where Vj (0) is the 13] X ]3j diagonal matrix of the first 13] largest eigenvalues of
ij’ﬁ (0) defined in (12). Define also

TP .
Hj; 7 (0) = Aﬁjpj ; (A.34)

for y=D,S.
For short, we define Hj; (8) as ﬁfj () when calculated with P} common factors, and /I-ifj (9)

similarly. Finally, we define Hj; (6°) = H;; and HY, (¢°) = HE,.

Theorem A.5. We assume that Assumptions 1-8 are satisfied. Then, as min (N,T;) — oo, it

holds that

T, — (H5 (09) ' 19 =og (1) + op- (1), (A.35)

Aj— AJH;; (6°) =op (1) + 0p- (1), (A.36)

for j =D,S, for almost all realizations of {R;+,1 <i < N,1<t<T}.

For j =D, S, consider the matrices: MI({J")X = limpy 00 N‘lﬁfj’ (6°) X?’X?ﬁfj (6°); Ml(ij,)x,B =
limy oo N-UHT (09) XUBO: and MY = (MDY H;. (6°). We then define
i i H,u u i

YA, = (Mg),; ® IK) Veu, (Mg)u ® IK) '
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Theorem A.6. We assume that Assumptions 1-8 are satisfied, and that min (N, T;) — oo, with

(24) and (25). Then, under Assumptions 7 and 9, it holds that
1 1 2 N o) D
(750 + 3 Sara) (B = (F5 (8°) ' 09) 5 N (0, 200)
Under Assumption 9(ii), if %/2 — 0, it holds that

(h5,) " e (B, — AU, (#)) 55 N (0. 1oy

for j =D,S, for almost all realizations of {R;+,1 <i < N,1 <t <T}.

In order to use the results in Theorem A.6, we propose the following estimators

Ep’j :Cj_

o~ o~ -1
/
o (XX
al',j _O-a,j N )

S = ((19) ™ @ ) Veus (319) " @ 1)

— e\ =1 [~ AISJ_ —~ Aﬁj SN |
9 X;Xj X;.Bj 7 X}Bj X;-Xj
N " N N '

whose consistency can be shown along the same lines as for the other estimators.

A.5.4 Asymptotics for the zero beta rate

(A.37)

(A.38)

The following lemma (which can be compared with Theorem 3 in Giglio and Xiu, 2021)

characterizes the distribution of 7, and the test for

Hy : mpypo + msvs,0 = 0.

(A.39)

Theorem A.7. We assume that Assumptions 1-10 hold, and that E (o pags) = 0 for all 1 <
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i,k < N. Then, as min (N, T;) — oo with % — 0, it holds that

V5,0 — 75,0 173 E; N (O, 1) ’ (A40)
(agﬁj (iNMY i) )
for 7 =D,S, and
(TpYp0 + Ts7s0) — (TpYD0 + TsVs.0) DiN (0,1), (A.41)

172
-1 -1
2 +2 i’ 0 4 2 +2 i’ 0

for almost all realizations of {R;;,1 <i < N,1 <t <T}, where MOBJ- = B? (B?’B?)il B?’ for
i=D.S.

A.5.5 Testing for zero weighted intercept

We consider the following result, which can be used e.g. to test for

HO S TDVYD,g + TSVS,g = 0.

The result is a direct application of Assumption 11, and we therefore report it without proof.

Define

_ BisMiyBp\ BsM;yBs\
San = 502 pAp <DNND> A + 7202 6As (3va5> A
and
i = W%E%D + WEZ%S + WDWSCBICEI (ADH;,DW,SA/D + Asnu,p;%SA{S)

+1p7s (Vo - M) @ I W ps | (v - Miry)) © Ic|
+ (moms (o, - Mir)") @ I W s [ (1 - M) @ Li])
+rprsey Aplly, s.up {(75,1 : Ml(qpu)) ® IK} + (ﬂpﬂscglADH;evs;%D {(75,1 : MI(E)) ® IK])I

+rprscs' [(voa - Mip) @ [K}/H;e,D;u,SAZS + (7TD7T$C§1 [(vp1- M) ® IK}/H;e,D;u,SA:S')/'
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Theorem A.8. We assume that Assumptions 1-11 hold, and that E (a; pags) = 0 for all 1 <
i,k < N. Then, as min (N, T;) — oo wzth s — 0, it holds that

1 ~ 1 -1/2 L L
(§800+78)  [Rog +7sTsg) — (101 + Ts150)] 5 N (0, L)

The long-run covariance matrices that appear in the theorem can be estimated as

. 1 & k _ .
wDus = Z (thUSth vds t) + Z <1 T 1) (m%D]f) + ml(f]f))

t:l
h
- +1>( S | @),

=1

Ed

with
(Ds) 1 & S
—~ ~ o~/
nk = 7 > lsylisy_pdsids ik,
kit 1
(Ds) 1 ¢ S =
—~ o~ ~/
M, = T Z US,tkaS,tdS,tfde,ta
t=k+1
and

~ 1 T ~ ~ N/ ham, k
, B . . __(DS) __(DS)
Hue,S;u,D -7 Z Up tdp vec (etus,tds,t) + Z 1- o1 1 (mn,ue,sp kT UL ue SD K
=1 k=1 m
hm
_ 1 k ~(DS) (D)
- - HueSDkz+ I,ue,SD,k ) »
pe hy, +1
where
(D) 1 < -
—~ o~ ~ o~ !
MiLuesDk = T > apgvec (€—rls—k) dpidsi—k,
=kt 1
(DS) 1 ¢ s s
— ~ ~ o~ /
Miuesor = 7 > Upy_kvec(elsy) dpy—rdsy,
t=ht1
etc.
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B Simulations

We evaluate the performance of (i) the Least Squares estimator of 6, and (i) the sequential
procedure to determine the number of common factors.!

Data are generated according to (5), that is

Ry =I(Dy) (’YD,O +ap; + BpiYp1 + Blp,iup,t>

+1(S)) (V50 + s + Bs¥s1 + B use) + VO5eiy. (B.1)

In this data generating process (DGP), we generate all variables - except z; - as having zero
mean for simplicity. Where possible and relevant, we calibrate the values of parameters to values

that arise from empirical analysis. In particular, as far as the downside risk is concerned, we set

0° = —6, which is the value we found in our empirical application; by way of robusteness check,
we also consider the case §° = —3. Similarly, we generate z; as i.i.d.N (u,,0?). Based on our

data, we set p, = —1.134, and o, = 7.346. In Section 6 we found that P (z; < %) ~ 0.23; with
our set-up, we have P (z; < °) ~ 0.254, which ensures an almost like for like set of synthetic data.
The rest of the DGP is specified as follows. For j = D, S, we generate u;, as i.i.d. N (0,1) for
1 <t < T similarly, we generate f3;; as i.i.d. N (0,1) for 1 < ¢ < N; finally, o, is also i.i.d.
N (0,1) for 1 < i < N.' The number of replications is set to 500.

The specifications of our estimators and tests are as follows. In the estimation of 6, we use a
grid search on the interval [—8, —4], with steps of size 0.01. In the estimation of P;, we use the
algorithm described in Section 4.2, with: M = N, ¢ = 0.01 in (19), ng = 4, and the nominal level
of the individual tests set to a = 0.05/7.11

IAs far as the latter is concerned, the results complement the ones in Trapani (2018), which considers the case
of a linear model.

'We note that we have carried out some limited experiments where, e.g., a vanishing proportion of the a; ;s
had nonzero mean, but results did not change. As far as the idiosyncratic innovation €;; is concerned, we only
consider the case of no cross sectional independence in our simulations; thus, we generate €;; as i.i.d. N(0,0.5).

ii'We point out that altering the choice of M within a reasonable range does not have any impact on the final
results. Indeed, we tried M = N/2 and M = 2N, without noting any changes. This robustness is in line with the
simulations in Trapani (2018).

Similarly, we have set p; according to (19), with ¢ = 0.01; based on Theorem A.4, ¢ does not need to be too
large, since its purpose is to smooth away a slowly varying sequence. Even in this case, as the theory prescribes,
the impact of g; is minimal; we have tried, as robustness check, € = 0.05 and € = 0.1, and results virtually do not
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Results are reported for (V,T) = (130,104) and (130, 224), which correspond to the sample
sizes in our empirical application. Further simulations, which reinforce the findings in this section,
are available upon request. Similarly, we consider various number of common factors which mimic

the findings in our empirical applications: PP € {1,2,3} and P2 € {1,2,3,4,5,6}."Y

Consider the estimation of 6, whose performance, in terms of bias and RMSE, we report
in Table B.1; the results are fully in line with the theory, which predicts that the RMSE (in
particular) declines as T increases; results are better, as can be expected, when the threshold 6°
is closer to the mean ..

As far as estimation of the number of common factors is concerned, the results are in Table

B.2, where we have reported two indicators: (i) the average estimated number of factors

_ 1 500 _
B = %50 Z:l Py
j=D,S, and (ii) the percentage of times that ]3” #* P]O, j =D,S. Results are very satisfactory
with large samples: when (NV,7T) = (130,224), the estimated numbers of factors is always close
to the true number of factors in all cases considered, with the possible exception of the case
(P2, P2) = (1,1). In this case, however, our estimator has the tendency to overstate PP, which
may be regarded as a better outcome compared to understating it (in essence, due to the same
reasons why including an irrelevant variable in a regression model is preferable to omitting a
relevant one). When (N, T) = (130,104), the relatively low value of T worsens results, as may
be expected; this is also compounded by the fact that, in the downside regime, the number of
observations is rather small. Still, when the estimated number of common factors is wrong, this is
due to an overstatement rather than to an understatement. Hence, empirical findings whereby P3
tends to be smaller than P2 are not a consequence of our procedure understating the true number
of common factors due to the sample size T' being small; indeed, if anything, our procedure is

overly conservative, and we refer to a recent paper by Fortin et al. (2023) for a discussion of

change.

VTherefore we do not consider the case where there is no factor at all (i.e., either P = 0 or Pg =0, or both),
requiring that at least one factor should always be present in asset returns, which seems reasonable (see Lettau
and Pelger, 2020 for a related discussion).
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possible problems arising in the presence of short panels when estimating the number of common

factors.
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Table B.1: Bias and RMSE for §

Panel A: 9 = —3

(N, T) = (130, 104) (N, T) = (130, 224) (N, T) = (130, 104) (N, T) = (130, 224)
Bias RMSE
Ps\Pp 1 2 3 Ps\Pp 1 2 3 Ps\Pp 1 2 3 Ps\Pp 1 2 3
1 —0.001 —0.001 —0.002 1 —0.001 —0.001 —0.001 1 0.004 0.003 0.003 1 0.002 0.001 0.001
2 —0.002 —0.001 —0.002 2 —0.001 —0.001 —0.001 2 0.003 0.003 0.003 2 0.001  0.001 0.001
3 —0.002 —0.002 —0.002 3 —0.001 —0.001 —0.001 3 0.003 0.003 0.002 3 0.001 0.001 0.001
4 —0.002 —0.002 —0.002 4 —0.001 —0.001 —0.001 4 0.003 0.003 0.003 4 0.001  0.001 0.001
5 —0.002 —0.002 —0.002 5 —0.001 —0.001 —0.001 5 0.002 0.002 0.003 5 0.001 0.001 0.001
6 —0.002 —0.002 —0.002 6 —0.001  -0.001 —0.001 6 0.002 0.003 0.003 6 0.001  0.001 0.001
Panel B: 0 = —6
(N,T) = (130, 104) (N,T) = (130, 224) (N,T) = (130, 104) (N,T) = (130, 224)
Bias RMSE
Ps\Pp 1 2 3 Ps\Pp 1 2 3 Ps\Pp 1 2 3 Ps\Pp 1 2 3
1 0.006 0.003 0.006 1 0.004 0.005 —0.001 1 0.011  0.008 0.007 1 0.009 0.005 0.002
2 0.001 0.000 0.003 2 —0.001 —0.001 —0.001 2 0.007 0.006 0.003 2 0.002 0.002 0.001
3 0.000 —0.001  —0.002 3 —0.001 —0.001 —0.001 3 0.005 0.003 0.003 3 0.002 0.001 0.001
4 0.001 —0.002 —0.002 4 —0.001 —0.001 —0.001 4 0.003 0.003 0.003 4 0.001 0.001 0.001
5 0.002 —0.002 —0.002 5 —0.001 —0.001 —0.001 5 0.003 0.003 0.003 5 0.001 0.001 0.001
6 0.002 —0.002 —0.002 6 —0.001 —0.001 —0.001 6 0.003 0.003 0.003 6 0.001  0.001 0.001

Notes. The table contains bias and RMSE for /9\, as defined in the main text. The estimation of @ is based on a grid search with steps of size 0.01, over the interval [—2 + 6°,2 + 0°] - hence,
when 6 = —3, the estimator is computed over the grid [—5, —1]; when 6§ = —6, the estimator is computed over the grid [—8, —4].
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Table B.2: Number of estimated common factors across regimes

Mean
(N,T) = (130,104) (N,T) = (130, 224)
Ps\Pp 1 2 3 Ps\Pp 1 2 3
1 (1.468,1.000)  (2.228,0.994)  (3.032,0.996) 1 (1.198,0.996) (2.052.0.998)  (2.988,0.998)
2 (1.264,1.986)  (2.090,2.000) (2.890,1.970) 2 (1.010,1.980)  (1.994,1.984)  (2.986,1.986)
3 (1.104,2.992)  (2.014,2.976)  (2.932,2.964) 3 (1.000,2.978)  (1.986,2.986)  (2.954,2.978)
4 (1.054,3.938)  (2.006,3.956)  (2.922,3.984) 4 (0.992,3.980) (1.992,3.986) (2.978,3.976)
5 (1.036,4.916)  (2.006,4.918)  (2.934,4.924) 5 (0.996,4.936)  (1.988,4.956)  (2.950,4.960)
6 (1.056,5.896)  (2.048,5.910) (2.932,5.884) 6 (0.994,5.950)  (1.990,5.942)  (2.974,5.922)
Missed true value (%)
(N,T) = (130,104) (N,T) = (130, 224)
Ps\Pp 1 2 3 Ps\Pp 1 2 3
1 (47.60,0.000)  (26.20,0.600)  (17.40,0.400) 1 (20.20,0.400)  (7.200,0.200)  (3.000,0.200)
2 (15.00,0.800)  (7.800,0.000)  (5.200, 1.800) 2 (1.400,1.200)  (0.400,1.200)  (0.600, 1.000)
3 (6.400,0.600)  (4.200,0.800)  (4.000, 1.400) 3 (0.000,1.200)  (1.000,0.600)  (1.800, 1.400)
4 (6.000,2.400)  (1.600,1.600)  (4.200,0.800) 4 (0.800,0.800)  (0.400,0.600)  (1.200,0.800)
5 (3.600,2.800)  (2.600,2.600)  (3.600,2.200) 5 (0.400,2.200)  (0.800,1.200)  (2.600, 1.000)
6 (4.800,3.000)  (4.600,2.400)  (5.800,2.600) 6 (0.600,1.400)  (0.800,1.600)  (1.200,2.000)

Notes. The table contains the average numbers of estimated factors (top panel) and the percentage of times the estimator is wrong
(bottom panel). The specifications of the individual tests are as indicated in the main body of the paper, namely we have set: M = N,
e = 0.01 in (19), and ng = 4. The nominal level of the individual tests set to o = 0.05/T. Altering these parameters does not change
the final result in any significant way; robustness checks are available upon request.



C Technical Lemmas

We begin with a Borel-Cantelli type result, whose proof can be found in Barigozzi and Trapani

(2022).

Lemma C.1. Consider a multi-index partial sums process U;, . ;. , with 1 <13 < .S7, 1 <y < S,

ete... Assume that

zl: Z <1<i1<sg}fa,)f<ih<sh Ui, > €L, Sh> < 0, (C.1)
h

. defined as

for some € > 0 and a sequence Lg,

-----

Lsy...s, =S8 - S™(Sy) ..y (Sh),

.....

where dy, dy, etc. are non-negative numbers and ly (+), ls (+), etc. are slowly varying functions in
the sense of Karamata. Then it holds that

U

1Usr....sn =0 a.s. (C.2)

lim sup

Henceforth, we will extensively use the following notation:

23+r+e

UN,T ( ) (lIl N ln T)

where € > 0 and r is defined in Assumption 3(7). Recall (11)

1

N T
NT Z Z {Ei,t - ( gvz/uD tht ( ) + 5§§/u§§d$,t (0>)}2 )

i=1t=1

S (BP,UP )

=

which is the least squares loss function calculated at the triplet (BP . UP, 6’); similarly, we define

L oy [5 PY PO 2
Sus (0 NTZZ{R”_ (ﬁpzuptdpt( )+5$Zu3td3t(0)>} , (C.4)

i=1t=1
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which denotes the concentrated version of S (BP ,UP, 9) when using the correct number of factors
PP and P2. Finally, when using Pp and Ps factors, with PR < Pp < Py and Pg < Ps < Py,

we write
1 N T _ S . 2
(6) = 57 22 [Rue — (P52 0nid, (0) + 555 0g3ds. (6))] (C.5)

i=1t=1

S(

to define the concentrated version of S (BP ,UP, 0) in that case. We will also use the P, x P;

projection matrices

FPim (6) = Uy, (90;U(r]n,j (6) B%P])\;j (0) (V‘PJ’ (9))_1’ (C.6)

jm

where j,m = D,S, U, ; () is defined as the P, x T matrix of regime-specific factors, U, (6),
multiplied by a 7" x T" diagonal matrix whose entries are d;; (¢), 1 < ¢t < T’ finally, ‘7ij (0) is a

P; x P; matrix containing the largest P; eigenvalues of

NT Z RtR’th (0).

Note that, for j # m, ]/:fj%;m (6°) reduces to a matrix of zeros. In order to make the notation
lighter, the superscript P;,, is set equal to P; when j = m.

We now present a few lemmas to show the strong consistency of 0.

Lemma C.2. We assume that Assumptions 1-4 are satisfied. Then it holds that

3 (o0) — 7% (o) 0,

= 0as (P,CxGTNT (€)),

lN
N

for every e >0 and j =D, S.

Proof. This follows by adapting the passages in the proof of Theorem 3.2 in Massacci (2017).
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Then we have

4 N . 1 | N NN . . 2\ 1/2
< ]\[2;;0]21(9)4—]\[(1\72;; ;%jil(e)%]zq(e) )

9 N 0 . 1 _— 2
+N Zz::l <H/8Dl + H/BS’Z ) NT2 lz::l 2:: 7.t ( ) u.‘7 €Lt
JENEACTY

N =1 -

having defined

o0 () = 3 3B (0 () ),
il (9()) = ;gdj’t (90) €itClt — Tjil (90> .

By the proof of Theorem 3.2 in Massacci (2017), it follows immediately that E|Ayr| < coCr7-

Thus, using the maximal inequality for multi-parameter processes in Corollary 4 of it follows that

E  max |Ay| <cCy%7InNInT.

1<e<N,1<t<T

Lemma C.1 and Markov inequality immediately yield Ay7r = 04.s. (C](,?T (In N )2+€ (In T)2+6) for

every € > 0. Also,
1 N ~Pp. o\ |2
v 23 ()] = B
=1

by construction, since ij (0% f’xfj (0°) = NIp,. The desired result follows by putting everything
together. ]
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Lemma C.3. We assume that Assumptions 1-5 are satisfied. Then it holds that
‘é\_ ‘90‘ = Oqg.s. (1) 5

fOT a’ll -PJO SP] SPmax;j:D,S.

Proof. The desired result follows upon showing
SR (0) — SUR (6°) = 0|0 — 0°] + 0u. (1), (C.8)

with ¢ > 0, for every 6 # 6° - note that SI(JP]% (0) is defined in (C.5). We being by considering the

identity

Sug (0) — Sug (6°)
=S4 (0) — Sy (BYHRR (0) + B§Hgy™ (0), By Hpg® (0) + BSHSS () ,6°)
+ S5 (BLHp (0) + BYHgy™ (0) , BLHRg® (0) + BSHSS (6) ,6°)

— Sy (BYHRR (0), BSHE (0),60°) + S5 (BRHES (0) , BYHES (6),6°) — Sug (6°),

where Sg” denotes the loss function S (BP, U”, 6’) concentrated at BY. By construction, it holds
that
s (ByHFs (6) BYHL 6).0°) = 5§ (B, BS.¢°).

Following the proof of Lemma A.2 and Theorem 3.3 in Massacci (2017), it can be shown by

standard arguments that

E|sy (B%, BY. 6°) — 5S4 (6°)] < el

B[S (0) - S5 (BLHER (6) + BYHE™ (0), BYHLE" (6) + BYHE (60),6°)[ < coCi%s
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then, using again Corollary 4 in Moricz (1983), it follows that

E  max ’Sg?t (B%, BS, 90) - S[(JP]%’“ (90> ‘2 < COCK,?T (InN)(InT),

1<t<T,1<i<N

and

E _max _ [SG3,(0) — Sy (BRHS () + BYHgy” (60), BYHpE® (0) + BYHES (9),90)\2

1<t<T,1<i<N

< Oy (InN) (InT),

where

St z z (R — (B stpadp, (0) + B Gis.dse 0))]

/ lt/

and S ;; defined similarly. Hence, Lemma C.1 yields

Sup (0) — Si (BLHES (0) + BYHs3" (0), BRHpg® (6) + BEHSS (6),6°)

= 0gs (Cylp (I N) (In 7))

Similarly, by using Lemma A.3 in Massacci (2017) and the same arguments as above, it follows

that there exists a ¢y > 0 such that

S (BRHES (6) + BYIL” (6), BYHpg® (6) + BYHLS (9),6°) — 547 (BY, BY, 6°)

= |0 — 0%+ 00 (1)
Putting everything together, we have
Sug (0) = S5 (0°) = co + 0as. (1)
Then (C.8) follows if we show that

St (6°) = SH (6°) = 0u. (1) (C.9)
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It holds that
St (6°) = sus’ (¢0°)] < [Sum (6°)] + St (6°)]
where

T

Sbo (0°) = 7 2= (dm () s 155 (0°) (B () — BYTIES (#))
t=1
s, (6°) u HE (00 (BE (¢°) — BYHL (90))) e,
St (9) = s 3 (s () i 57 () (88 ()~ 3.5 ()
t=
« (BE (69 BYHES (0°)) 5" (6°) uy,
+ds, (6°) ud, HE (0°) (B (6°) — BYHE (¢°))

+ (Bf;’s (90) — BYHES (00)) HEs* (90) ug,t) .

We now estimate the order of magnitude of S;g (/%) and S§g (6°). We have

2) 1/2

st (#)] <2208 355 ()]

(2

=1

S (185s (0°) — g (6°) 6%,

i=1
>1/2
N

\/—Zth( )thet
carerg | ()] (5 2 () - 7k () 2,
=1
o o\ 1/2
[+l )

Z ds t u% t€it
77 2 dse (07) w3
By construction, note that

2) 1/2

555 ()] < coBi” (C10)

for j = D,S. Also, Assumption 4(v) entails that, by the same logic as in the previous passages
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that )

1 = 0q.5. (TN (€)),

N2

for every € > 0 and j = D,S. Thus, using Lemma C.2, we finally have

Z ¢ (0°) wieis

VT =

‘SIlJB (90)‘ = Og4.5. (pC&}TTilmﬁN,T (E)) ,
having set P = max { Pp, Ps}; this term is therefore o, (1) by (20). Similarly, it holds that (see
Massacci, 2017)

1 2

Nél

0 Ps+ 0
.| |22 ) 5 !

i3 (0°) — Hpp (0°) 6%,Z-
g () |

Using (C.10) and Lemma C.2, and noting that Assumptions 3(7) and 5(7) entail

> | 5" (o)

Sts (#°)] <

1T
72l = om0,
for j =D, S, we have
‘SIZJB (90)‘ = Og.s. (P2C]§,2T@N,T (e)) ,

which again is o0, (1) by (20). Thus, (C.9) follows. Putting all together, the desired result
obtains. O

In the next two lemmas, we define the set

Byr = (UN’T (6),619) : (C.11)
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where 0 < ¢y < 0o and Uy 7 is defined in (C.3), and the functions

1 T
W (1,0) = o 30D |ds (0) = ds. (6°)] (67f)”, (C.12)
=1 t=1
0 1 N T o0
h (777 9) = NoT ; ; dS,t (0) 51 u.6e;q, (013)

where uf and ¢ are defined in (A.8) and (A.9) respectively.

Lemma C.4. We assume that Assumptions 3 and 5 are satisfied. Then there exist two random
variables Ny and Ty, and a positive, finite constant cq, such that for N > No and T > Ty, it holds

that
w’ (n,0)

\Q—QSEBN,T |(9 — (90| = “0-

Proof. When possible, we let n = 1 to avoid a burdensome notation, and we consider the case

6 — 6° > 0 only (the opposite case can be shown by symmetry). Define

w?\LT = wO (777 (9) - Ewo (777 0) )

and note, to start with, that, by Assumption 5(7ii), there exist two positive, finite constants cg
and c¢; such that

co ]9—«90‘ < EW’(n,0) < e ‘9— 90’,

so that
Ew’ (1,9)
— U > e, C.14
|9—9%\%BN,T |0 —6° — o ( )
We now show that
w
sup ’ NT‘ = 045 (1). (C.15)

|0—6°|€BN T ’9 90

Consider the construction 6; = 6° + /vy 1 (€) /T, where 1 < ¢ < 00, j =0, ...,Q and Q is defined

such that ¢ oy 1 (¢) /T < cp and ?Vyr (€) /T > cp where cp is defined in (C.11), and let

%

2 0) -3 (s (6) = ds. (6°)] (37u?)” = £ (Jds. ;) ds. (6°)] (57?)°) )

1=1t=1
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Then, standard calculations based on the modulus of continuity yield

—0
WNT
olc | C.16
-00lcBr 10 — O] (C.16)
< 2 sup N7 L S (0009)° (ds e (6;) — s (6°)] = E |ds,s (0;) — ds (6°)))
o 05i=Q 16, — 6]

2 sy s SIS OV (s (0) — ds (6] — Blds, (6) — dse (4))

0<5<Q 0;<0<0;41 0; — 0°
@ (0. 0° @ (0.0,

= 2 sup MqLQ sup  sup L’g)):_f—i—f_f.
0<j<q |05 — 0°] 0<j<Q 0;<0<0; 1, |0 — 0°

We begin with I. Let 0y = NT' it holds that

i i Lp “e %) )
— max su
= NT 1§z§N1§t§TO<]<g 1 |9 — 6] NT
S SD PR RGN
— max = ———
T Samra NT i<Gienvasisr 6, — 69 NT
2
= v w27 (0))
< —F max -
iconmirm NT - \a<ienvac<icr |05 — 0

Also, consider the scalar case for simplicity and note that

E (NT@ 1 (6)) )2
=[S 003 (009 s ()] ) — s 0 s ()] ()"

o (S5 0") 2[5 (9000 =000 0)] 0] = £ 0 =0 0)] )|
< B[S ([l ) - ass (0)] 48] - 8 0 - s, ()] ) )]

2

2

IN

t=1
t=1

By Assumption 5(i), |ds, (6;) — dss (6°)] (u?)? is a strictly stationary, p-mixing sequence with

mixing numbers p,, such that 3°°_, pl/2 < oo - we refer to the proof of Lemma C.11 for details
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on how to show this. Thus, Lemma 1 in Peligrad (1987) entails

E[g(‘ds,t(ej)—d&t(eo)’( | - B |lds. 0) - dsﬁt(f)“)\(u?fm
ot ([0 s (0)] ()] = [t ) s, ()| () )]
< TE (\d&t (6;) — ds. (6°)]" (u )4)

Also, note that, by Assumption 5(7i)

B (| 6) - ds ()" (u2)')
E <]ds,t (6,) — ds. (°)] [(u‘g)4 |ztD < colt; — 0"

IA

Thus,
B (NTD 1 (6))) < co |6, — 6°| N*T:

using again Corollary 4 in Moricz (1983), this entails that

6, —6°

2
) <colo;—6° NPT (inN) (nT).

E max
1<i<N,1<i<T

Therefore

o X1 ( W (0;) )
>0 P max sup 7| > ONT (C.17)

Ao NT O \i<Geni<i<ro<j<o-1]0; — 60°
00 ‘ oo 0o 5—2
< oYY Bl (wyr(e) T N*T? (InN) (InT) < o0
j=0 v NT
so that finally this entails
Ry (6))
R (1)

We now turn to /1. We now turn to I/; as in Hansen (2000), we consider the construction

;11 =0;+0;, where 6; = T-'~ (¢ — 1) Uyy; letting m; = T§; = =1 (¢ — 1) Uy, we also define
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S0 (8900) (ds (6) — ds. (6,)] — E |ds, (6) — ds., (6,)]) (C.18)

n' i
> (5?/E?>2 dat (Or41,0k)| = a + b,

i=1t=1

1
TR NT

—_
S
~+

< max (5?/Q?> dat (O, 0; )

where

dot (Ok,0;) = |ds: (Ok) — dsy (0;)| — E|dsy (0r) — ds (05)],

dot (Or41,6k) = |dst (Okt1) —dss (Ox)| — E|dst (Okt1) — dst (0k)| -

We begin by considering a

© X o [ S (%09)? day (6, 65)]
PIPI (memm 0, =0 > e
0o 0o 00 1 n’ o 0
< ]EONZITZI WP (lgn’gnll\fz,llxgt’gT2§ll;I%%n)§+l lzlt 1 (5 ut) dot (01, 0;)| > 5NT’9 -0 ‘)
< "] — 1 u 07,0 0
S Z Zl ﬁp (l<n’<N 1<t’<T ;t 1 (5 ut> dzt ek’e ) = ENT ’9 o 9 ’

3
£

1

Bl

ﬂ)
e e
Mg W

o= (247) (NT) (2+r) T2+47 o~ (247)j
vy 7 (€) NT

IA
M8

<.
L
=
I
2
I

1T=1

2+4r

’

ij (50'1153) dos (0r, )
=1

1<n’<N 1<t’<T
7 t=1

for some r > 0 such that E [[u?]|***" < ¢, T%*". Note now that, as in the above, (62u)” dy; (6, 0;)

1/2

is a strictly stationary, p-mixing sequence with mixing numbers p,, such that > >°_, p,/* < oo;
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thus, using Burkholder’s inequality (see Theorem 1.1 in Shao, 1995), we obtain

N 2+r
E ZZ((SOut) das (61, 6;)
i=11=1
) o\ 147/2 A Lir/2
< CON2+rT1+r/2 (E ‘HU?H dor (O, 0;) ) < ClN2+rT1+r/2 B HE?H dgt (61 6;)
< QN2 g, — 0, < e NPT () U2,
Applying Corollary 4 in Moricz (1983), it follows that
S o [ S (001)? day (01, 6)|
Z Z —FP ,lmax ~ sup = max 5 >
ao o NI 1S SNISEST o< <@ 2<k<m; +1 16, — 69

o (247) (NT)~ (247) p24r —(247)j

J=0 k=2 N=1T=1 oy () NT

N2 () 04772 (In N In T)**"

IN
hE
Mg

2+r
(In NInT)*" m;

IA IN
S S
8 (¢
e
L it
\_/@‘
it 447
M

(In NInT)>*"

< Q.
= J/Q()NT

This entails that a = 0,5 (1). Similarly, considering b

SN NT ‘Z (5?,%) do (9k+1,9k)‘
Z Z —P max sup max i > e
N NT \1<w/SNISUST g<j< 1<k<m; |9, Ty
Sy S5 ()’ o
S o ~= 1 , J d2t 6k+179k) > NT |0 —0
o0 = amrm NT 1<w N T<r<T =1 t=1
mj+1 n ot 2

ZZ( ug) dat (Ox+1,0r)

(e NT <N L <T
i=11t=1
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Also, using again Theorem 1.1 in Shao (1995)

2

E

N T
22(50 ut) dat (11, Or)

i=11t=1

coN°TE |[w)]|" d3, (Bus1.6) < 1 N*T 1611 — 4]

IA

0.
< N?*T—L =¢ N?,

m;
so that Corollary 4 in Moricz (1983) yields

InlnT n’

NT?2 i=1 (A ft> d2t (9k+17 ek)‘ )
sup max > €

max
1</ SNISUST o< j<q 1<h<m; |0j — 69|

K
L
Z‘H
~
~
 ~

(In N1nT)?

IN
&
AMg

Y

IA
&
 ~

hE
Q|
hE
hE
]
3o
2 )
~
=
=
=3
3

so that b = 0,5 (1). Putting all together, the final result now obtains. O

Lemma C.5. We assume that Assumptions 3-5 are satisfied. Then there exist two random vari-
ables Ny and Ty, and a positive, finite constant cq, such that for N > Ny and T > Ty, it holds

that
|h0 (7]7 9) B hO (777 00)|
= 1).
sup ’9 — 90‘ Oa.s. ( )

‘6_60|EBN7T

Proof. The proof is very similar to the one of the previous lemma, and we only report the main
passages to save space. Again, set n = 1 and write h° (n,0) = kY (#) (and h° (n,6°) = K° (6°)) for

short; we have

0 T L1 Ly €070 [dsy (0;) — ds,e (6°
sup h (91 < 2 sup NT Dim1 2i—1 €it0; Uy [08,t< J) S,t( )] (C.19)
oV (nr) [0 — 6° 0<j<Q |0; — 0°
12 sup  sup N7 Lt Yoy €000 ) [g&t (0) — ds+ (05)]
0<j<Q 0;<0<0;41 16; — 6°]
ho (6;,6° ho (6,6,
= QSupM—i—Q sup  sup M:[—i—ll.

0<j<q 05 = 0° 0<j<q@o;<0<0,.1 |0 — 0°]
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Let

!

i cis0u} |ds, (0;) — ds, (6°)] .

zltl

ho e (65,60°) = !

It holds that

| ho 0, (0, 0°) X
— Lt AN —1/2
> > gl <1 B e e T

NT' <1§n’g\f€l1X§t’§T B (9]., 90) >N ’9j - 90‘)

VAN
Mg 7
NE
NE

ho v (05,6°) i

IN
hgk
|

HME%
™
=

~

Gl\D

max
1<n/<N,1<t/<T

Also, using Assumption 4 (v) it can be shown after some algebra that £ [h° (6;,6°))* < ¢o (NT) ™" |0, — 6°];

hence
0o 00 1 hO/t/ <9j 60) 0o o0 1 )
—P max sup 2~ L s o) <e¢ ————— (InNInT)* < o0.
3 3 P (o, e B s ) <0 3 S )

Thus, in (D.12), I = O, (N—1/2). We now turn to I1. We have

X1 ho, ., (0,0,
ZZP( max sup  sup MZNT)

1<n/<N,1<t'<T 0<j<Q 0;<0<0;41 |0j — €0|

/t/ 9
> NT ( max max  hy, . (O 9)>NT‘9 —9‘)

iSO N—1 T 1</ <N<H'<T 2<k<m;+1

o0 o0 o0 0
+Z Z Z NTP <1<n’<Na1X<t’<T 1<k<X P war (ka1 O) = NT‘Q —0 D

having defined

n/

hg,’t, 0,0;) = ZZeztéo’ d’zt 6.0;),
i=11t=1

n/

oy (0, 0;) = ZZeltéol Odh, (6, 6;)
=1 t=1

n/

hoyw O1, ) = < 1070, (Bx1, 01

=11
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with db, (0,0;) = ds, () — ds, (6;), and db, (0, 0;) and db, (Or11,6x) defined similarly. We have

hE
hE
hE

1
Nt XY > — 0
T (v B, M (0.0 = N[0, =]

o
I
o
s =
T+ L
N
Il

1
NI (%XT
(NT)—(2+7") c—(2+r)ip24r

NT @?\?f (¢)

K o (6,.6;) > NT |6, — HOD

IA

M
g
hE

3
+
=

i
=
[ﬂ)
M T
~
I

2+r

h?z’,t’ (9k7 0j>

IA
M
WE

max
1<n/<N,1<t'<T

<
Il
=)
e
I|
[N}
Il
—
~
Il
—

Also, using again Theorem 1.1 in Shao (1995), it can be shown that

24r

N T
B Z Z ei,tdg/ggdét <9k7 93) S CON2+TC]‘(1+T/2)®]1\T+;/2.

B0 (01, 05) > NT|0; —HUD

(In NInT)**"

IN
&
.Mg

Similarly

max max h° nr r (Or1, O) >NT‘9 —GOD

1<n/<NI<t/'<T 1<k<m;

NE
K
hE
3=
Ay

1
(en)
=

IN
.Mg
MS

i

o
i
o

1<n/<N,1<t/<T

T=
Sy Lp ( max B0, (e, 0) 2 NT |9, - 90\)
N=
T)™% c9T? 2

Ty (€)

9

0
max h 0 0
1<n/<N1<t/<T wr (O Or)

IA
.Mg

i
=)
B
Il
—
Il
—
~
Il
—

with, after some algebra
2

N T
ZZ@Z t50/utd2t 9k+1,9k> S CoN.

i=1t=1
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Thus

o0 00 00 1 0 1/2 0

Z 2 2 WP <1§n’§rrll\?1XSt/§T 2<hmy +1 f 0 (Or: 05) = NV5T ‘93' —0 ‘
00 . oo 00 (NTQ)—l T2 9

< (ZC J) >3 T (€)N(lannT) < 0.

N=1T=1 UNT

The desired result now follows. O

Lemma C.6. We assume that Assumptions 1-4 are satisfied. Then it holds that, for every P; > PJQ

HBPj/ﬁj,tC/l\j,t - Ol‘uQ d't (00> H = Oq.s. (1> ) (020)

7,2 j,Z ]7t 75

for j=D,S and all1 <i< N, 1<t<T. Also, S(BP,UP,Q) is continuous in (B, U).

Proof. Using the results in the proof of Lemma A.8 in Massacci (2017), it can be shown that
~p. —p, 2

E H ﬁfﬁ — HJI-;J (0°) B2| < COCX,?T. Thus, using the same logic as above, Lemma C.1 entails that

= 0as. (O (INN)Y (InT) ). With the same logic, by

—~ T /\Pj -1
W ¢djs — (Hjj (90)/) ujd;y (90)H =

Jst

Bii — Hj7 (60°) 59

j7i

forall1 <7< N,

Corollary 3.2 in Massacci (2017), it follows that, forall 1 <t < T,

Oq.s. (C’]Q}T (In N)"*“(InT )1+€). Equation (C.20) now follows immediately. As a consequence, we
can assume that

lim B;20d,0 = BYul,d;, (6°). (C.21)

N, T—o00 Dt i

Equation (C.21) and elementary algebra now give limy 7, S (EP, U’ 9) = S (BY,U° 0), which

proves the last statement of the lemma. O
We are now ready to derive a strong rate for 9.

Lemma C.7. We assume that Assumptions 1-5 are satisfied. Then it holds that
é\_ 00 = Og_s. (T_IWN,T <€>) ’

for every e > 0.
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Proof. Lemma C.3 entails that we can focus on the event ’5 — 90‘ < cp. Further, after some
algebra, Lemma C.6 entails that there exists two random variables Ny and Ty such that, for

N > Ny and T' > Ty, we have

S (BP,TF,0) — S (B”, U, ¢°)

|6 — 6°]
Ew’ (1,6 @} 1 (n,6) — KO (1, 6°
N L) o Bl 0.0 - 1 0,0)
0=00l€Bvr |0 = 0% jo—soieByr 10— 0°l jo—aoleBns |6 — 0]

By using Lemmas C.4 and C.5, it follows that, for all § such that |# — 6| € By r
S (B",T",0) — 5 (B, U"0°) > ¢y > 0 as.

Since, by definition, S (Bp,ﬁp,g) <SS (EP,ﬁP,GO), this entails that ’5— 90‘ ¢ Bnr, whence
the desired result. O

Lemma C.8. We assume that Assumptions 1-5 are satisfied. Then it holds that

)

= Oq.s. (Tj_l (InT)"* UN.T (€)> ’

<.

for j =D,S and every e, > 0.

Proof. We show the lemma for j = D. Recall that Tp = %, dp, (6°) and Tp = X7, dp,. It
holds that
T
Tp —Tp < Z ‘dD,t (90> — dD,t‘
t=1

Denoting the density of z; by f; (2) = f(z), Assumption 5(%ii) entails

B |dp, — dp, (6°)| = /;O f(2)dz

<000, (C.22)

so that
TD — fp S CQT ‘é\— 00‘ (1DT>1+€,
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having used Lemma C.1. The desired result follows immediately from Lemma C.7.

O
Lemma C.9. We assume that Assumptions 3-5 are satisfied. Then it holds that
B|R[" <o (C.23)
for some € > 0, and
2
5 D 0
E max, ZRthl «p s (0°) = B[Ry Riudps (0°)]| < T, (C.24)
2
5 B 0
E max, ZRthl s (0°) = B [RusRisdss (0°)]| < o, (C.25)

foralll1 < h,l <N.

Proof. Equation (C.23) is an immediate consequence of Assumptions 3(7) and 4 (7). We show only
(C.24); (C.25) follows from exactly the same arguments. To begin with, note that Assumption 5(%)
entails that R), Sél sd1s (6°) is also a strictly stationary, p-mixing sequence with mixing numbers

pm such that %°_ p}/2 < oo - we refer to the proof of Lemma C.11 for details. Using (C.23), it

4\ 1/2 ~
)" el

Zp1/2<oo:>2 <oo=>me2m)

m=1

follows that

E ’Rh,sél,sdl),s (00>’2 < (E ’Rh,s 4> v < 0.

Note also that

Hence, Corollary 1.1 in Shao (1995) and the strict stationarity of éh,sél,sdD,s (6°) immediately
yield (C.24). O



Lemma C.10. We assume that Assumptions 1-6 are satisfied. Then it holds that

L« o
lim  sup S g, =7 < o0,
min(N,T)—o0 N — p h%l ! !

1 &
lim  inf — i =g >0,
min(N,T)—oco N — P Pt 9 g]

for 7 =D,S and every 0 < p < Prax.

Proof. Note that

h=p+1 h=p+1
p p
— ~(h) (h) ~(h) (h)
- Zg] Zgj _Zgj +Zg]
h=1 h=1 h=1 h=1
p
S _(h h
= r(S) e - (56 -4")
h=1
Using Lemma A.3, it is easy to see that
- NT?
> (3" - o) = 0ns (p T (I N)*(In T)l/“e) . (C.26)
h=1 j

Also, the same passages as in the proof of Lemma A.1 in Trapani (2018) yield

14+e€
o N(InNInT)™>
Thus, recalling that Py, = O (min {Tl/Q*C, Nl/zfc}), it follows that
1 N A(h) 1 N (h) (ln N 1Il T)% 1 N (h)
Z g = %N Z g +Oa.s. - Z g _'_Oa,s, (1) 9
N-—p, 5" -5 T/ 27, N-—p, 5"

under Assumption 6.

Let now g;’(h) and g;’(h) denote the h-th largest eigenvalues of -— > | (B?ug{tu?”tB?’ dj (90))

Ty
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and T%] Sl E (ee)d;; (0°)) respectively. By Weyl’s inequality

e,(N u,(h h s ,(1
gj()+gj()§g§)§gj +9j()7

so that
NI S TR i o 1 i W) | o)
g5 g < g < g g
’ N—-p, 51 ’ N—p, 50 ’ N—p, 50 ’ ’

e,(N) 1 & um
it N > gt > 0;
- h=p+1
also, Assumption 2(7)(a) and (D.1) entail
1 u,(h) e, (1)
+g;77 < oo
N ph—p+1 ’
Hence, as N — oo
0 < lim inf < ") < lim sup < oo.
N—o0 —p h—;ﬂ gj N—Eo
Putting all together, the lemma follows. ]

Lemma C.11. We assume that Assumptions 1-5 are satisfied. Then it holds that, for j =D,S

2

T
E HT—1 >ould (6°)| <ol (C.28)
t=1
Further, under Assumption 9(ii), as T — oo
d D
T2 3w, diy (6°) B N (0, Vay) (C.29)
t=1

where Vy j = limy_o F (T ey udulid;, (0°)d; («90)>.

Proof. We begin by showing that {f ot (00)} is a p-mixing sequence with mixing number p; ,
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such that > >, ﬁjl/,i < 00. Note that fQ .. (6°) is a measurable transformation of {fjt, zt,et}.

o0

Let now 3 and S0, be the o-fields generated by {f vy 2 et/}t ~_and {f vy AU et/} re-

J5 75 ’:t+m

and %ﬁm be the o-fields generated by {fﬁt,dj,t/ (90)}t/_ and

=—00

spectively, and similarly %700

{f] wdjy (60>}OO ., Tespectively. By measurability, 3t C QL and I, C 3%, hence,
Pim = Pjm (("LOO,\SHm) < Pim = Pim (C‘ﬂoo,\sHm). This therefore entails that Y~ 1]6]1/”3 <

o1 pj,/ < 0o by Assumption 5(%), which in turn entails that Y32, p; (2’“) < 00.

m

2 2
Note now that £ Hu?,tdjat (90)H <FE Hu?’lt , which is finite by Assumption 3(%). Thus

2

< F max
1<k<T

2
S COTv

E szu;{tdﬁ (6°) Zu oy (6°)
t=1

where the last inequality follows from Lemma 1 in Peligrad, Utev, and Wu (2007). This proves
(C.28). As far as (C.29) is concerned, it follows readily upon checking the assumptions of Theorem
0 in Peligrad (1987). O

D Proofs

Henceforth, we use E* and V* to denote, respectively, the expected value and the variance

with respect to P*.

Proof of Lemma A.1. The lemma is an adaptation of Lemma 1 in Trapani (2018). In order to

prove it, note that Assumption 4(v) entails that, for j =D, S

B[ (B, o) (Bl + ) ()]
Tj =1
T
- B S (el () B+ o 3 el ()

We begin by showing that

€ ("N EN) foro<i< P
, (D.1)

o 0 or
( “Z;E(]tu djt(eDBj =0 foriZP}H—l
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for j = D,S, where 0 < P <ec () < 00. We show this result for the case 7 = D only - the case
J j

j = S is repetitive. By the multiplicative Weyl’s inequality (Merikoski and Kumar, 2004) we have

T

<DTDZE(ththth(90))B%/> o ( ZE(ththth(QU))> O (BYBY).,

T .
<B%T D - ZE (UD tuD Ay (00)) B%’) < gi()max) ( 1 ZE (uD ud +dp (9 >)> gg) (B%/BOD) 7

T?TD

by Assumption 3 (%) it holds that

(T% > (uh o (1)) > 0

Moreover, by Assumption 3 (7v) we have

(@) : 0
gg) (BODB%) >ci’N for1<i< P
=0 fori > P3+1

Equation (D.1) now follows immediately. Consider now

—Zetetdpt< ) 7Z€t€tht( )—€D€/73>

T'mp = T =1

so that

9 (T - ZE (eveldn, (¢° ))) < gp’ (T - ZE (ereiddn, (6° ))) + g’ (D).

The first term is bounded by Assumption 2 (7). Also, after some algebra we have

LS S |B (cuseradnn () do (7))
7TD> t=1s=1

which is bounded by Assumption 2(77). The proof of the lemma now follows immediately along

the same lines as the proof of Lemma 1 in Trapani (2018). O
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Proof of Theorem A.3. We prove the theorem for j = 1 - again, the proof for the case j = 2 is

just a repetition of the same arguments. Note that

0 — b

< His—

so that, by symmetry
2(1/2

| < (D.2)

N N T N N N N
>3 ( > (RnsRipdp, — E (Rh,tRl,tdl,t))>

)gl Tﬁpt 1

We define the short-hand notation 6, = Xp ;X dpy (6°) — E(Xp:X1dpy (6°)); based on this,

(D.2) can be rewritten as

/2
. N N 1 2|1
- <2 (T z (B R B (Ao — (00)))> (0.3)
h=11=1 \* 7D ¢

By repeated use of the C,-inequality we have

N 1 T 2 N N 1 2|1/2
~(i) __(4) - — SN"RGR -
‘91 — 01| < ¢co };;(Tm)g@zu) +h§::1[§::1 TWD;Rh,tRZt(th th<9 )))

N 1 T 2|1/2 N T 211/2

< ZZ(Z%H) + ZZ(ZRh,tth(th_th(e )))
i=io \ I = i=im \ T =

Using Lemma C.9, we have

ool 2
E ma. 5 N < ¢ NQT
1<h<N, 1<l<N 1<t<T Z:: ; (Z Rl t) =0 !

t'=1

thus, by Lemma C.1 and Markov inequality, we have
N N 1 T 2 N2T )

—3 = In N)** (InT)"**
55 (Y 0s) = one (g (VP (a7,

LV



for every e > 0. Considering the second term in (D.4), convexity implies that

2

! ZRhtth (th—th (9 ))) < T2
D

1121 lzzl (TWD Z Z Z Ei,tlfgl%t (JD,t —dpy (90))2 . (D.5)

Hence, applying (C.22) to (D.5) it follows that
N 2 2
ZZ(TWDZRhtth(dSt_th(e ))) SCO’Q_G‘ T2,

h=11=1

Equation (C.23) entails

The maximal inequality for rectangular sums (Moricz, 1983) now yields

l t
Z SR RS, < N°T (InN)InT,
'=1t'=1

h
ma
1<h<N, 1<l<N 1<t<T z_:

which, by Lemma C.1 and Markov inequality, yields

N N T
SN BB = 0. (NPT (InN)*  (InT)**)

h=11=1t=1

for every € > 0. Then, by Lemma C.7 we obtain the general result

N 1 T 211/2
R R 1, 0 - 2 .
2 (T?TD ;Rh,tRl,t (dl,t —dpy (6 ))) = Ogs. (Tﬂ'p (In N) (ln T) UNT( )) :
recalling that we have assumed 1 = 1, the desired result follows. [

Proof of Theorem A.4. The proofs are similar to those of Theorems 3 and 4 in Horvath and
Trapani (2019), and therefore we only report the main arguments to save space. We begin by

showing (A.23). It follows from Lemma A.1 and Theorem A.3 that, for all i and j =D, S

N—2g?
Plw: lim 779]—%N1_Qj =00, = 1.
min(N,T)—o00 9; (p)
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Thus, by continuity, we can assume henceforth that

lim  exp (—%Nl_gj) P (g(.”) = 0. (D.6)

min(N,T)—o0 J

Let @ (-) denote the standard normal distribution; it holds that

By definition

Thus
E*/OO M*W% [[{50 <2 }-I{g‘j <0} - (CD( i )—1) 2d<I>(s)
—o0 U e () e v (")
2
© i 1
Lo e st ik o () ) e
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on account of the independence of the 52(],215 across m. Also

IN

Hence, we have

o ] S j S 1 ?

[ (e smpd-rter <o (o i) -3) | o
00 S 1 1 o0

<L (5m) -0 = Lo -y

which drifts to zero by (D.6). Also

OOM*/QM [ —— —1)dq>(s)gM,2 OOSqu)(s):L,T
[ mz( (@b(@ﬁ”)) ’ 2x v (3,") I 2w v (3")

Hence, using (A.22), we conclude via Markov’s inequality that

and therefore the desired result follows from the Central Limit Theorem for Bernoulli random

variables.
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We now turn to showing (A.24). Again Lemma A.1 and Theorem A.3 entail that

N—eigt)
Piw: lim 7793 =0, =1.
min(N,T)—o0 9; (p)

By continuity, this means that we can assume from now on that

lim v (g") =1. (D.7)

min(N,T)—o0 J

Consider

Then we have

Given that

by Markov’s inequality it follows that

N [M—W > (1 {éfﬂ) < w(;())} - (@))

for almost all realizations of {e;,b;, —oo < j < co}. Thus, as min (M, N, T;) — oo for j =D,S

d® (s) = Op«(1),

1 ; o0 1\?2
il O - .
ey [m <<1> (s) 2) d® (s) + Op-(1). (D.8)
Hence the proof of (A.24) is complete. O
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Proof of Theorem 1. See the proof of (the identical) Theorem 3 in Trapani (2018). O

Proof of Theorem 2. The result follows from combining (A.35) and (A.36), with

- 1 T'/? _ _
it =0r (yiz) <00 (T w0r(eit) w0n (). oo

J

Proof of Theorem 3. The result readily follows by combining the results in Theorem A.6 (see also
Theorem 3 in Giglio and Xiu, 2021). ]

Proof of Lemma A.2. We report the proof using the assumption that the true d;; has been used
(also in the computation of fj), extending to the case where Jj,t is employed is straighforward in

light of the results derived above. It holds that

i = i+ €+ ( Z%t) Y50 = Fi0) T 7 T, Z( (Vi ) — /332 (Yj1 +ﬁj7t)) it

Jtl J t=1

where

€ = Zeztdﬂ.

Jtl

Also, applying Theorem 3.4 and Corollary 3.2 in Massacci (2017) (recalling also (24)) yields

1 X ~ 2
NZHBM_@%@' = op(1), (D.10)
=1
2
1 & _ T1Z
‘Tj;(“a‘,t—uj,t) =< TTZIIHN t]|* = op (1), (D.11)

having omitted rotation matrices for the sake of the notation. Note now that

1 X, J A
N ; i T N ; i
1 ol _ ~ 1 d / al (= = ’
N >\ €+ (o= F50) + T, - Z (Bj,i (Vi1 + wje) = B (i + uj,t)) djy
=1 t=1
2 N T -
+57 2 i (%vz + (.0 = Fj0) Z (8: (via + w0) = By, (ja + 1je) ) dg;t) -
=1 t=1

LX



The LLN entails

1 X,
72:10[]',1' = a,j +0P(1>
upon showing that
1 X 1 & 5 i
N Z <€j,i + (750 =) + T Z (ﬁ;z (Y1 + ) — ﬂ;z (Y1 + uj,t)) dj,t) =op (1),
i=1 J t=1

and using (repeatedly) the Cauchy-Schwartz inequality, the lemma follows. Now

N T
Jb; <€j7z+(%o—%)+71};(5]z(’7]1+uj,t)—ﬁ (7]1+u]t))d )

y (A.35), 750 —7; = op (1). Also, combining Theorem 2 and (D.10)-(D.11), it is easy to see that

2
1 1 & , YN =
N ) (T- > (Bj,i (Via + W) = Bj; (Y + “jrt)>> dj¢ = op ().

Finally we have

1 Z _
max E(QZz) = TEEEJCVWZZE €it€isjedjs) < coT; Y
- - J

t=1s=1

using Assumption 4 (7). Hence

62Z op(1).

Mz

1
N

.
Il

Putting all together, the desired result follows. [

Proof of Theorem A.5. We present the full version of the proof of (A.35) only; the other two
results follow from similar arguments and, where possible, we omit the details to avoid repetition.
We begin by showing that the estimation error ]3] - P]Q is negligible. To this end, we assume

without loss of generality that ]3] > Pj , and we omit dependence on @ or 6° whenever possible.
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Let
SrPn _ mrne . BT
H;;'T'; = Hj; I'; + Hj;T,

where HT is (P?+1) x (PO +1), T is (PY+1) x 1, H is (PY+ 1) x (P — P?) and T is

Jj j j
(]3J — P]Q) x 1, defined such that ﬁzpj = [ﬁ;‘ﬂﬁfj] and T'; = (f‘;f’,f‘;),. We begin by showing
that
Hﬁff = 0r- (1), (D.12)
Note that . / A
Hﬁfj’j < U, (0 )TUj (9) ) Bj (9])\7]33‘ (0) ij (9)71HF;
F

the first term is bounded by Assumption 3(%); also note that, using the triangular inequality

i : i
BB 0| _ [meos @) [P (0B @)
N - N - N
F
F
B B, (0°) B; (¢°) . B, B, (6) — B, (¢°) H},”
= N - N1/2 P N1/2

F

The first term is bounded by virtue of Assumption 3(iv), whereas the second one can be shown to

be dominated by using the same arguments as in footnote 5 in Bai (2003). Indeed, Finally, note

that
P (V@7 = M)
= P (%0, 2 P = p) (9,07, 2 4 )
= op- (1),

by Theorem 1, with g<P ;) (f]j,ﬁ (9)) > 0 implied by Lemma C.10. By similar passages, it is easy
to see that
ITy|, = 0p (). (D.13)
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We now show that

|HLE| = op- (1), (D.14)

L

for almost all realizations of the sample. Indeed, ‘

by (D.13). Also

BOE| < [B5) [T and [5] is bounded

B, = o () < (7, 7)o ()
with ]3J — P) = op« (1) by Theorem 1 and g (ﬁfj’ﬁf]) bounded by (D.12). Therefore, ﬁfjﬁjf‘J =

~ A~ N ~*P?
H'T T +op- (1). Turning to H}JT%, let T'; 7 be the estimate obtained when using P}, and consider

L = 7+ o gl T* A*PJQ
H[T; = (H;] + H)) (rj +T) ) .

o PO
By the same arguments as in footnote 5 in Bai (2003), it is easy to see that ||I'; — I‘jPJ = op« (1);
F
then it follows immediately that
R INA] I ~* P
which, combined with (D.14), yields
A = ~*P?
H;,T'; = H;;T'; 7 +op«(1). (D.15)

We now conclude the proof of (A.35) by showing that

~%P

— 0
HIT. 7 =T, +o0p(1).

33T

—po _ po
Let ij (00) = [LN, ij (80)} By the same logic as in the previous passages, and using Theorem

3.4 in Massacci (2017), we have

L S~peB g < GRD @) DL S R
*er,t djz = (Xj (Q)Xj (0)> Xj (@*Zthj,t
Tia Ti=

PP —1 —poy

—P% — 1 T ~
— (Xjf (00)X. (eo)) X7 (00) 5 3o R+ 0p- (1) + 0p (1),

LXIIT



Also

(X7 X 00) " X007

-1

_ (ip’(eo)ipo(eo)) X7 (0)

+(%

= I+ 11

-1

00X 80)) X} (6

Noting that

1L ~
7R (4

T

S Rud;,

t=1
1T

T

N[ =

Ryd;; (6°)
1

SACENE)

t

'ﬂ\H

4. (%)) < (; z ||Rt||2) N (; Z (dys = (0°))2)

and using Theorem 3.4 in Massacci (2017), it follows that

so that, in equation (D.16), we have IT = Op (

=0Op (Tﬁ

),

— XVHL, = Op(NC%);

_po — |?
ij —BYH;|| = Op(N C]Q?T), which in turn implies
i’ (00) — (en, BYH ;) = X7 (6o)
thus
T~ 00T\
L (XX
=" N

+0p(CR%) + Op (T

LXIV

(D.16)

1/2

I

T-1). Also, by Corollary 3.1(a) in Massacci (2017),



Let a = (o, ..., ay). Recalling (4), it follows that

HM%
&>
'ﬂ
—
an))
el
N—
|
ﬂ
.5

N

1

HUXYXHT. HI'XY” 1 0.0 0
+( jj JN j JJ) ( J}V J) <T;Bjuj’tdﬂ (9 ))
B i\ 1

(mxmn)

+0p (C3%) + Op (T7Y) + op- (1)
= ] +Ib+[ —|—Op (CNT) +OP(T 1) + op= (1)

Assumptions 3(7v) and 7 (i) immediately yields I, = Op ( I /QT) Consider I; it holds that

E (1 i X erdj s (90)>
NT ~ J -t
1 T /
B (NT>2 z%l tgl X Xlg’jE (6“63 sdjt <6 ) s (00))
: (N1T)2 lrg%\’ HX ’ Z Z ‘E (Elt@s gt (00> djs (90>)‘
< N N T . o , <
< ooty B2 2, 1P (i () s ()] <

by Assumptions 3(%ii) and 2(7v); so, putting all together and using Assumption 3(7v), it follows
that I, = Op (F) Turning to I, (C.28) yields

or or \ ! /6or
H} /XY XTH; HiXYBY\ (1 iuo J (90) _0
N N T R - r

%) (D.17)
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Putting all together, it follows that

1 &P —r\ 1 o 1 T'/? T 4

3T diy— (H)) T9=0p (N1/2> + Op (T] + Op TN +0p (T71) + 0p- (1)
(D.18)

the desired result now follows immediately. We now turn to showing (A.36). We assume that

PJQ is known; the estimation error ]3] — P]Q can be shown to be negligible on account of the same

arguments as above. We have

1L po_pos~ 1 & —=_1 PV PO N1 0
f;uj;uj; j,t:f;Hﬂ uu;) (H;j) dj, (9)+0P(1). (D.19)
Also
1 . P~ 1 P 1 _ P~
f;gtuﬁ gt = T;gtu]t djt (00) + f;gtujt (djt - djt (90)> =1+1I (D’QO)
Consider I1; we have
1/4 1/4 1/2
1 & L& Lo 1 & s o) 2
"< (T;Hgtu ) (Tz i ) (T;(dj,t_dj,t @) . oay

using Assumptions 3(i) and 8(7), and using Theorem 3.4 in Massacci (2017), it follows that
I1'=0Op(N7"T~"). Turning to I, by the definition of & (f) it holds that

P9

: £l T po
T > (g —a)u;; djy (9()) tT > (g —a) T > ﬁf?:,dj,t (90> = Lo+ 1.

LXVI



Using (C.28) and Assumption 8 (i), it follows that I, = Op (T71).

1L 0.0 ~PY 0 1L _PY 0
[a = f ;Ajuﬂuj’t d]t (9 ) + f ;etujyt dj,t (9 ) = 1g,1 + [a,2~
Now
0TF Ti-1 1 & 0.0\ (v3 \ ! 0
I,y = NHj;H; T ;uj,tuj,t (Hjj> djs (9 )
1 & PO~ !
0 0 [« 1.0 0
—l—AjT ;ujyt (ujj - Hj; uj’t) djs (0 )
= o101+ 112

Following the same passages as in the proof of Lemma B.2 in Bai (2003), it can be shown that
Lswo, (a7 ') dy, (60) = 0p (C32 D.22
T Z ujﬂg uth 3j uj,t gt ( ) = up ( N,T) s ( . )

so that 1,12 = Op (C&?T). Also

1L —~, \—1 T PO~ !
Ia72 = <T tz_:l etu?jt> <H;]) dj,t (00> + ? Zet (u]i — H]Jlug’t> dth (00) = 1g,.21 + Ia,2,2~
Assumption 8(7) entails that [,o1 = Op (T_1/2>. Finally, by the same token as for (D.22),
Iu22=0p (C&%), whence I, = Op (T’l/z) + Op (C&?T). Putting all together, we obtain

A — NOHj; = Op <T}/2> +0p (Cy%) +0p (T7). (D.23)

]

Proof of Theorem A.6. Consider (A.37). Upon inspecting (D.18), under (24) and (25), and using

~ %P9 — —1
Lemma C.8, it is immediate to see that the limiting behaviour of 7/2 (I‘jpj — (HZ) I‘?) is
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driven by

—~ —~ —1 —~ —~
HI/XVXOHT, HXUBY\ (1 1 L, (6)) + 2 HI'XYa,
N N T; TY? & 00t T N ‘

The desired result now follows immediately from (C.29) and Assumption 7. Turning to (A.38),
combining (D.23) and (25), it follows that the limiting law of T"/2 (_/AX] — Agﬁjj) is driven by

1 XL — \-1 1 & L o \ ! B

(e et ()™ e (09)) (735 () ot (58,) a0 (7))

T2 = T=
-1

1 Z 1 & -
= <T1/2 > enyd;y (90)> (T > gy (90>> Hj;,
t t=1

=1
and using Assumption 9(7i) the desired result follows immediately. [

Proof of Theorem A.7. The proof makes appeal to several arguments which have already been
used in the paper and therefore, for the sake of a concise discussion, we omit passages when this
does not give rise to ambiguity.

We begin by noting that, by the Frisch-Waugh-Lovell theorem, it holds that

A

Y0 = (Z’?Vl\//\[B,jiN)il (iljvl\A/IB,jEj (‘9)) :

having defined

Mg, =B, (B/B,) B,

VR

for j =D, S - note that we use ]§j in lieu of Efj to make the notation less burdensome. Thus, on

account of equation (5), it holds that

_ - _ _ - 1
o = Y0 + (IxMp jin) ' (inMp joy) + (i Mp jin) ' (@’NMB,J-T Zetdj,t> . (D.24)
J t=1
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We begin by noting that, using Corollary 3.1(a) in Massacci (2017), it is easy to see that

— 0 2
HMB,]- _ MBJH

= 0p (NCRY),

so that
-/ 0 ) .
- S 4 0p (C3%) = 0p (1)

Also, it holds that

(D.25)

E (B] - B?ﬁjj)/a]‘&; (B] - B?ﬁ”> = O'ZJE (B] - B?ﬁjj)/ (BJ - B?ﬁ”> =0 (NO;[?T) 5

again by Corollary 3.1(a) in Massacci (2017); this yields the (non sharp) bound
iy (Mp; =M% ) aj = Op (N'2CR)Y) .
Finally, note that Assumption 7(%) entails that
NY2 (i MY jin ) (ixM ja;) = Op (1).

Putting (D.25)-(D.27) together, we obtain

NY2 (i Mpin) " (iyMagay) = N2 (M jin) (ivM$a;) +op (1)

Consider now

1 1 . - -
iNMp = Y edye = iy 3 erdso + iyB, (B/B;) B> eadj,=I1+1I.

J t=1 J t=1

LXIX
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(D.27)

(D.28)

(D.29)



Using Assumption 2 (%) and equation (C.22), it is easy to see that

2 N T A
( ZEth t> = 7}72E (Z Z €i,t€k,sdj,tdj,s>

Jt 1 i,k=1t,s=1
< FE d < N
= 1I<I}fa£§vgtzl‘ <Ezt€k5 9t ]s) COT
so that
iy Zetdﬂ = Op (N'21;17). (D.30)
J t=1
In order to study I7 in (D.29), note that
D S5\ By 1 4 7
iNB,; (Bij) Bj?Zetdj,t (D.31)
J t=1
PPN 1L - N —1 ~
= iyBJH,; (BjB;) H;BY > ed,, +iy (B, - BIH;;) (B)B;) H;.jBO’ Zetdﬂ
J t=1 J t=1
/I RO 5/ 15 Lrs 0 1 & -
+iyBYH;; (B/B;)  (B; — BYH;)) = > cudys
J t=1

=I+IIT+1IT+1V.

By construction, (E;f%-)_l = O, (N7"), and yBY = Op(N). Using Assumption 2(#) and
equation (C.22), similarly to (D.30), it also follows that

T
BYT Y edy, = Op (NV2T717), (D.32)
t=1
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so that I = Op (N*1/27}_1/2). Consider now

o~ — e T TT 17 H ' H
_ TﬁlB?HJJ (HLIUg,t _ Uj,t) U‘/j,tHjijl —+ Tﬁlej (U;,t - U?,It (H.*,l) ) H.ﬁl

77 77

+ T, U, (H) H;) (D.33)

where ¢; is an N X T matrix with columns etc@ +. Using exactly the same arguments as in the proofs
of Lemmas B.1 and B.3 in Bai (2003), it holds that |7~ (H}; U, — U;,) U} H| = Op (C3%)
’T €j <U;‘,t - U?,/t <ﬁ]} ) HH =0Op (C’N,T). Hence, it follows that

and
iyBY (T7'H,; (H;;'U%, - U;,) Uj, ) Hj}! = 0p (NC%) . (D.34)
Also
Bt (0, = 0 () ) = S0 e (8, -l (1))

g o
Z: 1zemtdjt( ]t(Hj_jl))

I

again by using the same arguments as in the proof of Lemma B.1 in Bai (2003), it can be shown
that

-2
< COCN7T7

o~ /
B 17 St (5
which yields that
T, (ﬁ;’t —uY, (ﬁ,—,l)’) — 0p (NCR). (D.35)

77

Finally, note that

-/ -1 07
ZNT erj,t

2 N N T T o
=Y T2 E(isejadieds) E|[uful,
i=17 1

i=1 j=1 t=1 s=
< (s £ l) 5 o 27 S|P ()] < o

t=1s=1

LXXI



after Assumptions 2(7i) and 3(%), and using (C.22), which entails that
iNT ;U = Op (NV2T7112). (D.36)
Putting (D.34)-(D.36) together, it follows that
iy (B; = BYH;) = Op (NCy%). (D.37)

Thus, considering (D.31), (D.32) and (D.37) immediately entail that IT = Op (N1/27}-_1/2C]§72T).
Turning to I11, note that, using (D.33)

(B, - B, (1Y)

Jtl

= (BYH,,T (H;'U%, - U,,) U, H;}) (?Zet Aj,t)
o J t:1
+ (T 1 ( -, (1)) > Hj—jl) <'Zetdj,t>
e Jt=1
+ (17U, (1)) 1) (Tzetdj,t>
J t=1
— [+ II+III. (D.38)

Using (D.32), it follows that

I'= (ﬁjjT_l (ﬁj_le?,t - ﬁj,t) ﬁ;tﬁ;) (’BO' Z Ctd]t> =O0p (NI/QTJA_I/QC'&?T) :

]tl

further, we have

> < S ed, t) 7" Zez e (10, uy () ) = 0p (NT;17C5%)

=1 Jt 1

T

~ 1L ~
Z Gz,tdj,t> (T Z ei,tu;tdj,t) =0Op (NTfl) ,
=1

t=1

>z

S =
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whence I = Op (NY}-_l/QC’R,’QT) and ITT = Op(NT™'). Finally, using the same arguments
as above, it holds that IV is dominated. Putting all together, we conclude that, in (D.29),
IT = Op (NT™1), whence

T
igva,j; > edj, = Op (N'2T712) 4+ 0p (NTT). (D.39)

J t=1

Putting (D.25), (D.27) and (D.39) together, it follows that, in (D.24)

Y L] —L MY o
ZNB#N) (“VBa“J) +0p (NPT 1) 4 0p (1), (D.40)

Recalling that, by Lemma C.8, 7; — m; = Op (T™') with > %, the desired result follows from
Assumption 7(7ii) and the Cramer-Wold device. O

Proof of Theorem A.2. The proof is essentially the same as the proof of Theorems 3 and 4 in
Horvéath and Trapani (2019) and most of it is therefore omitted. In order to understand the role

of (A.14), note that

My My
MY ()= 5) =1 Y (o))
m=1 m=1
10 My s/fnor 1 1
1/2 6 A0 . <0 [ — =22
+ M, mz::l (Cm (s) — ¢, (0) /0 Ner exp ( 295 ) d:v)

Moy

s/fne 1 1
~1/2
+ M, Y > /0 N exp <—2.CE2> dz.

m=1

By the same passages as in the proof of Theorem 3 in Horvath and Trapani (2019), it is easy to

see that
12 1
M@ Z (Cgl (0) - 2) = Op-~ (1) 3
m=1
also

2
ds=o(1),

Mo s/fNnT
M S (o) - o) [T e (<o) ao)
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and

o0 Mo rs/fnr 1 1 M,
M2 /  ——ex (—x2>d:v ds = co—2 = o(1 ,
L ol mz:% 0 o P\ 75 0 ]{[ /; (1)
after (A.14). The rest of the proof follows immediately. O

E Bootstrap algorithms

In this section we detail the bootstrap algorithms used in Tables 3 and 5: this is done in
Sections E.1 and E.2, respectively. As in Section 6.4, T' is the length of the in-sample period, so
that Tp,s — T is the length of the out-of-sample period.

E.1 In-sample bootstrap algorithms

In this section we provide details on the bootstrap algorithm employed in Table 3 in relation
to the in-sample analysis. Algorithm 1.1 in Section E.1.1 is for the unconditional model over the
full sample. Algorithm 1.2 in Section E.1.2 is for the unconditional model within regimes D and
S. Algorithm 1.3 in Section E.1.3 is for the conditional model within regimes D and S. Finally,
Algorithm 1.4 in Section E.1.4 is for the comparison between conditional and unconditional model

within regimes D and S§."

E.1.1 Algorithm 1.1: unconditional model, whole period

Step 1. For ¢ = 1,...,N and ¢ = 1,...,T, generate a bootstrap sample of R, by resampling

weighted residuals as
x Al - ara Ax Ak A%k
Ri,t =B+ ay,i + Biu; + €t Cit = € Wit, (D-41)

where: @y ; = Gy —0y; Ay = N~P SN Gy is the average value of the vector & = R—BT,

whose @ — th element ay; is the estimator for «; in (1); 4, is the principal components

YWe develop the algorithm under the maintained assumption that the zero-beta rate is equal to zero both in
the unconditional and in the conditional model.
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estimator for uy; {w;} is a sequence of i.i.d. random variables such that F (w;) = 0 and
Var (w;) = 1. Note that, in line with the null hypothesis being tested, N ! Zf\il ay; =0

by construction.

Step 2. Given R* = ( R},...,R}), where R} = ( Toreees R}7t>/ , obtain

B = (R"M;U') (OM,T") .
!

where /ﬁ = (ﬁl, . 7ﬁN>> MT = [T — T_lLTL/T and B* = (/Bi, . 787\7)

=k =% —x \/
Step 3. Given R = (Rl, . ,RN> =TT R}, estimate the bootstrap risk premia as

Step 4. Forv=1,..., N, estimate the average pricing error as
B N
a, =N"1 Z s
i=1

where the estimated bootstrap pricing errors are

Step 5. Repeat Step 1 through Step 4 for B times. Denote the estimates for the average pricing

error from Step 4 as EZ,’b, for b=1,..., B. Compute the bootstrap p-value as

E.1.2 Algorithm 1.2: unconditional model, regimes D and S

Step 1 - Step 4. Step 1 through Step 4 are the same as in Algorithm 1.1.
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Step 5. Repeat Step 1 through Step 4 for B times. Denote the estimates for the average pricing

error from Step 4 as Ez,’b, forb=1,...,B. For j =D,S, compute the bootstrap p-value as

wp 1 B —%.b =
o :B;H(au >‘aj’“D’

where a3, is the average value of the vector &;;y = R; — BT,

E.1.3 Algorithm 1.3: conditional model, regimes D and &

Step 1. For ¢ = 1,...,N and ¢t = 1,...,T, generate a bootstrap sample of R}, by resampling

weighted residuals as

x  _ 7 = Al S ar =
Ri, = dpy (am + Bp A1 + :BD,iuD,t)

S
’ - - € = € Wi, (D.42)
_ ~ ~ Ak

+dst (Oés,i + BsiVsa + IBS,iuS,t) T &

where: @;; = a;,—a;; a; = N~V N | @, is the average value of the vector &; = R; —B,T,
whose ¢ — th element @;; is the estimator for a;, in (5); U;, is the principal components
estimator for u;;; {w;} is a sequence of i.i.d. random variables such that £ (w;) = 0 and
Var (w;) = 1. Note that, in line with the null hypothesis being tested, N"* 3N @;; = 0

by construction.

Step 2. For j = 1,2, obtain

~ ~ ~ /
where B} = ( JTREE ,B;N) and

di; 0 0 11 11

MTj _ 0 dj72 0 _ 717 djg dj72
J

0 0 dj.r dj.r djr
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Step 3. Given ﬁ; = (Fil, . ,E;N>/ =T7'>L, Czj,tRﬂ“

. 71, estimate the bootstrap risk premia as

~x __ (DrxPD* 15+
Yia = (Bj Bj) (Bj RJ’) '
Step 4. For j =D, S and i =1,..., N, estimate the average pricing error as

N
=* -1 ~%
a; = N E Qa
i=1

j’i7
where the estimated bootstrap pricing errors are

—x ~x/

~k %
aj, = R — B

Step 5. Repeat Step 1 through Step 4 for B times. Denote the estimates for the average pricing

error from Step 4 as 5;’1), for b=1,..., B. Compute the bootstrap p-value as

~, B 1 o =*,b
p :EZH(%'

> (@)

where @; is the average value of the vector &; = R; — B,T.

E.1.4 Algorithm 1.4: conditional vs unconditional model, regimes D and §

Step 1. Fori=1,...,Nand t =1,...,T, generate a bootstrap sample of R;; as in (D.41) and

(D.42) for the unconditional and the conditional model respectively, by replacing the pricing

errors oy; and @ ;, respectively, with & ;.

Step 2 - Step 4. Step 2 through Step 4 are the same as Algorithm 1.2 and Algorithm 1.3 for

the unconditional and the conditional model, respectively.

Step 5. Repeat Step 1 through 4 B times. Denote the estimates for the average pricing error

from Step 4 from the unconditional and the conditional model as 5;’5, and E;J], respectively,
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forb=1,...,Bforb=1,..., B. Compute the bootstrap p-value as

s

b=1

7*,1)

Saal) + (8] = [Fsu) 2 0].

—*,b
Q;

where &; and @, are the average values of the vectors &; = R; —B,T; and &;,; = R, — BT,
respectively.
E.2 Out-of-sample bootstrap algorithms

E.2.1 Algorithm 2.1: unconditional model, whole period

Step 1 - Step 4. Fort =T+ 1,...,Tp.s, Step 1 through Step 4 are as in Algorithm 1.1.

Step 5. Repeat Step 1 through Step 4 for B times. Denote the estimates for the average pricing

error from Step 4 as Ez;b, for b=1,..., B. Compute the bootstrap p-value as

7*,1)
Qy

).

ﬁ*’leiﬂ( >‘§u005
B 7

where EMOOS =N Zf;l Qy4,005,i 1s the average value of the vector of out-of-sample pricing

eITors Qs,0058 = Roos — Rur,00s-

E.2.2 Algorithm 2.2: unconditional model, regimes D and S

Step 1 - Step 4. Step 1 through Step 4 are the same as in Algorithm 2.1.

Step 5. Repeat Step 1 through Step 4 for B times. Denote the estimates for the average pricing
error from Step 4 as EZ,’b, forb=1,...,B. For j =D,S, compute the bootstrap p-value as

—*,b
«

77— L
Bb:l “

).

> ‘Oéj,u,oos

where @;1/,00s is the average value of the vector @;;,00s = Rj00s — Ru,00s, and regime j

is identified using the threshold value 6 estimated from the first 7 in-sample observations.
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E.2.3 Algorithm 2.3: conditional model, regimes D and S

Step 1 - Step 4. Fort =T +1,...,Tp.s, Step 1 through Step 4 are as in Algorithm 1.3, where

the threshold value 6 is estimated from the first 7' in-sample observations.

Step 5. Repeat Step 1 through Step 4 for B times. Denote the estimates for the average pricing

error from Step 4 as Ej’b, for b=1,...,B. Compute the bootstrap p-value as

—*,b

> ‘Oéj,of;s ) )
where Ej,oos is the average value of the vector &;p,s = Ej,oos — Re¢ j00s, and regime j is

identified using the threshold value 6 estimated from the first 7' in-sample observations.

E.2.4 Algorithm 2.4: conditional vs unconditional model, regimes D and §

Step 1 - Step 4. Fort =T +1,...,Tp,s, Step 1 through Step 4 are as in Algorithm 1.4, where

the threshold value 6 is estimated from the first T in-sample observations.

Step 5. Repeat Step 1 through 4 B times. Denote the estimates for the average pricing error
from Step 4 from the unconditional and the conditional model as E;’Z and 5;’b, respectively,

for b=1,..., B. Compute the bootstrap p-value as

B 1 & —xb
P =52 1(|a

7*,17

- [a5al) + ([@icos

)2

- ’aj,U,OoS
where 0005 and @;y,005 are the average values of the vectors &;00s = Rj00s — Re,j,00s

and &;y,005 = ﬁj,OoS — ﬁuVOos, respectively, and regime j is identified using the threshold

value @ estimated from the first 7 in-sample observations.
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F Descriptive statistics
In Table F.1, this section provides descriptive statistics for the average (within the month)
daily AD Bear returns of Lu and Murray (2019).

Table F.1: Descriptive statistics, average (within the month) AD Bear daily portfolio returns
199701 - 200507 199701 - 201507

Mean -0.256 -0.287
Std. dev. 1.015 1.105
Median -0.446 -0.498
Maximum 2.577 5.110
Minimum -1.793 -1.804
Skewness 0.743 1.162
Kurtosis -0.173 2.011
Jarque-Bera D2.671* 59.281***

Notes. This table presents descriptive statistics for the empirical distribution of average (within the month) daily
AD Bear returns over the periods from January 1997 to July 2005, and from January 1997 to July 2015, a total of
103 and 223 observations, respectively. “Jarque—Bera” denotes the Jarque-Bera goodness of fit test for normality;

the joint null hypothesis is that skewness and kurtosis are equal to 0 and 3, respectively. ***indicates significance
at the 1% level.
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