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Abstract

This paper considers estimation and testing of the time of the
structural break in a regression with possibly strongly dependent data.
Statistical properties of the estimator depend on the assumption made
on the size of the break. Specifically, when the size of break is fixed,
the asymptotic distribution depends on the entire joint distribution of
the regressors and the error term. When the size of break is shrink-
ing, the asymptotic distribution of breakpoint depends only on the
second moments of data. When the break is weak, that is when its
magnitude is shrinking too fast, the time of break is not estimable.
For the shrinking break, hypotheses on the time of break can be car-
ried out on the basis of the asymptotic distribution. However, since
asymptotic tests do not always approximate finite sample tests well,
we propose a valid bootstrap approximation of the asymptotic tests
and demonstrate its performance in small samples by Monte Carlo
simulation.
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1 Introduction

Structural stability is a desirable property of any econometric model. Mod-
els that are structurally unstable tend to lead both to erroneous in-sample
analysis and out-of-sample forecasts. On the other hand, if a presence of
a structural change is detected, an inquiry into the character of the change
may reveal factors that caused the structural shift and may lead to a suc-
cessful revision of the original model. There is a steadily growing body of
literature on estimating the time of change. Hinkley (1970), Yao (1987) and
Bhattacharya (1987) deal with maximum likelihood estimation of time of a
shift in mean of otherwise identically distributed independent observations.
In the context of dependent observations, Bai (1994, 1997b) allows for a lin-
ear process with short memory while Bai (1997a), Bai and Perron (1998) and
Fiteni (2002, 2004) analyse estimators of the time of break in parameters of
linear regression model with mixing data. The current state of the research
on structural changes in linear models with time series is reviewed by Perron
(2005).

In the last decades, however, it has been recognised that many economic
and financial data possess a dependence structure stronger than that dis-
played by mixing data. The effect of long-range dependence on estimators of
time of break has been examined by Antoch et al. (1995, 1997) and Horvéath
and Kokoszka (1997) in the framework of linear processes with a break in
mean. The first purpose of this paper is to develop a procedure for estimation
and testing of the time of change in slope coefficients in a linear regression
model where both regressors and disturbances are allowed to possess long
memory. It is shown that estimators employed for weakly dependent data
continue to be valid for strongly dependent data, and the researcher does not
need to distinguish between the short- and long-memory type of dependence
at any point of the estimation procedure.

It is known that asymptotic properties of parameter estimators in struc-
tural change models depend qualitatively on the magnitude of change. The
second purpose of this paper is therefore to examine the asymptotic behav-
iour of estimators under various assumptions on the size of break, ranging
from a fixed size of break through a size shrinking at a certain rate to zero
size.

Asymptotic theory for the breakpoint estimator is derived, including con-
sistency, rate of convergence and limiting distribution. Under the assumption
of fixed size of the break, the date of break is estimated with highest relative
asymptotic efficiency, but the asymptotic distribution of the breakpoint esti-
mator depends on the joint distribution of the regressors and the error term
and is not amenable to hypothesis testing. Breaks of a fixed magnitude can



be regarded as large.

To obtain a distribution-free asymptotic theory of the breakpoint estima-
tor, the size of break can be assumed shrinking as the sample size increases
but at the slower speed than the square root of the sample size. This has been
a mainstream assumption in the literature for the last two decades. Under a
slowly shrinking break, the paper shows that the asymptotic distribution of
our breakpoint estimator is indeed invariant to the distribution of data.

The case of breaks shrinking with the square root of the sample size or
faster is also considered. Breaks shrinking at such a rate can be denominated
as weak. The plausible situation where a researcher estimates the date of a
presumed break when the parameters of the processes do not break can be
analysed as a special case of a weak break. It is shown that if the break is
weak, its location is not estimable. Since the breaks can be detected only
when their magnitude shrinks at the rate of the square root of the sample
size at the fastest, this rate constitutes a borderline case when the break can
be detected but cannot be consistently located.

Beside the asymptotic theory of the breakpoint estimator, we also con-
sider asymptotic properties of the slope coefficient estimators. When the
break is large, the slope estimators are asymptotically normal and their dis-
tribution is the same as if the time of change were known. Asymptotic nor-
mality breaks down for a weak break under which a nonstandard distribution
is obtained.

In the case of a shrinking break, the form of the limiting distribution
of the breakpoint estimator allows construction of hypothesis tests. Since
the limiting distribution function is known, asymptotic tests can be carried
out easily. However, it is known that asymptotic tests may not perform
well in small samples. For this reason, we propose a bootstrap procedure to
approximate the limiting distribution of the break point for the purpose of
hypothesis testing. A small Monte Carlo study compares the performance of
the bootstrap and asymptotic tests and confirms that in small samples the
bootstrap test seems preferable to the asymptotic test.

The paper is organized in the following way. Section 2 introduces a lin-
ear regression with break in the slope parameter and presents a least squares
procedure for estimating the time of break and the slope coefficients. Asymp-
totic properties of estimators are studied in Section 3. Section 4 discusses the
cases of weak break and no break. Section 5 comments on the difference in
testing hypotheses about the time of break under fixed and shrinking break.
In Section 6, a bootstrap approximation to the asymptotic test procedure is
proposed. Section 7 reports the results of a small Monte Carlo simulation
conducted to investigate small sample properties of the proposed bootstrap
procedure. Section 8 concludes. The proofs are collected in Section 9 which
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refers to Section 10 for intermediate results.

In what follows, B denotes a p-dimensional vector of independent stan-
dard Brownian motion processes on [0, 1] and C' stands for a generic constant.
For a set S and a constant a, S -a = {za:z € S}. For any real numbers
a, b, a AN b = min{a,b}. For a Hermitian matrix A, Apin (A) and Apax (A4)
denote the smallest and the largest eigenvalue of A, respectively. Inequalities
A > B and A > B among two matrices hold if all the eigenvalues of A — B
are nonnegative and positive, respectively. For any matrix A, ||-|| denotes the
maximum-eigenvalue norm, that is ||Al| = supy,_; [[Az| = A2 (ATA). We
have || A||> < tr A’A and due to the equivalence of norms also tr A’A < C'||A|?
for a constant C' > 0. Notation |[-] signifies integer part, I (-) is the indicator
function, "=" denotes weak convergence in the space D (5) of p-vectors of
right-continuous functions on S C R with left-hand limits, endowed with the
uniform metric p (z,y) = sup,cg ||z (1) —y (7)|| for 2,y € D (S). Notation

2 stands for equality of distribution. For nonnegative numbers [, m,

Lm P l<m

E a =< 0 l=m
!

¢ Ditmmr e >

For integers a, b and ¢, we write a = b mod ¢ if a — b is divisible by c.

2 Linear regression with break

Consider the following linear regression with a break in the slope parameter:
v = a+ Bz + 6pzy + uy (1)

fort=1,...,T, where

. . Tt tzl,...,ko
Zt—Zt(k?O)_{O t:ko—{—l,...,T

and where kg is an unknown date of break, y; is the observed dependent
variable, o is an unknown intercept, 5 and d; are p-dimensional vectors of
unknown parameters with 1 # 0, x; is a p-dimensional vector of observations
on the explanatory variables and u; is an unobserved stochastic disturbance.
It is assumed that ko = [7o7] for some 79 € A € (0,1) where the set A has
closure in (0,1). The size of the break dr can be assumed either dependent
on the sample size T or fixed, that is 07 = 9.



We are interested in estimating the time of the break and the slope coef-
ficients 5 and dr. In addition to the point estimation, we are also interested
in testing hypothesis of the form

HOI ]fo = kH
for some constant ky against the alternative
H12 k‘o 7§ k H-

In this paper, we focus on breaks in regression coefficients of stochastic re-
gressors. Break in the regression intercept has been analysed by Kuan and
Hsu (1998) in a similar setting.

Model (1) can be written in the matrix form as

y=oar+XB+ Zyor+u (2)
where y = (y1,...,yr), ¢ = (1,...,1), X = (21,...,27) and where 7, =
(z1,...,74,0,...,0) is a T x p matrix comprising first k& rows of the matrix
X and completed with zeros, Zy, is denoted as Zy, and u = (uy, ..., ur)".

We estimate the parameters of the model by the least squares method.
Fork=1,...,T—1,let @ (k) be the vector of residuals from the least squares
regression of y on X and 7y,

U (k) = ML,X,Zkya

and let B ks 5 be the least squares estimators of the slope parameters,

( g: ) = (WIQMLWk)il W]QMLiU,
where Wy, = (X, Zy), Map = I — Py where Pyg = Po = C (C'C)" (" is
the matrix of orthogonal projection on the column space of a matrix C' =

(A, B). The least squares estimator k of the breakpoint ko is obtained by
minimising the objective function

Sr (k) = |la (k)| (3)

that is X
k = arg Jnin St (k)

where A - T = {k: k/T € A}. If the point of minimum is not unique, we
define k = min {k : St (k) = minjear St (1)}. While the expressions for 3,
and 0y, are explicit, the breakpoint kg is estimated implicitly.
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Denote 4 = '&(l%), B = Bk and 0 = 3;: The quantities @, 3 and & can be
regarded as least squares estimators of errors and slope coefficients of model
(2) when the location of break is unknown. Beside the estimator of the date
of the break, an estimator 7 of the relative time of break 7( can be defined
as .

k
T

Since some of the properties of our estimators are more easily established
in the frequency domain, it is useful to transform data from time to the
frequency domain. In the frequency domain, model (1) is given by

wy (Nj) = B'we (Aj) + 0pwarg) (Aj) +wu (Ag) (4)

j=1,...,T —1, where

7=

T

1 .

we(A) = E d,e'
d( ) 27T — !

is the discrete Fourier transform of a sequence of p-dimensional vectors
dy,...,dr and \; = 27j/T are the Fourier frequencies. Omission of the fre-
quency zero in (4) permits the researcher to avoid estimating the unknown
intercept . As the discrete Fourier transform is invariant to location shift
for 1 < j <T—1, the regression (4) is equivalent to a time-domain regression
in deviations from the mean. Defining F' as the (7' — 1) x T matrix of the
discrete Fourier transform at the frequencies \; = 27j /T,
forj=1,....,T—1land k=1,...,T, model (4) can be written in the matrix
form as

Fy=FXpB+ FZyér + Fu. (5)

In the least squares regression of F'y on X and F'Zy, let
Fu (k) = Mpx pz,Fy = Mpw, Fy (6)

be the vector of residuals and

) B L
< L ) - (W,QF’FWk) WITF Fy,
Ok

!

— -1__
be the estimators of the slope coefficients where now Py = A (A/A) A

where A is the complex conjugate of a complex matrix A. The least squares
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estimator of the date of break is now a point of minimum of the objective
function St (k) = ||Fu(k)||*>. From the definition of F and M, it follows

_ N/ N
that F'F = M, /27, and so <5;,5;> = <5;,5;€> . Moreover, FM, = F and
Mpw, F'= FMy,w, = FM,My,w, = FM,w,.

This implies that -
Fu (k) = Fa (k),
— 1
Fu (k) [)? = — |la (k)|
1B (k) |12 = ol (k)]

for k =1,...,T — 1. Therefore for the purpose of estimating of the time of
break and slope coefficients in a linear regression model with unknown break,
estimation in the time and frequency domain is equivalent.

In the following analysis, it is assumed that {x;} and {u;} are covariance
stationary linear processes that satisfy Conditions 1-6:

Condition 1

00 00
xt:zajgt—jv Z||CL]H2<OO, (1,0:],
pn =0

00 00
2
Ut:ijét_j, ij < 00, by =1.
J=0 J=0

Let F; and G, be the o-algebras of events generated by ¢, s <, and &4,
s < t, respectively, and let F; V G, be the union of F; and G, that is the
smallest o-algebra containing all elements of F; and G,.

Condition 2 {¢,} is a stochastic process that satisfies
(a) E(&|Fi-1V G) =0 as.,

(b) E(§&|Fi-1V G) = E(§&) =E a.s., and

(c) the joint fourth cumulants of &, ;, ji = 1,...p and i = 1,...4, where
§,; denotes the j-th component of the vector &;, satisfy

) Regigegaga @8- Ty =ty =13 =1y,
cum (ftma§t2j27£t3j3a£t4j4|gT) o { 0 a.ls.2 ’ otherwise,

goae,



Condition 3 {&;} is a stochastic process that satisfies
(a) E(e|F:V Gi1) =0 a.s.,
(b) E (| FiV Gi1) = E (€}) = 02 a.s., and
(c) the joint fourth cumulant of €;,, i = 1,...4 satisfies
K @.S. t1 =19 = 13 = 14,
Cum<€t1,€t2,€t3,€t4|fT) = { ! 2 3 4

0 a.s. otherwise,
with |k| < co.

Define functions A and B as
= Zajeij’\ and B (\) = ijeij)‘.
§=0 5=0
Condition 4 The functions A and B satisfy the following assumptions:

(a) there exist constants 0 < Cyy,C, < 00 and dy;,d, € [0,%), [ =

1,2,...,p, such that |Ay (\)| ~ Coy A% | B (N)] ~ C,A™ ™ as A — 0+,
(b) A(N) and B (\) are differentiable on (0, 7] and H H = (”A )
’%&’\)’ =0 <&/\’\)‘) uniformly over (0, 7] as A — 0+ and
(c) |[AN)|] >0 and |B(\)| > 0 for A € (0,n].
Condition 5
(a) sup;>y lZi V|| = Op (1), sup;sy l fOZéH nxy|| = Op(1),
SUp;>1 Zt ko—i+1 LT || = Op (1),

(b) there exists X\ > 0 such that for every e > 0, there exists ly such that
PN <X) <eand P(N\ <)) < e forall > ly, where \] and
)\; are the minimum eigenvalues of the matrices 1 Zfozl L1 Ty and
Zt ko141 LTy, TESpectively.

Condition 6
J sVl a3 < 00, Baar)) >0,

where fyo(N) and fu..(N\) are spectral density functions of x; and wu,, respec-
tively.



Conditions 1-6 are similar to those of Robinson (1995a,b), Hidalgo (2003)
and Lazarova (2004) and similar remarks apply. In particular, Conditions
1-3 require that the processes x; and u,; are covariance stationary with con-
stant fourth but not third moments. The homoskedasticity of regressors
and errors implied by Conditions 1-3 is not a necessary restriction and a
certain degree of heterogeneity could be allowed. Another property fol-
lowing from Conditions 1-3, E (v;zsusus) = E (xxs) E (uus) for all ¢ and
s, makes it possible to estimate the quantity 27 [7_ fou (A) fuu (A) dX con-
sistently by (472/T) Zsz_f L (Aj) L (X)) as proposed by Robinson (1998).
Results in the literature, for example Taniguchi (1982) and Keenan (1987),
allow to relax the condition E (z;xsusus) = E (vixs) E (upus) for short mem-
ory processes but similar results are not yet available for processes satisfying
Conditions 1-4, in particular for processes that may exhibit long memory
processes.

Condition 4 admits a singularity of the spectral density function at the
zero frequency, but the results of this paper could be generalized to allow for
a singularity at a nonzero frequency or for more than one singularity, as long
as Condition 6 is satisfied. Examples of models satisfying Condition 4 include
FARIMA model of Granger and Joyeux (1980) and Hosking (1981), fractional
Gaussian noise of Mandelbrot and van Ness (1968) and fractional exponential
model of Bloomfield (1973). An example of a model with singularities at
nonzero frequencies is the Gegenbauer model of Gray, Zhang and Woodward
(1989).

. : . I ko+1
Condition 5 constrains matrices sup;~; + > _, 22, SUP;=1 3 > "0

t=ko+1
and sup;>; % Efiko_l +17:7; to be uniformly stochastically bounded as T' in-
creases. Moreover, it constraints the latter two matrices to have minimum
eigenvalues bounded away from zero with large probability for large [. This
would be implied for example by the strong law of large numbers for the
sequence {x;z};}.

Condition 6 places a restriction on the collective memory of regressors and
errors. Robinson (1994) remarks that if z; and wu; collectively exhibit suffi-
ciently strong memory, the least squares estimates of the slope coefficients
are not asymptotically normal. The restriction can be relaxed by employ-
ing estimators of a class of weighted least squares estimators proposed by
Robinson and Hidalgo (1997) or a class of generalized least squares estima-
tors proposed by Hidalgo and Robinson (2002), but for notational simplicity
we keep Condition 6 as it stands.
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3 Asymptotic properties of the breakpoint
and slope estimator

To establish the asymptotic properties of the breakpoint and slope coefficient
estimators, we first examine the rate of convergence of the breakpoint esti-
mator. Deriving the rate of convergence not only allows us to characterize
consistency properties of the estimators, but is also necessary in order to
establish the limiting distribution. In this section we consider breaks whose
size is fixed or is shrinking but at a speed smaller than the square root of the
sample size.

Proposition 1 Assume Conditions 1-6 are satisfied. If 7 = § # 0 or if
o — 0 and T ||67||> — oo, then as T — oo,

k= k=0, (|lo2] 7).

Whether the size of break ¢ is fixed or shrinking, the consistency of the
estimator 7 of the relative time of break 7 is guaranteed by Proposition 1. It
is interesting to note that Proposition 1 implies only that k — ko = o, (T') and
therefore does not assert the consistency of k. In fact, it will be seen later
that the estimator & of time of break is not consistent. At best, under the
assumption of fixed size of break, the estimator k is bounded in probability.

The following proposition characterizes the asymptotic distribution of
the slope estimators for the case of a known and unknown date of break,
respectively, for the cases of a break whose size is fixed or whose size decreases
as the sample size decreases at a moderate speed.

Proposition 2 Assuming Conditions 1-6, if T ||67||> — oo, then as T — oo,

(a)

VT B =8 1, N(0,V) and
Oy — O
(b) )
VI P70 ) 4 v o,v)
d—or

where

V= ( )@Elel
To ]_—TO

Y = Bz and Q=27 [T foe (A) fuu (X) dA
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The limiting distribution of the slope estimators B , § in the case of an
unknown date of break is the same as if the date of break were known. It
is worth noting that neither the rate of convergence nor the form of the
asymptotic distribution depends on whether the size of break is assumed
fixed or shrinking, as long as the magnitude of break does not decrease too
fast.

Similar results have been obtained by Bai (1997a) for breaks in linear re-
gression model with mixingale errors and possibly trending regressors. Fiteni
(2002) has also reported asymptotic normality of a robust estimator of regres-
sion coefficients. The asymptotic normality found elsewhere in the structural
change literature therefore carries over to linear regression where regressors
and errors possibly exhibit strong dependence.

The asymptotic distribution of the estimator of the location of break
requires a separate discussion for the cases of fixed and shrinking break.
First, we consider the case of a fixed magnitude of break, 7 = § # 0. Define
the process W, on the set of all integers as

0,s 0,s
Wo (s)=1¢ Z xy0 — 20 Z T4y SEN S,
t t

that is

§ S s~ w521,
0 R

o' Z(t)szrl 2240 + 20’ E(t):SJrl ruy s < —L

Wo (s) =

The following proposition gives the asymptotic distribution of the breakpoint
estimator for the case of a fixed break. To avoid dependence of the asymptotic
distribution of the estimator on the unknown date of break kq;, we need
to ensure shift invariance of the distribution of data by strengthening the
assumption of second order stationarity implicit in Conditions 1-6 to strict
stationarity.

Proposition 3 Assume that Conditions 1-6 hold and that in addition the
process {xy,u} is strictly stationary. Assume further that (5'xt)2 =+ 20"z,
has a continuous distribution. If the magnitude of break is fized, 6+ = 0, then
as T — oo,

e — ko % arg min Wy (s).

The asymptotic distribution of the breakpoint estimator with break of
fixed size therefore depends not only on the nuisance parameter  but also
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on the distribution of z; and u;. While the size of jump 4 can be consistently
estimated by Proposition 2, the distribution of the data is generally unknown.
Unless the joint distribution of data is estimated, inference about the time of
break cannot be based on the distribution of the limiting random variable.
The estimation of the distribution of data is beyond the scope of this paper.

It is worth noting that the distribution of location estimator k is discrete.
Therefore even when the distribution of argmin Wy is known, tests of hy-
potheses about the time of break cannot be performed at an arbitrary level
of significance. In this situation, hypothesis testing can be approached in two
ways. One possibility is to carry out tests at the significance levels given by
the quantiles of the limiting discrete variable. Alternatively, given a nominal
level of confidence, conservative tests can be constructed by taking the next
higher quantile. The latter approach has been adopted for example by Bai
(1997a) and Antoch and Huskova (1999).

The problem of dependence of the asymptotic distribution of the break-
point estimator on the joint distribution of data can be overcome if we are
willing to modify assumptions on the size of the break. Consider the case of
a diminishing magnitude of break. Define the process W as

_ | mp+4 p=0
W(p)_{ Wa(—p)+4  p<0

where Wy, W, are independent standard Brownian motion processes defined
on [0, c0).

Proposition 4 Assume that Conditions 1-6 hold and that o7 — 0 and
T||67|> — co. Let 3 and Q be consistent estimators of ¥ and Q. Then

as T — oo,
A\ 2
(5 25) ) )
O (k - ko> — argmin W (p) .
0 Q0 pER
An example of consistent estimator of ¥ is
A
S=r ; T2, (7)

whose consistency follows from Conditions 1 and 2. Let I, (A;) = wy, (A\;) W, (A))
be the cross-periodogram matrix of processes u; and v;. A consistent estima-
tor of (2 is

Consistency of € is asserted by the following proposition.
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Proposition 5 Assume that Conditions 1-6 hold and that T"/?6p — & # 0
or T'? ||5p|| — oo. Then as T — oo,

O .

The distribution of argmin, W (p) is not only free of nuisance parame-
ters, but also the explicit form of the distribution function is known, see for
example Yao (1987):

G(z) = 1+\/ge_%—%(x—kf))(b(—?)+gexcb(—¥) x>0,
G(r) = 1-G(-x).

The two-sided critical values at the 0.1, 0.05 and 0.01 significance level are
7.687, 11.033 and 19.767, respectively.

While assuming shrinking size of break leads to a distribution-free as-
ymptotics for the breakpoint estimator, it has also some disadvantages. One
such disadvantage, a loss of information reflected in a loss of power in testing
hypotheses on the time of break, is discussed in the following section.

4 Weak breaks

In the preceding analysis we have assumed that there is a break of a nonzero
magnitude. It is interesting to examine the asymptotic behaviour of the
breakpoint estimator when the researcher erroneously estimates the time of
break when there is in fact no break in the data generating process, that
is when 67 = 0. More generally, it is of interest to study the statistical
properties of the breakpoint estimator when only a weak break is present,
that is when the size of the break is nonzero but decreasing fast with 7" so
that T'[|07|° = O (1).
For 7 € (0,1), define
1 1 m (T ) 1
G(r)=——¥7202(B(r)—7B(1)) + —————=X20
(r(1—7))2 (r(1—m7))2

where for § # 0 the function m is defined as

T(l—79) 7 <70
m(T):{T()(l—T) T > 7).

[

When 6 = 0, the function m can be left undefined. Further, define

L= argrggK(G (1) G (7).
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By the definition of A, the random variable L takes values in a subset of
(0,1). The following proposition describes the asymptotic distribution of the
breakpoint estimator under a weak break.

Proposition 6 Assume that Conditions 1-6 hold and that TY?61 — & where
0 <||d]| < c0. Then, as T — oo,

. d
T=—— L.

S| =

Proposition 6 implies that the estimator 7 of the relative time of break
T is not consistent when the break is weak. Moreover, since for the cases
of both §7 = 0 and T'[|67|*> — 0 the limit § is equal to zero, Proposition 6
indicates that the presence of a break shrinking to zero faster than 72 is
asymptotically equivalent to the absence of the break.

The asymptotic properties of the slope coefficient estimators B and 0
under weak breaks are given in the following proposition.

Proposition 7 Assume that Conditions 1-6 hold and that TY?61 — & where
0 <||d|| <oo. Then as T — oo,

ﬁ<3—ﬁ ) gL(; ( ¥10 <LB<1>—LB<L>>)

o — o 1—L) \ ©7'Q% (B(1) = LB(1))
1 L(TO—L)H<L<70)
Ta-1n) ( (ro — L) (I (1o < L) — L) ) @0.

The random variable B (L) has a mixed normal distribution where the
mixing variable is L in the sense that for any real p-vector b, the cumulative
distribution function P (B (L) < b) is given by [,_, ® (b/ \ﬁ) dFy, (1) where
® is the distribution function of a p-dimensional standard normal variable,
F is the distribution function of L and where the inequality B (L) < b is to
be taken componentwise.

Proposition 7 together with Proposition 2 imply that 3 remains a v/T-
consistent estimator of 3 for the whole range of assumptions on the size
of the breaks, from breaks of size zero to breaks of a fixed size. Similarly,
0 =0r+0, (T-'/2) under a break of any size.

While the rate of convergence of the slope coefficient estimators under a
fixed or shrinking break continuous to hold under a weak break, the asymp-
totic normality does not. The asymptotic distribution of the slope estimators
reflects the fact that the estimation is attempted in the situation where the
point of break is not well identified.
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The results up to this point imply that the location of the break can be
estimated only when the magnitude of break diminishes faster than T%/2. A
related question is when the break is detectable, that is what is the range
of alternatives against which tests of the null of no break have nontrivial
power. The tests may be based on continuous functionals of the sum of
squares St (k). As it transpires in the proof of Proposition 4 in Section 9, if
Tl/ 2(ST — 0 s

Y M,xy - Sr (IrT]) = G () G (7).

Therefore it can be seen that while tests based on continuous functionals of
St ([7T]) have nontrivial power against the alternatives with T7%/267 — § # 0,
the test have no power against the alternatives with d7 = o, (T~'/2) since
the limiting distribution is identical for cases 6y = 0 under the null and
TY25; — 0 under the alternative.

In sum, the analysis of the asymptotic properties of the breakpoint es-
timator under a range of assumption on the size of break shows that while
breaks with T'||67]|> — oo can be detected and their location can be esti-
mated, breaks with T'||67]|> — C are detectable but there location is not
estimable, and breaks with 7" ||67||*> — 0cannot be detected.

5 Hypothesis testing

The results of the previous sections allow us to make inference about the
date of break. The null hypothesis of interest is

H()I k() = ]{ZH

where kg is the true value of the break date and kg denotes the hypothesized
time of change.

When the size of breaks is assumed fixed, Proposition 3 gives the limiting
distribution of % — ko under the null hypothesis. The test of the null hypothe-
ses can be based on the test statistic Z7 = k— kyg. Under the alternative
hypothesis

Hllk():k'H—f‘A (8)

where A # 0 is a constant, we have
Zr A ko — kp + argmin Wy (s) .

Since ko — kg # 0 and argmin, Wy (s) = O, (1), the test based on Z has
asymptotical local power against the alternative hypothesis (8). However,
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since the asymptotic distribution of Z7 under both null and alternative hy-
potheses depends on the underlying joint distribution of z;, u;, the critical
values for the test are in general not available.

Under the assumption that the size of break is shrinking with dr — 0

and T'||07||> — oo, Proposition 4 indicates that the limiting distribution of
PN N

. 2 o
k — ko normalized by 0% = (5 ) ) /3\/95 is invariant to the underlying dis-

tribution of data. This suggests to use Z7 = 0% (/% — kH> as a test statistic.

Proposition 4 then gives the asymptotic distribution of Z7 under the null.
Under the alternative hypothesis (8),

Zp = va (l% — kg) + Avz, < argmpinW(p).

The test based on Zr has therefore asymptotically no power against the
alternative that kg = kg + A.
If we consider a sequence of local hypotheses in the form of

Hli koZkH+AT, (9)

the test has asymptotic local power against such alternatives if A;l =
@) (||(5TH2) When AZ' = o (|]5TH2), the test is consistent, or has a global
power, against the alternative hypothesis (9). For example, if we consider an
alternative hypothesis to be Hy: kg = ky + T - A, which corresponds to the
alternative fixed in terms of the relative time of the break, Hi: 79 = 74 + A,
the test has global power since Az' = T'A~! = o (||67] /).

6 Bootstrap under shrinking break

The results of the preceding sections suggest that if the magnitude of change
is too small, the changepoint cannot be identified. On the other hand, if the
size of break is large, 7 = 9, the relative time of break can be estimated
T-consistently but its asymptotic distribution is intractable for the purposes
of hypothesis testing. The only circumstance when a consistent breakpoint
estimator with distribution-free asymptotic properties is available is the case
of a break whose magnitude is diminishing but more slowly than the square
root of the sample size. In this instance, tests of hypotheses about the
time of break can be based on the asymptotic distribution of the breakpoint
estimator.

However, it is known that the finite sample distribution of a statistic may
not be well approximated by its asymptotic distribution when the sample
size is small. The purpose of this section is to propose a bootstrap procedure
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that approximates the asymptotic distribution of the breakpoint estimator
and that may improve on the performance of the asymptotic distribution in
small samples.

Since the independence assumption does not hold for time series, the
basic bootstrap procedure of Efron (1979) cannot be employed without a
modification. There exists a vast literature on bootstrapping time series.
The methods of tackling the dependence of data may be broadly categorized
as parametric or nonparametric. Parametric methods have been examined
by Efron and Tibshirani (1993) among others. Examples of nonparametric
bootstrap procedures can be found in articles of Carlstein (1986), Kiinsch
(1989), Politis and Romano (1992) or Biithlmann (1997, 1998).

Bootstrap methods that resample from data transformed into the fre-
quency domain can also be subsumed under the heading of nonparamet-
ric methods. Among these methods, mention can be made of the work of
Franke and Hirdle (1992), Dahlhaus and Janas (1996), Paparoditis and Poli-
tis (2000) and Hidalgo (2003). However, only the approach of Hidalgo (2003)
has been shown to be valid for strongly dependent data. The method of Hi-
dalgo (2003) has an added advantage that it does not require a user-chosen
parameter such as the block length in the block bootstrap of Carlstein (1996)
or a lag length in the sieve bootstrap of Biithlmann (1997, 1998).

To approximate the distribution of the breakpoint estimator, we propose
to use a method similar to that employed by Hidalgo (2003) and Lazarova
(2004). The procedure consists of the following steps.

Step 1 Compute the least squares estimate k = arg mingepr St (k) in equa-
tion (3). Compute the least squares estimates § = ; and § = §; and
the least squares residuals

'llt:yt—B/l't—(A;/ét, tzl,...,T,
where 2; = 2,1 (t < /%)

Step 2 Compute

T
1 i )
wa (Aj) = TE e, j=1,...,[T/2],
t=1
and
(T/2]
- wﬁ(j) TQZklwu( )
wa(A;) = 172

N

/2] /2 2
(T/Z]Z[/ ‘wu J)_mZk/l]wu< )’
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Step 3 Draw arandom sample nj, ..., M from the distribution P* (77}* = wu()\k))

— ﬁ for k = ]_,,[T/QL define 77; :ﬁ;ij for 1 S] <T/2 and gen-

erate a bootstrap sample
w (A) = Bwy (\) +0ws (A) +wa (\)mf,  j=1,....T—1,

where {w; (\;),1 < j < T} is the discrete Fourier transform of the se-
quence {Z;,1 <t < T}. In matrix notation,

Fy* = FX3+ FZ.0 + HF
where H = diag (n3,....05_).

Step 4 Let BZ and 52 be the least squares estimators of the slope coefficients
and let @* (k) be the vector of residuals from the least squares regression
of Fy* on FX and FZ,. Let

S (k) = |la~ (k)|

Compute the bootstrap estimator k* of the breakpoint as

k* = arg krg{rflp St (k)

and obtain 3 = 3., 0 = 0. and a* = 0% (k).
Step 5 Compute the bootstrap test statistic

Akl A Ak

Z;:ﬁ(l%*—@

Akl Ak
*

6 Q%
where 3 is defined in (7) and where Q* = % ]T;ll Lo (N) Lo (Ng).

Alternatively, compute a nonpivotal statistic

7t =k — k.

Before discussing the bootstrap procedure, it is useful to introduce some
notation. Denote P* to be the probability conditional on the c-algebra

FrV Gr. For example, P* (|12:* — k< x) —p (|/%* — k< x‘ Frv gT>.
Similarly, denote E*, var* and cov* expectation, variance and covariance con-

ditional on Fr V Gr, respectively. For a random variable X and a sequence
{X7} of random variables, let the statement

Xr L x (10)
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be equivalent to the statement
P (Xp<z)5 P(X <) as T — oo

for each x which is a continuity point of F'(z) = P (X <z). When the

variable X in (10) is a constant, write Xp 2 X, Further, for a stochastic
process Y and a sequence of stochastic processes {Yr}, let " Y7y £ Y7 stand
for the weak convergence in probability as defined by Giné and Zinn (1990).

It is also useful to define stochastic orders of magnitude o,-, O,«. Let
{gr} be a sequence of positive finite numbers. We say that Xr = O, (gr)
as T' — oo if and only if for every € > 0 and 1 > 0 there exist finite M and
Ty such that for all T' > Tj,

P(P* (| Xr| > Mgr) >n) <e.
We say that X7 = o, (97) as T'— oo if and only if for every n > 0,
P (I Xz > ngr) = 0, (1).
It is easy to verify some useful relations for the orders of magnitude o,« and
O,+. For example, 0, (1) - O, (1) = 0p« (1) or oy« (1) + 0, (1) = 0p= (1).

The following proposition demonstrates that the proposed bootstrap pro-
cedure consistently estimates the distribution of slope estimators 3 and §.

Proposition 8 Assume that Conditions 1-6 hold and that 67 — 0 and
2
T ||o7]|” — oo. Then as T — oo,

ST W

ﬁ(i: )ﬂN(o,V)

where V' is defined in Proposition 2.

The distribution of the bootstrap test statistic Z;. defined in Step 5 of the
bootstrap procedure can be used to construct a bootstrap test as an approx-
imation of the asymptotic test based on the asymptotic null distribution of
the test statistic Zr. The approximation is valid if bootstrap distribution es-
timator consistently estimates the null distribution of Zr. Denoting the null
distribution of Zp as P (Zr < x|Hp) and taking the Kolmogorov-Smirnov
distance, consistency requires that

sup |P* (Z} < z) — P (Zr < z|Hp)| 0.

TER
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Under the null, Zp converges in distribution to a continuous distribution
function F', P (Zr < z|Hy) — F (x), therefore it is sufficient to show that

P (Zn <x) 5 F(x).

This observation is exploited in the following proposition asserting the con-
sistency of bootstrap.

Proposition 9 Assume that Conditions 1-6 hold and that 67 — 0 and
2
T|6r|” — oco. Then, as T — oo,

p

Given the consistency of the bootstrap procedure, a bootstrap test can
be constructed to approximate the asymptotic test. The asymptotic a-level
critical region C,, based on the asymptotic null distribution, P (Zr € C,) =
«, is replaced by a critical region C? based on the bootstrap distribution
where C satisfies P*(Z} € Cy) = «. Proposition 9 guarantees that the
bootstrap test has asymptotically correct size.

7 Finite sample properties

In this section we assess the performance of the proposed tests in samples
of small and moderate size via a small Monte Carlo experiment. Beside the
overall assessment of the tests, we are particularly interested in the compar-
ison between bootstrap and asymptotic tests.

The data for the regressor x; and error term u; in model (1) are generated
as scalar ARFIMA(0, d,0) processes where d is the long memory parameter
and where the innovations are normally distributed with zero mean and unit
variance. Values of 0, 0.2 and 0.4 for d, and d, are considered in admissible
combinations such that 0 < d, +d, < 1/2. Samples of size T = 64, 128, 256
and 512 are generated by the algorithm of Davis and Harte (1987). Each
sample is normalized to have the standard deviation equal to one. Number
of Monte Carlo replications in each experiment is 5000. For bootstrap tests,
the number of bootstrap replication is 800.

The break in the model is located in the middle of the sample, 79 = 1/2.
The size of the break is set to d; = §,7/4, where the shrinking rate 7~
is chosen such that o = 1/4 is the midpoint of the interval (0,1/2). The
parameter g is equal to 2 so that for 7' = 64, 128, 256 and 512 the size
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of the break is 0.84, 0.71, 0.60, 0.50, respectively. The value of the slope
coefficient is § = 0.

We examine performance of three tests: Two bootstrap tests, of which
one is based on the distribution of a nonpivotal bootstrap test statistic
k* — k and the other on the distribution of a pivotal bootstrap test sta-

askl A 2 Akl A Ak ~ A~
tistic <(5 '$56 ) / (5 foi) ) <k* — k), and an asymptotic test based on the

limiting distribution of the test statistic <5/f]5>2/ <5/§23> (l% — k0> under
the null hypothesis that k7 = ky. Nominal significance levels of 10%, 5%
and 1% are considered. The two-sided critical values for the asymptotic test
are 7.687 at the 10% level, 11.033 at the 5% level and 19.767 at the 1% level
of significance.

Table 1 reports the size of the three tests under the null hypothesis kg =
ko. The size of all three tests converges very slowly to the nominal values of
10%, 5% and 1%. Both bootstrap tests approximate the asymptotic test well.
The pivotal bootstrap test improves on the performance on the asymptotic
test at all sample sizes, and the improvement seems to be more pronounced
for higher sample sizes. This indicates that even in relatively large samples
it may be beneficial to carry out the bootstrap rather than the asymptotic
version of the testing procedure.

The nonpivotal bootstrap test does not fare as well as the pivotal test.
This is to be expected, but even the nonpivotal test slightly outperforms the
asymptotic test when the sample size is 512.

To examine the power of the tests, we select 7o = 5/8. This is an alterna-
tive which is fixed in terms of the percentage location of the break, therefore
the tests under shrinking breaks have global power, that is the rejection rates
of all tests under this alternative should converge to one as the sample size
increases. Power of the tests is given in Table 2.

The rejection rates under the alternative mirror the behaviour of the
rejection rates under the null in that the convergence to 100% rate is very
slow. Moreover, the convergence is non-monotonic. The rejection rates of
the asymptotic test are slightly higher than those of the bootstrap tests. It
is however worth noting that the critical values of the tests are not size-
adjusted, therefore we cannot conclude that the asymptotic test is more
powerful against the chosen alternative.

The results of the simulation exercise suggest that the bootstrap tests
offer a good approximation of the asymptotic test. The bootstrap tests, and
in particular the pivotal test, can improve on the asymptotic test. Whether
the improvement achieved by carrying out the bootstrap test justifies the
cost of running the bootstrap will depend on the particular circumstances in
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which the test is carried out.

8 Conclusions

In this paper, statistical properties of estimators of location of a structural
change are examined in the context of a linear regression under mild condi-
tions on regressors and errors. These conditions avoid the need for specifying
the type of mixing conditions that are frequently used in the literature, and
include data which display long-memory behaviour.

Results of our analysis show that the range of assumptions on the size of
the break can be divided into five cases: Break of fixed size, of size shrinking
at a rate smaller, equal or bigger than the square root of the sample size,
and of zero size.

Under a fixed break, the asymptotic distribution of the breakpoint esti-
mator has the smallest relative order of variance but the distribution is not
amenable to hypothesis testing. A tractable asymptotic distribution is ob-
tained only if the magnitude of change is assumed to be shrinking but more
slowly than the square root of the sample size. In that case, the asymptotic
distribution function is free of nuisance parameters and is explicitly known.
When the size of the break is shrinking faster than the square root of the
sample size, or when there is no break in the data generating process, the
question of estimating the location of the break becomes vacuous because in
this circumstance the break is not detectable. In the borderline case of the
size of break decreasing with exactly the square root of the sample size, the
break can be detected but there is insufficient information for estimating its
location.

The asymptotic properties of estimators of the slope coefficients also de-
pend on the assumption on the size of break. Slope estimators are asymptot-
ically normal with identical covariance matrix under fixed as well as slowly
shrinking breaks but the distribution is nonstandard for weak breaks.

In addition to the thorough examination of the asymptotic properties of
estimators, the paper proposes a bootstrap approximation of the asymptotic
test procedure under the standard assumption of shrinking breaks. A Monte
Carlo experiment indicates that the bootstrap procedure improves on the
performance of asymptotic test when the sample is of small or moderate size.

There are several natural directions in which the findings of this article
might be generalized. First, it is desirable to devise a method of estimating
location of more than one break for both known and unknown number of
breaks. Some methods of locating multiple breaks have been suggested by
Bai (1997b), Bai and Perron (1998) or Altissimo and Corradi (2003). Second,
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T=64

0.2

0.2
0.4

T=128

0.2

0.2
0.4

T=256

0.2

0.2
0.4

T=512

0.2

0.2
0.4

dy

0
0
0.2
0.2
0
0.4

0
0
0.2
0.2
0
0.4

0
0
0.2
0.2
0
0.4

0
0
0.2
0.2
0
0.4

Table 1: Size of the bootstrap and asymptotic tests

Nonpivotal
bootstrap test

10%

35.3
35.8
35.1
37.1
37.1
37.6

25.5
25.6
254
28.6
28.2
27.0

18.6
18.7
18.8
20.9
20.7
20.4

15.3
15.5
14.8
16.9
17.2
16.3

5%

30.3
31.0
30.0
32.1
32.0
32.5

20.6
20.6
20.3
23.3
22.9
21.3

12.8
13.1
13.4
16.3
15.1
14.8

9.7
9.8
9.4
11.7
11.2
10.3

1%

26.1
26.7
25.7
28.1
28.1
28.0

16.4
16.7
16.3
19.5
18.7
17.3

8.5
9.2
9.2
12.1
10.8
10.3

4.9
5.2
5.1
7.6
6.1
5.3
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Pivotal

bootstrap test

10%

26.8
274
26.6
28.5
29.1
29.3

19.2
19.3
19.4
21.0
22.2
21.1

14.1
14.7
15.0
16.9
17.2
16.7

12.6
13.2
12.6
13.6
15.3
13.6

5%

19.4
19.9
19.5
21.2
21.6
22.3

13.3
13.4
12.8
14.2
15.2
14.2

8.5
8.7
9.0
10.7
11.0
10.2

6.9
7.2
6.8
7.9
9.1
7.8

1%

12.1
12.7
12.1
13.3
14.3
14.6

7.4
7.1
7.4
8.1
8.7
8.9

3.8
4.2
4.1
5.5
5.2
4.9

2.2
2.5
2.5
3.5
3.4
2.7

Asymptotic
test
10% 5% 1%
29.5 21.2 123
30.3 22.0 12.7
28.8 20.8 11.8
28.9 21.7 125
324 243 14.2
30.1 225 13.7
23.8 16.7 8.9
24.6 170 8.9
23.6 165 8.8
24.7 175 9.2
28.2 20.1 104
245 175 99
20.2 13.0 5.9
204 13.7 6.2
20.3 135 6.2
219 148 7.0
239 165 7.7
21.2 145 7.0
178 109 4.1
181 11.4 4.6
17.8 11.0 4.6
188 12.0 5.6
20.7 136 5.8
181 114 4.9



T=64

0.2

0.2
0.4

T=128

0.2

0.2
0.4

T=256

0.2

0.2
0.4

T=512

0.2

0.2
0.4

0.2
0.2
0

0.4

Nonpivotal
bootstrap test

10%

48.3
48.6
48.8
49.5
49.9
d1.5

47.9
47.7
48.0
46.9
47.3
49.5

52.6
52.9
52.7
50.1
52.3
55.1

67.6
67.2
68.5
59.7
65.3
70.2

5%

39.2
39.5
39.8
41.0
42.0
42.5

35.2
35.0
34.9
35.3
35.5
36.4

34.9
36.2
36.2
34.3
36.3
38.2

47.2
46.7
47.5
40.5
46.0
49.9

1%

31.4
31.8
32.2
33.9
34.2
34.5

24.3
24.3
24.2
26.5
25.9
25.7

18.3
18.6
17.7
20.3
20.0
19.0

18.5
18.6
19.4
18.3
20.1
19.1

Pivotal

bootstrap test

10%

36.7
37.0
36.6
37.6
39.6
39.8

37.1
36.6
36.7
35.6
37.7
37.9

41.7
42.6
42.6
38.6
44.0
44.8

57.7
58.0
59.7
48.5
o7.7
61.2

5%

25.6
26.0
25.8
27.0
28.6
28.9

22.5
22.9
22.3
23.2
24.9
24.4

244
25.6
25.0
23.2
27.6
26.5

36.0
36.0
36.4
29.0
38.4
38.4

1%

14.7
14.7
14.8
16.2
16.6
17.6

10.3
10.4
10.4
12.1
12.4
12.0

8.3
8.9
8.2
9.3
10.8
9.1

9.5
10.3
10.1

8.6
13.3
10.6

Asymptotic

10%

43.8
45.3
44.2
42.8
48.2
47.0

52.0
52.5
51.6
47.7
54.3
52.3

63.9
64.5
63.1
56.2
65.3
64.0

8.7
78.8
79.5
68.6
79.5
79.7

Table 2: Power of the bootstrap and asymptotic tests

24

test

5%

30.3
31.6
30.5
29.8
34.6
32.8

34.7
35.1
34.4
31.6
37.9
35.7

43.0
44.1
43.0
37.1
47.5
44.7

60.9
61.4
61.8
49.2
62.8
62.7

1%

14.4
14.9
15.4
154
17.8
17.5

13.9
14.5
14.0
13.8
17.1
15.4

14.6
15.5
14.2
13.2
18.6
15.6

21.3
22.0
22.2
16.7
25.7
24.0



to broaden the applicability of our method, the restriction on the collective
memory of regressors and errors needs to be relaxed to allow for greater col-
lective range of memory. A natural direction here is to employ the weighted
least square estimator of Robinson and Hidalgo (1997) or generalized least
squares estimators of Hidalgo and Robinson (2002). Finally, for the case of a
fixed magnitude of break, it may be of interest to find a method of estimating
the distribution of the breakpoint estimator when the underlying distribution
of data is unknown in order that confidence intervals could be given for the
time of break. These topics are left for possible future research.

9 Proofs of Propositions

This section contains the proofs of the results in the main body of text.
Throughout this section, it is assumed that Conditions 1-6 hold.

Let N (K) = {k: |k —ko| < K ||or||*} and N¢(K) = A-T — N (K).
For integers [, m define

Zngmy = (Zm — Z1)sgn (m — 1)

and denote Za = Za(ko k). Let 1y = (1,...1,0,...,0) be a T-vector with the
first k£ elements equal to 1 and the remaining elements equal to 0, so that
t = vp. Denote tg = g, and ta = (1 — to) sgn (k — ko). Further, define

Qr (k) = 6/TZ(,)ML7X,Z;€ ZoOr
and
Ry (/{7) = 25’ Z/ LXZku +u (ML7X,Zk - ML7X,Z())U

so that
St (k) — St (ko) = Qr (k) + Ry (k). (11)

)
For a generic function f, we abbreviate f ()\;) by f;.
Proof of Proposition 1. For any A >0

Y

P (‘k — ko‘ > K||5T||_2> <P <NiCI(1[f() St (k) < Sr (ko)>

< p(nt 2 <o) + <sup s

> Ao 12
| k’| Ne(K ]C—]CO H T”) ( )

Lemma 4 implies that A can be chosen such that the first term on the right
of (12) is smaller than ¢/2 for large K. We now show that the second term
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on the right of (12) is smaller than ¢/2 for large K. To that end, write

Ry (k) = —260Z\Musgn (k — ko)
1200, ZN MWy (Wi M,W,) ™" Wi M,usgn (k — ko)
+u' (ML,X,Zk - MA,X,ZO) u. (13)

The contribution of the first term of (13) to (12) is

2007\ M,u A Z\Mu A
Pl sup [=E=2 0> 25417 | < P su Al >Z6 ,
<NC(E) k—ky |~ 3 |07 ) = (NC(E) k—ko || = [07|
which is bounded by
C 1 _ < £
V6P K o7 2 ¥K 6

for large K by Lemma 5. Regarding the second term of (13),
U1y [ Z6 MW (k= ko) = Oy (1), (WLMW;) ™ = O, (T1) and WiM,u =

0, (T%) uniformly on A-T by Lemma 2, and T'/2 ||07|| = o (||6T||2) There-

fore the contribution of this term to (12) is bounded by £/6 for large K and
T. The contribution of the third term of (13) to (12) is bounded by

A
P ( sup > 5 ||5TH2>
Ne(K)

AK €
< p ( sup [l (M2, — Mix.z0) ] > —) <:
keANT 3 6

u (ML,X,Zk - ML,X,ZO) [
k — kg

for large K by Lemma 3. This concludes the proof that for large K the second
term on the right of (12) is bounded by /2. The proposition is proved. =
Proof of Proposition 2. (a) Denote W, = (X, Z). We have

\/_ Bko _6 1 / ! 1 /
T 8k _5T = ?WOMLWO ﬁWOMLu.

By Lemma 2,
1
T

1, ¢ [ Q2B(1)
—W,M, 1
JT “%(mmm)

WM Wy B < L 7 ) ® %
To To

and
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where B is a p-vector of independent standard Brownian motion processes on
N I, N
[0, 1]. Therefore the asymptotic distribution of v/T ((ﬁ ko — B) , (5 ko — 5T> )

is normal with zero mean and variance V.

(b) We have
B=8 N~ (Lywnaw ) (wingw+ L wing, (2 — 2,
\/T((AS_(ST>—(TW,;MLW,€ TR WilMiu == WM, (Zo — Z;) or ).
Write

ZiMZy, = ZyM,Zo+ (Z;, — Zo) M, (Z;, — Zo)
+(Z;, — Zo) M, Zo + Z{M, (Z;, — Zy)
and
ZIMX = (Z;, — Zo) M, X + ZgM, X
For any M > 0,

P(|[(Z, = Zo) M, (Z;, — Zo)|| > M|67]7%)

< P (2 sup sup ||ZAM,Z)|| > M||5T||2) + P <’/2; — ko‘ > K||5T||72> :

N(K) 1<I<T
By Proposition 1, the second term on the right side of the last displayed
inequality is bounded by €/2 for large K. The first term on the right of the
this inequality is bounded by ¢/2 for large M by Lemma 2. It follows that
(Z;, — Zo) M, (Z; — Zo) = O, (||67]|7%). In a similar way, (Z; — Zo)' M, Z
and (Z; — Zy) M, X are O, (||5T||_2). Therefore

1 1 -2y _ L
—WIMW; = ZWiMWo + O, (T7H167]]7%) = ZWoM,Wo + 0, (1)
and by Lemma 2,
1 - 1 7\ "
<TW,£MLW,;) 2 < . Tz ) ® Xl (14)

By the same arguments,

1 _ _
ﬁWéML (Zo = Z;) 60 = O (T2 (1677 1167]1) = 0, (1)
The term Tfl/ZWéMLu can be written as
M = WM+ —— (W — W) M, (15)
— W Mu=— 4 — (W — U
vT * vT ° VT F 0
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where (W, — Wo) Myu = (0, ((Z;, — Zy)' M,u)'). For any any M > 0,
P (|(Z; = Zo) Mou| > M [j67]|7")

<P <sup |25 Mou] > M||5T||—1> + P ([l = ko| > K llor?)
N(K)

The terms on the right of the last display are bounded by £/2 for large M and
K by Lemma 2 and Proposition 1, respectively. Therefore T-'/2 (Z ;= ZO)/ M,u
is O, (T-2|67]|™") = 0, (1) and by (15) and Lemma 2,

1, ¢ [ Q2B(1)
—W:M, 1 .
JT 'k “%(mmm)

)2 (Gon) o) (i)

1 To —To -1 -1
~ N0 ——— YO
(770(1—70)<_70 1 >®

as maintained by the proposition. =
Proof of Proposition 3. Let k = argminy k) St (k), = arg min,,, Wy (m)
and m = arg minp,,<x Wy (m). For any K > 0 and for any integer j,

Summarising,

S Ty

7

P(l%—kozj) :P(l%—kozj,)l%—k()] §K>+P<l§:—k0:j,‘l%—ko) >K).

(16)
Since the event {‘I% — ko‘ <K } is equivalent to the event {/2; = l;:}, the first
term on the right of (16) is equal to

P(l%—kozj)PQ/%—ko‘gK).

By similar arguments P (m = j) = P (m = j) P (/] < K)+P (i = j,|m| > K).
Therefore

‘P(/%—kozj>—P(m=j)‘ < ‘P(l%—kozﬁ—P(mzj)‘
+2P <‘k— ko’ > K) voP (Il > K).  (17)

Since Z\M,Zx = Z\Za + 0, (1) and ZAM,u = Z\u + 0, (1) uniformly on
N (K), Lemma 6 implies that

ST (k?) — ST (k’o) = (SIZ,AZA5 — 25'Z’Au sgn (/{7 - k?()) + Op (1)
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uniformly on N (K). It follows from the continuous mapping theorem that
for any K > 0,

k= arg win (Sr (k) = Sr (ko)) <, arg min (8'Z\Zad — 26' Ziusgn (k — ko))

which has the same distribution as arg min,,,<x Wo (m) under strict station-
arity. The first term of (17) is therefore equal to 0 when |j| > K by definition
and smaller than /3 for large 7" when [j| < K. The second term of (17) is
smaller than ¢/3 for large K by Proposition 1. Since by Conditions 1 and
2, Wy (m) % oo for |m| — oo, we have that 7 = O, (1) and that the third
term of (17) is smaller than ¢/3 for large K. It follows that for each j,

P(l%—kozj) _P(n=j)—0. m
Proof of the Proposition 4. Let v2 = (8,567)° /67007, For any
K > 0 and for any real z,
P <v§ <k _ ko) < x) - p <k ko < w072, ’k - ko‘ < Kﬁ)
+P <l% — ko < 2v5, )l% — k:()’ > KU:,_P)

where v2 has been defined in Lemma 7. Let k = arg Ny, < gepz? ST (k),
p = argmin,ecg W (p) and p = argmin,ci_x k] W (p). Reasoning as in the
proof of Proposition 3, we obtain

)P(U%(/%—k?o) Sx)—P(,bﬁx)‘S‘P(v%(l;:—ko) Sx)—P(f)Sx)‘
+2P (‘I%—k:o‘ >Kv;2) 12P(|p| > K). (18)

Since v (l;: - ko) = arg min\p|§[Kv;2]/v;2 St (ko + ,01;52), Lemma 7 implies
that v2 (l% - ko) < arg minj,<x W (p). Therefore the first term of (18) is

bounded by ¢/3 for large T'. Since k — ko = O, (||5T||_2), v:? =0 (||5T||_2)
and since the properties of the Brownian motion with drift imply that p =
O, (1), the last two terms of (18) are smaller than /3 for large K and 7.
Inequality (18) then implies that

(84,567)? 7+ d .
) (h—ko) S oa W (p). 19
oy (F ko) = argmin¥’ (o) (19

Since 3, € are consistent estimators of ¥,  and since §=0p+ O, (T_%),

convergence in (19) remains valid with the quantities dr, 3 and Q replaced
by their estimators 9, ¥ and €). =

29



Proof of Proposition 5. Assume for simplicity that {z;} is a scalar
process. By Theorem 1 of Robinson (1998),

42 T2

Z]m][uw Q. (20)

It is therefore sufficient to prove that

~

-1

1

IIM

Using the fact that Igg; — Luu; = |waj — wa,|° — 2Re (wa; — W) Waj, We
obtain that the left side of (21) is bounded on absolute value by

T-1 g T-1

1

jw§£:|uhj| |wa,; — TUUJ| +»ij£:|ugj| Wi — Wl (W] - (22)
Jj=1 7=1

From (5) and (6) and the definition of 4,
wad' — U)u,j = wm (6 — B) + (wzo,j — wsz]‘) (ST + U)waj (5T — 3) .

Using the ¢,-inequality, the first term of (22) can be bounded by

T-1 T-1

3 ~\ 2 3 2

7 (ﬁ - 5) D lwagl* + f@Z W[ w2 5 — w2y 4
j=1 j=1

3 Tl ) )
+T <5T — 5) Z |wm| }wzw} . (23)
j=1

By Propositions 2 and 7, B 3 =0, (T7'/?), and by Proposition 6 of
Lazarova (2004), T’ Z " lw. | = 0, (T), therefore the first term of (23)
is 0, (1). The second fermn of (23) is bounded by

1 1
T-1 2 /T-1 3
352 |w, ;| * [ ‘4
7T Wg,j Warg,j — Wy g
j=1 j=1

by the Schwarz inequality. The expression in the last bracket is bounded by

ko, k} T—
% Z i(t—s+r—uv)A;
tsrv =1
] Ko,k
= Ty Z \zixsx, x| (L+TI(t—s+r—v=0 modT))
t,s,r,v
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ko.k o,k ko.k ko.k Ko,k 2

let! + ZMZI% S Y lre el
27rT

where the last inequality follows from the Schwarz inequality. For any K > 0
and M > 0,

ko,k ko+K|or| 2
P> lol=Mor| ] < P > lwl = Mo
! t=ko—K||o7|| >
+P ([l = o| > K o] 72) (24)

By Proposition 1, the second term on the right of (24) is smaller than ¢/2 for

large K. By the Markov inequality and by Conditions 1 and 2, the first term

on the right of (24) is bounded by C'K/M which is smaller than £/2 for large

M. Therefore S5 * |z] = O, (||6T||72). By similar arguments, Zfok EARSE
O, (|67 ) Since

ko+K||o7| 2 ko+3K |67~

2 2

sSup E |xt—s+v| < E |xv| )
t,seN(K _ _
( )v:ko—KHéTH 2 v=ko—3K||67| 2

it follows that the second term of (23) is
Oy (T 671) 0, (T) O, (T 02 + T2 62]]®) = 0, (1).
The sum in the third term of (23) is bounded by

T—-1 T—1

2 2 2 2
D fwa P lwzo i1+ fwa i wig — w4 (25)
=1 j=1

where the first term is o, (T?) by Proposmon 6 of Lazarova (2004) and where
the second term is O, (T2 ||67(| ) by the previous discussion. Noting that
Sp—0 = O, ( -1/ 2) by Propositions 2 and 7, we conclude that the third term
of (23), and hence the first term of (22), is o, (1).

The second term of (22) is bounded by

1 T—-1 % 1 T—1 %
2 2 2 2
¢ (f D Jwe il |waj — wa| ) (T D lwg [ ) =0p (1)
i=1 j=1

since the first bracket is o, (1) as has been just shown, and where the second
bracket is O, (1) by (20). m
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Proof of Proposition 6. Write

T = gargmin Sr (k) = arg Ry St ([rT7])
= argmax (yM, xy — St ([rT))) .

The maximand is equal to

—1
y/ML,Xy - y/ML,X,Z[TT]y = Z/ML,XZ[TT] (Z[,TT}ML,XZ[TT]) Z[/TT]ML,Xy

1 1 1 !
= (ﬁé/jﬂfzéMb,XZ[TT] —|— ﬁu,ML,XZ[TT}) (fZ[,TT}M’aXZ[TT}>

1

VT

where 07 may be equal to zero. By Lemma 2,

1
X <_Z[/7T}ML,XZO\/T5T +

= Z! 1y ML,Xu> (26)

1 1, 1., 1,
= FLMX (=X MX | XM, Zor

(o AT)E =702 S =m (1) 2

1
=ZoM, xZpr) =

= Z4M, Ziory —

uniformly in 7 € [0, 1] and similarly %Z[’TT] M, xZjpr) = 7 (1 — 7) S uniformly

in 7 € [0,1]. Further, by Lemma 2,

N[~

— 7 M, xu
e VT T VT

1 1 1 !

= —ZaMu— =2 MX (=X'MX) —=X'Mu
\/T [7T] [7T]

— B(r) —7t38 Q2B (1) = Q% (B(r) — 7B(1))

=

on [0, 1]. Therefore
Sr([rT]) —y'Mi.xy = G (1) G (1)

on A and the proposition follows from the continuous mapping theorem (see
for example Theorem 3.2.2 of van der Vaart and Wellner (1996)). =
Proof of Proposition 7. Define

T

Oper) — 07
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and

B 1 - Q%(TB()—TB(T))
Yi(r) = ﬁ( %7103 (B (1) — 7B (1)) )

TO—T T < To)
7)( (1o —7) 7'0<7')—7')>®5'

We need to show that Y (7) Ly (L). To that end, write

1
YT (T) = <fW[TT]MLW[TT >

<\/TW[TT M,u + WTT]M ( TT]) \/_5T) (27)
Expressions y'M, xy —y'M, x 7 T]y in (26) and Y7 (7) in (27) are continuous
functions of matrices %Z[’TT}M u, TZ[TT}M Zirr), 7X' M, Zjppy and £ Z) M, Zjpy
on 7 € A, therefore we need to study the joint convergence of

1 1 1 1
(ﬁZfTT]MLu, fZ[,TT]MLZ[TT}, fXIMLZ[TT}, TZ(I)MLZ[TT]) . (28)

But by Lemma 2, 4 Z{ M, Zpr) = 7% and .X' M, Zjpr) = 75 and 7.2, M, Zj;r) =
(To AT)X uniformly in 7 € [0,1]. Also by Lemma 2, —= ZipMu =

) UT
Q3B (1) on [0, 1]. Hence (28) converges weakly to
(22B(r), 75,73, (1o A7) )

because all but the first component converge weakly to constant functions in
the space C'[0, 1] of p-vectors of continuous functions on [0, 1]. The continu-
ous mapping theorem, Proposition 6 and the assumption 7%/25; — ¢ imply
that
(Yr(r),7) = (Y (7),L) (29)

on D (A) x A.

For an arbitrarily small » > 0, choose points 7¢,71,...,7, such that
0=79<71 <...<T7,=1and sup,-;«, |7 — 7i—1] <n. Then for arbitrary
p >0 and any =z, o

P(Yr(7) <)

< ZP (YT (Tic1) <z +p, 7 € [Ti1,Ti) NA, sup |Yr (t) — Yr (s)| < ,0)

i=1 t,SE[Tifl,Ti)ﬂA

+ZP<%€[TZ‘1>H)HA» sup \YT@)—YT(S)’zP)-

i=1 t,SG[qu_l,Ti)ﬂA
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By (29) and by the portmanteau lemma (see for example Theorem 2.1 of
Billingsley (1999), page 16), the right-hand side of the last displayed in-
equality converges to

t,SE[Ti,hTi)mA

< ZP<Y(Ti1)§$+P7L€[Ti177'i)ﬂ/\= sup |Y(t)—Y(s)|<p>
i=1

+ZP (L €lric,m)NA, sup Y () =Y (s)] = P)

i=1 t,SG[TZ‘,l,TZ')ﬁA

SP(Y(L)§x+2p)+ZP(sup sup IY(t)—Y(S)IZP>

i=1 1<i<v t,SG[Tifl,Ti)lﬁlA

as T' — oo. For any ¢ > 0, the second term on the right of the last displayed
inequality is bounded by ¢ for sufficiently small n because Y takes values in
C'[0,1]. Therefore

lim sup P(Y7 (7)) <z) < P(Y (L) <z+42p)+e¢

T—o00

for small 7. Proceeding similarly, we obtain that

P(Y(L)Sx—Zp)—eglimTinf P(Yr(1)<uz).

Since the distribution of the random variable Y (L) is continuous and since
p and ¢ are arbitrarily small, we conclude that as T" — oo,

P(Yr(7) <z)— P(Y (L) < x)

as desired. m
Proof of Proposition 8. We have

Fy* = FX3+FZ,0+ HFa
— FXB+FZ.0+1

where @ = HFi + F (Z;, — Z;.) 0. Therefore

| — R

1 — A
+ =W F (%~ %) 5) |
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Write
ZLFFZ,. = ZyF FZy+(Zy. — Zo) FF (Z. — Z)
+(Zy — Z0) FFZy+ ZyF F (%4 — %)

and
XFFZ.=XFFZy+ XFF(Z. - Z).

For any K > 0, expression P* (H(Zk ~2)FF (Zp. — ZO)H > M ||5T||72>
is bounded by

P (Sup HZ/AF'FZAH > M||<5T||_2> + P (

I — koj > K||5T||_2> . (30)
N(K)

Fix e,7 > 0. Expectation of the first term of (30) is smaller than /3 for
large M and T' by Lemma 2. The second term of (30) is bounded by

P

where the first term exceeds 7 with probability smaller than /3 for large K
by Lemma 12 and where expectation of the second term is smaller than /3
for large K by Proposition 1. Therefore

. . K _ ~ K _
B — k| > S llol 2) + P* ()k—k()’ > 5 lloel 2)

1 — _ _
= (Zie = Z) FF (Z = %) = O (T 101]7%) = 0 (1).

By Lemma 2, T-'X'F' FX and T-'Z)F FZ, are O, (1). The Schwarz in-
equality implies that the terms T (Z;, — Zo) F FZy and T~ (Z, — Zo) F FX
are op, (1). It follows that
1., — 1.
TW];*F FW’%* = TWOF FWO + Op* (].)
and by Lemma 2,
Lo Frw. ) 2aop( L T B ® %
T k* ke T To To )
Second, write
1

VT

1

VT

— — 1 —
W FHFi=—=W{F HFi+ (— (W — Wo) F’HF@) . (31)

VT
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Expression P* <H(Wk —W,) F HFa

> M H(STH*l) is bounded by

By Lemma 8, the first term of (32) is smaller than 7 with probability at least
1 —¢/2 for large M. Arguing as in (30), the second term of (32) is smaller
than 1 with probability at least 1 — ¢/2 for large K. Therefore

1
VT
and by (31) and Lemma 8,
L o = de L o1 B(1)
—W. FHF —Q .
\/TWk* u—>27r 2(B<7‘0)>

Finally, for any M > 0,

= <sup HZAF HFa ko‘ > K||(5T||_2>. (32)

(Wi — Wo) FHFi = O, (T—% HaTH*l) = o, (1)

(H YFFW,.

> M |67 )

< p (4 sup  sup ‘ZAFFWZH>M|]6TH

N(K/2) 1<I<T
4P (

By Lemma 2, expectation of the first term of (33) is smaller than ¢/3 for
large M. Proceeding as before, we obtain

1
VT

where the bound for § is due to Proposition 2. By the continuous mapping

theorem,
-1
d 1 79 4\ 1 Q2B (1)
— 2 ) :
) W(( o To> “ >27T(Q2B(7'0)

This implies the validity of the proposition. m
Proof of Proposition 9. For any 0 < K < oo, let p, p and vZ be as in
the proof of Proposition 4 and let £* = arg min|k_,;| <Kug? S (k). Proceeding

v

k= ko

> K (10rl|7) + P ([l = ko| > K llorl?) . (33)

(Zie — Z) F FW;.8 = T30, (|l67]| %) O, (|l67]]) = 0, (1)

*

*

ol

Sy D
S TSy

as in the proof of Proposition 4, write
‘P* (U% <l%*—l%> §x> —P(,ng)‘ < ‘P* ('u% (l%*—/%) §x> —P(p<ux)
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+op* (

k:—k:‘ >KU;2) 1oP (P > K). (34)

Fix e,7 > 0. Since v% <l;:* — l%) = arg min‘p‘S[KU;Q]/U;z St (l% + [,01;172]),
Lemma 14 implies that

2 (7x .\ & . _ =
vr (’f k) — arg ‘gr‘lgll;(W(p) p

and so the first term on the right of (34) is smaller than 1/3 with probability
at least 1 — ¢/3 for large 7. By Lemma 12, the second term on the right of
(34) is smaller than 7/3 with probability no smaller than 1 — /3 for large
K and T'. The third term on the right of (34) is bounded by 7/3 for large K
because p = O, (1). Therefore the right-hand side of (34) is o, (1) and

(64:367) < A\ a :
— k*—k>—>ar min W (p) .
Since § = 8+Op* (T’%> = 0p+Op- (T’%> by Propositions 7 and 8, RNy
by Conditions 1 and 2, and % by Lemma 15, it follows that
askl Ak 2
(3"507)

Akl A Ak

o (l%* - /2;) L arg mpinW (p) .

10 Lemmas

This section contains the some auxiliary results and their proofs. Throughout
this section, it is assumed that Conditions 1-6 hold.

Al Bl
A2 BQ

Lemma 1 For any matrix

AMpA > A Mg, A,

Proof. The inequality is related to the fact that in the context of a
projection of vectors on the space spanned by the columns of matrix B,
the sum of squared residuals is nondecreasing as the number of observations
increases. For a proof, see for example Lemma A.1 of Bai, Perron (1998) or
Lemma 2 of Brown et al. (1975). m
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Lemma 2 ForanyO<K<oo, as T — oo,
(a) % Zpr\M, Zipr) 5 (T A o) 2 uniformly on (1,0) € [0,1)7,
(b) 7= v Mu:>QzB( ) on T €[0,1],
(¢) supgepr H Wi MWy)~ ” =0, (T}
(4) sup, e Wi Mod| = O, (T),
(e) SUPy<k i< ||ZJQMLZZ|| =0, (1),
(f) SUPken (k) SUP1<i<T |ZAM.Z|| = O, (||5T||_2)’
(9) if T [|62||" — oo then supyx) | Za Mol = O, ([|62]| ),

Z\M,Z
2_1% = Op (1).

(h) SUPgeNe(K) SUP1<i<T T

Proof. Parts (a) and (b) follow from Propositions 4 and 2 of Lazarova
(2004), respectively, after noting that

1 2 — 2 _
2 M. Zigry = 5 2 F FZjgry = <5 ) w(em) (o),
j=1
and
P — o 2 _
\/— ZirmyMyu = At = > War1) W

Parts (c), (d) and (e) are implied by parts (a) and (b). Part (f) follows from
the bound

1

1 1 (2
| ZAM. Z)|| = ‘ InZ) — fZ'ALALEZz < 1 Zall? + [k = kol || Zall 7 12l (35)

and from Conditions 1, 2 and 5. Turning to part (g), for any given K and
€ [-K, K], write k = ko + [p ||5T||_2}. Part (b) implies that

1 !

Q2 (B (7o +p) = B(r0)) p20,
ﬁZAqToTH(mp)TDML“ — { Q

(B(ro) = B(mo+p) p=<0,

(SIS

from which it follows that

Q3 B, (p) p =0,

or|| ZAM,
orl 2 “:>{Q%B2<—p> p<0

where B;, Bs are independent p-vectors of independent standard Brownian

motion processes on [0,00). Therefore supeyx) ZaMu = O, (||5T||_1).

Finally, part (h) follows from (35) after noting that Condition 5 implies that
-1 2

SUPLeN<(K) |k —kol " [ Zall" = Oy (1). m
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Lemma 3 As T — oo,
(a) W (M, x z, — M, xz)u=0,(1) uniformly on k € A-T,
(b) if T ||67|]” — oo then u' (M, x.z, — M, x.z,) u = 0, (1) uniformly on
N (K).

Proof. Denote Wa = (W), — Wy)sgn (k — ko) = (0, Za). For any non-
singular matrices A and A + B,
— -1, — -1, — -1,
Py p—Ps— B (A A> A+ A (A A) B+B (A A) B

—  —=\/ -1/ — — — -1
~(A+B)((A+B) (4+B)) (AB+BA+BB)(A4) (A+B).
(36)
Let A= MWy and B = M,Wasgn (k — ko). Then

u’ (ML,X,ZO - ML,X,Zk) U= (MLU)/ (PMLWk - PMLWO> M,u

= 20/ MWa (WMWy) ™ WEM,usgn (k — ko)
+u' MW (W M,Wo) ™ Wi Mu
—u' MWy, (WM W,) ™ {(WEMWa + WA M, W) sgn (k — ko)
+ WAM,WA} (WEMWo) ™ Wi M,u.

The bounds in part (a) and (b) are implied by Lemma 2. =

Lemma 4 There exists A > 0 such that for every € > 0, there exists K < oo

such that )
P inf o1 > M| 2)>1—<€.
(Nc(K) |k — kol — llorll” ) 2

Proof. By the definition of Qr (k), the left side of the last displayed
inequality is bounded from below by

) Z\M, x 7 ZA> )
P inf Ay, [ =822 Z20) > ) | 37
(ot o (B2 (37)

Consider first the case k > ko. Since the columns of the matrix (¢, X, Z) lie
in the column space of matrix (o, ta,t — tg, Zg, X — Zi), we have

Z’AML7X7Z]€ZA > Z/AMLO7LA70_LkaZk7X_ZkZA > Z’AM[’(LLA?Z]CZA
—1
IANM N ZA(Zp Moy n Z1) ZoyM,y Zo
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where the last inequality is due to Lemma 1 and where the equality follows
from a simple algebra. Since for any symmetric matrices A and B, inequality
A > B implies A\yin (A) > Amin (B) (see for example Magnus and Neudecker
(1988), page 204), we have

Z\M, x.2.Za Z\M,, Za (1
)\min (AU{J_—]{JOJ] 2 )\min W TZ]/CMLO,LA

-1
1
Zk> TZ()MLOZO} )
(38)
Similar inequality is obtained in the case k < ky,

Z\M, x 7, Za Z\M,, Zn (1 -
Amin (A|k——kok| > Amin ﬁ T (X — Z) My iy (X — Zy)

1 /
L 20) My (X Zo>} . (39)

1 xkosko+l
y T 2t

I Zf okotl .l L5 5 where X > 0, therefore the eigenvalues of the matrix

By Conditions 1 and 2, as [ — oo and | — —o0 z; = 0 and

ko,k ko,k ko,k

AN AN 1 ) 1 1 /
Ik — kol :|k—k0|zt:xtxt_ |k—k0|zt:xt |k—k0|zt:xt

are bounded from below by A > 0 with probability at least 1 —¢/3 for large

.. . 1 T 4 1 T ;P
K. Similarly, since 7>, ;2; — O and 7>, ; 2,2 — ¥ as T — oo, the
eigenvalues of matrix

1 1< 1< 1
t=1 t=1 t=1

are bounded and bounded from below by a positive number with a large
probability for large 7" uniformly on £k € A-T. Since M,,,, < M,,, the
same is true of the eigenvalues of matrix T—'Z, M,, ,, Zx, and similarly for
the remaining factors of (38) and (39). Since for a symmetric matrix A,
Amin (A) = inf, ||Az|| / ||z||, it is easy to see that for any positive semidefinite
matrices A and B, Ayin (AB) > Amin (A)-Amin (B). It follows that there exists
A > 0 such that (37) is greater than 1 — ¢, and the lemma is established. m

The following lemma extends Hdjek-Rényi inequality to the cross-product

of two mean-adjusted series possibly exhibiting long-memory dependence.
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Lemma 5 Letu = T Zthl ug. Then for any o > 0 and for any integers
m, T such that m < T,

D
< —— 40
> a) = (40)

>

max —
m<k<T k
for some positive D < oo.

Proof. Assume without loss of generality that {x;} is a scalar process.
Let S), = Zt 1 % (uy — @) and let an event Ay be defined as

1 1
AkZ{ySk\>04>5|Sj|§04f0rm§j<k}'

Proceeding as in the proof of Theorem 1 of Kounias and Weng (1969) and
in the proof of a version of the maximal inequality of Kuan and Hsu (1998),

we obtain
1]
P (m%%z 2 ol =) > )

1<m2E52+ > (st s <1—H<Am>—---—ﬂ<Am>>>

062
k= m+1

IN

< 1 <m2ES2 + Z Emk (uy, —u) + 2 |Exy (up — ) Sk_1|)> . (41)

Oé2
k= m+1

We have

’ﬂlw

ES? = Z Exix uug —

t,s=1

kT T
E g Exixuu, + T2 E g Exixu,u,.
t,s=1 r=1

t,s=1rv=1

Since
| Bz sty < Cop gy

where ¢, = 3777 |aj| |ajx| and 1, = 377 [b;|[bjx|, We obtain that the
first term of F'S? is bounded in absolute value by

kEk oo
CZ Zgohﬁ s|w\t s < CZ max Z@sws—r < Ck
=1

=1 s—1 Irl<oo <

by Lemma 2 of Robinson (1998). Similarly, the second term of ES? is
bounded by CT~! Ziszl Z;ﬁp:l @j1—s/¥)—r and the third term by CT—> Ziﬁs:l
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szq Pli—s|¥}r—v|» Doth of which, proceeding as with the last displayed in-
equality, can be seen to be bounded by C'k by Lemma 2 of Robinson (1998).
Therefore

ES? < C

k2~ k

for all 1 < k < T. Further,

t,s=1

by the second order stationarity and Lemma 1 of Robinson (1998). Next,

k—1 k-1 T
— C
|Exy, (u, — ) Sp-1| < Z@k—tdjk t TZZ Pr—t %k o T p s|)
t=1 t=1 s=1

C k—1
+ﬁ Z Z Splcftw|sfr\

t=1 s,r=1
< C

uniformly in & by Lemma 2 of Robinson (1998). Therefore the second term
in the bracket on the right of (41) is bounded by

ey Lo
Pt k

and thus we conclude that (40) holds true. m

Lemma 6 If T ||6||* — oo, then for any K < oo, as T — oo,

St (k) — St (ko) = 0p ZA M, ZAdr — 200 Z 5 M,usgn (k — ko) + 0, (1)
where the o, (1) term is uniform on N (K).
Proof. Write
Qr (k) = 0.2\ M, Zpb7 — 85 Z5 MW, (WEM W)™ WM, Zab 1.

Since by Lemma 2, the terms and Z\ M, W}, and (W,QMLWk)fl are O, (| |07] |72)
and O, (T~') uniformly on N (K), respectively, the second term of Qr (k)
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is O, (||07|* [|62]| " T~!) = 0, (1). Further, since W;M,u is O, (T"/?) uni-
formly on A - K by Lemma 6 and v (M, x z, — M, x.z,) v is uniformly on
N (K) by Lemma 3, the decomposition of Ry (k) in (13) implies that

Ry (k) = —207Z\Musgn (k — ko) + O, (loz]| [62] > T~ %) + 0, (1)
= —20pZ M,usgn (k— ko) + 0, (1).

The lemma now follows from (11). m

Lemma 7 For 07 # 0, let v2 = (85507)° /07:Q67. If the conditions of
Proposition 4 are satisfied then for any K >0, as T — o0,
arg min Sy (ko + [,OUT b < arg min W (p) .
lpl<K Ip|<K

Proof. For any given K and p € [—K, K|, write k = ko + [,Ov}g]. By
Lemma 6,

St (ko + [pvrf]) — St (ko) = 040 ZN\M,Z 07 — 267 Z'\ M,usgn [pv;ﬂ + 0, (1)
(42)
where the o, (1) term is uniform on N (K). Lemma 2 implies that

1
2o o+ MiZa(om (orom) = 1712

uniformly on {(o,p) : 0 < o,0 + p < 1}, from which it follows that

uniformly on p € [—K, K|. Proceeding as in the proof of part (g) of Lemma
2, it can be seen that

Q3 B, (p) p =0,

Z\ Mu =%
oAt {Q%Bz<—p> p<0

where B;, By are independent p-vectors of independent standard Brownian
motion processes. Since —23—;9%B1 (p) and Q%Q%Bg (p) are equal in distri-

( QéT) (8% Q&T)

bution to 2 Wi (p) and 2————

= W3 (p), respectively, the left-hand
side of (42) is equal in distribution to

(NI

n zaT ,(979207)

Ur

by QdT
oL 1

(Wi (p)I(p = 0) + W2 (=p)I(p <0)) + 0, (1)
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uniformly on p € [—K, K|. Now observing that

’ Q(STW(p) = arg min W (p),

!
lpI<K 07207 pI<K

the proof of the lemma is completed by an application of the continuous
mapping theorem. m

For the proofs of the statements about bootstrap quantities, define
Q; (k) = 8 ZLF Mpw, FZ;5
and
Ri (k) = 28 ZLF Mpw, HF o + @' F'H (Mpw, — Mpw,) HF @,
so that
* * ~ 12 ~ 112 * * (7.
Qi (k) + Ry (k) = 06ll* = I15g]1* = S3- (k) = S3. (k) . (43)
Let N (K) = {k: |k . k) <K ||5T||—2}, Ne(K) = A-T— N (K) and denote
Za = Za(in):
Lemma 8 As T/—> 00, )
(a) 27 W F HF i == Q2B (1),
—/ _
(b) for any K > 0, supyen () SUP1</<1 ‘Z’AF HFZZH =0, (||5T|| 2);
(c) for any K > 0, supy g HZ’AFIHFQ (||(5T||_1)
(d) for any K > 0, sup, 550 59Prcrcr || Z4F FZZH =0, (Ior™),
(e) WF HFt = O, (T?) uniformly over 1 <k <T,
v Eew) 2o () e
(f)(T k k) T 1 1o ®a
(g) for every e > 0 there exist K, M > 0 such that

P sup sup ———

HZ”AF’FZlH > M| <e,
kN2 () 1SIST ‘k _ k)

(h) for every e,n > 0 there exist K, M > 0 such that

P | P sup ~ sup

HZAFHFZ,H>M >q | <e.
kGNC( 1<l<T ‘k k‘
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Proof. Part (a) follows from Proposition 7 of Lazarova (2004) and from
the remark at the end of its proof because

T-1
ZfTT}F HF4 = E W(7),jWa,j7; -

=1

To show the validity of part (b), define matrix G as G = F HF. By the

definition of matrices F' and H, matrix G is a real circulant matrix with

elements g, = gs—¢, 1 < t,5 < T, where g; = %LTZ]T 11 miet. Let

g = (9—t41,---,9-1,90, 91, - - -, g7—t—1) be the t-th row of matrix G. By

the Schwarz inequality,
Ko,k 3 /kook
< <Z|lxt|\2> (ZHQ Al )
t

ko+K||57(|~* :
swp sup ||ZAF HFZ| < STl

kEN(K) 1<I<T
SN t=ho—K}o]| 2

Ko,k
HZ’AF'HFZIH - HZ:CtQtZl
t

Therefore

M

ko+K||o7|| 72

X Z sup ||thz||2 . (44)

t=ko—K||67|| 7> "~

The expression in the first bracket on the right of (44) is O, (H(STH_2) b
Conditions 1 and 2. Further,

192" = g'22 (¢") < ¢ XX’ (¢") = tx (¢") ' X X'

and so E* Sup1<l<T 19 Z|* < tr E* (¢") ¢' X X'. For any t and s, E*g;9, =
L (—& +21(t=s)), therefore E* (¢*)’ —5=M, and

InZ 9' = 47r2T

1 1 1
E* ZT <t MXX' =—tr=X'M,X =0, 45
sup 1o < o T S
by Lemma 2. By the Markov inequality, the expression in the second bracket
of (44) is O,» (||6T||_2) and part (b) is established. Part (c) follows from part
(a) in the same way as part (g) of Lemma 2 follows from part (b) of Lemma
2. To prove part (d), write

1
2
= 12| .

~ ~ 112 N A
|25 < 2] + i = 2] 7
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For any M > 0,

k+K |57~

~ 112 _ _
P( sup ||Za| > M |5z ) <P 3wl Mpor
(K)

RENIE t=k—K 07|~

which is bounded by C'K /M by the Markov inequality and Conditions 1 and
2 and which is bounded by ¢ for large K. From here we can conclude in the
same way as in the proof of part (e) of Lemma 2. Part (e) follows from part
(a) and part (f) follows from (14). In part (g), we have

T .
2 FFZ, ZA‘ Za ‘ I3
sup 27 ||[————|| < sup ——+ sup ——5 sup = [|Z]
kEN®(K) - kEN(K) ‘k — k| keNe(x) ‘l{: _pPsis T
1<I<T
Now
1 ~ 12 k—k 1
sup — || Za < 2 sup | A0| sup ||ZA||2
keN¢(K) ‘k —k keNe(K) |k — k| keNe(K) |k — kol
1
+2 sup 1Z; = Zol?

The factor sup 5 k) % is bounded by max {1, K ||5T||2} < C. For

any M > 0, the probability that the factor sup, g s, m | Za|? is greater
than M is bounded by

1 “ K _
P ( sup 1Za]? > M) 4P (]k: - ko‘ > 5 116zl 2) . (46)

lk—ko|>K/2 | K — Kol

The second term of (46) is bounded by £/2 for large K by Proposition 1 and
the first term of (46) is bounded by /2 for large M by Condition 5. Further,
for any N > 0,

1

P| sup 12— Zo||* > M | <P (|2, — Zo|” > MK ||67] %)

keENE(K) )k —k

ko+N|§7|
<P Y Dl > MK o)™ | +P [k = ko| > Njorl ) . (47)

t=ko—N||67| 2
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By the Markov inequality the first term on the right of (47) is bounded by
CN/MK. Proposition 1 then implies that both terms on the right of (47) can
be bounded by ¢/2 for large M and N for any K > 0. Gathering the results
and recalling that the factor sup, ;o [2T71(|Z]| is O, (1) by Condition 5,
we can conclude that part (g) holds.

Finally, to prove part (h), we follow the steps in part (b) and write

1
2

sup HZ’AF/HFZIH < | sup ——
keNC(K) ‘k — Ne(K)
1<I<T
1
1 k.k 2
2
x| sup —— sup HthlH . (48)
Nc (K) 1<I<T

Proceeding as in the proof of part (g), it can be seen that the expression

EP* | sup 2| > M

Sl s 2| = P [ sy
NCK)‘k k

Nek) |k —k

is smaller than ¢/2 for large M and K. The expression in the second bracket
on the right of (48) is equal to sup; ;<7 || ¢'Z)||*. Part (g) is then implied by
(45) and by the Markov inequality. =

Lemma 9 Assume Conditions 1-6 hold. Then as'l' — oo,
=T .
(a) supyepr W F H (MFWk — MFW%) HFu =0, (1),
(b) if T ||7||* — oo,

sup WF H (Mpw, — Mpw,) HF it = 0, (1)
N(K)

Proof. Denote W = (W — W;) sgn (k — l%) = <0, ZA>. Proceeding as

in Lemma 3 and taking A = FW; and B = FWxsgn (k: - l%) in (36), we
obtain that

WFH (Mpw, — Mpw,) HFi = &'F H (Ppw, — Prw,) HF @
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— 2RedFH FWs (W(F FW;) CWIF HFasgn (k)
+iFH FWa (Wi FW;) WA FHFa
—AFHFW, (W,;F’ka) - { (W’F FWa + WAF FW, ) sgn (k k)
+ WAF Fiia } <WéF’FWE)_ W{F HF .
Therefore the lemma holds by Lemmas 2 and 8. =

Lemma 10 There exists A > 0 such that for every e > 0, there exists K < 0o
and Ty < oo such that for all T > Ty,

* ~112
EP* | inf QT()>)\ )

S

>1—c.

Proof. If an event A does not depend on 77}, then P*(A) = I(A) and

therefore EP*(A) = P (A). Since Q% (k), k and & do not involve n;, the
left-hand side of the hypothesised inequality is bounded from below by

Pl nf g [ ZoMexzZs

- > 21
Ne(K) ‘k >

Denote in = (1 — tj;) sgn (k — l%) Proceeding as in the proof of Lemma 4,
we obtain inequality

1 7 1 - 5 —1
N | 22MexzZa ) ) ZaMinZs (l ZM,,. Zk) Lo, z,
]k:—k: T T

R (49)
for k£ > k and

., . ., .
INM, x 7, ZA Z\M; , Za

/\min N el min
‘k .y

(300 2 Moy (X - 20))

< (0= 2 M, (- 2 | (50)

for k < k. Write the first factor in the Curly bracket in (49) as

th

‘k—fc‘ a ‘k—k‘

ZW\M Zn  Z\Za Z
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We have

VAN k—ko| Z%\Z 1
M = A 1
k| |k k| R ol e &
For any 6 > 0,
P sw k—lio_l‘>5 =P sup k_kAO >0 SP(‘/%—ICU)>5KH5TH_2>

which is smaller than e/2 for large K by Proposition 1. Also, for any 6 > 0
and any M > 0,

12, — 2ol
Pl sup “E—0 50 | <P Y |l > 0K o]
Ne(K) )k — k‘ P
ko+M||67(| =2 R
<Pl > el > 6K orl ™ | + P [k —ko| > arfor ) . (51)

t=ko—M||67| 2

The second term of (51) is smaller than €/2 for large M by Proposition 1. By
the Markov inequality, the first term of (51) is bounded by C'M/§K which
is smaller than /2 for large K. Therefore as K — oo,
Z\7 Z\7
ATA = 2872 4o, (1).
M_ﬂ |k — kol

ko, ko+ p :
LR gt 5 %, the eigenvalues

Since by Conditions 1 and 2, lim;_,4 |l|71
~1=1 4

of matrix )k — k‘ Z'\Zx are bounded away from zero with probability at

least 1 — /2 for large K. Similarly, it can be shown that as K — oo,

kk ko,k

1 1
—‘k_’[% ;xt:—m_k(ﬂ ;xt+op(1) :010(1)'

~1—1 4 A
It follows that the eigenvalues of matrix ‘k - k’ ZNM;, Za are bounded

from below by A > 0 with probability at least 1 — ¢/3 for large K.
The third factor in the curly bracket in (49) can be written as

1 1 k 1 k 1 k
t=1 t=1 t=1
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Since TS0 xya B 702, T30, 2, 2 0 and ’k ko‘ = 0, (|62[I7%),

the eigenvalues of matrix 717 ]éM%Z are bounded from below by a positive
number with large probability for large T by the arguments of the proof of
Lemma 4. Similarly, the eigenvalues of the remaining factors of (49) and (50)
are bounded from below by a positive number. Concluding as in the proof
of Lemma 4, the current lemma is established. m

Lemma 11 Let H be the matriz defined in Step 3 of the bootstrap procedure.
Then for any a > 0 and any integers m and T" such that m < T,

1 —
EP ( max HZ,’CF'HFuH > a) < Y

m<k<T a’m
for some positive C' < oo.

Proof. Without loss of generality, assume that {z;} is scalar. Let S} =
—/
ZiF HFu = Zle xyd; where d; = Zil gr—uy and gy = 57 Z]T - e,
Arguing as in the proof of Lemma 5,

P ( max_— )ZkF HFu‘ > a)

m<k<T

1 1 1
< L(Zesie S e elraas). o

2
(0]
k=m-+1

Because E*gigs = o5 (—75 + 71 (t = 5)), we have

E*S;? = 2T Z Z Tl (t —s=1r—v)— 47T2T2 Z Z T4 Uy
t,s=1rv=1 t,s=1rv=1
In a similar way, E*z3d; = (47r2T) Y2 ST w? — (4n?T?) 7! szl Uyl

and E*xkdkSZ L= (47T2T) Tp Zt LT szl uu L (k—t =1 — 'u)

— (4m2T?) o, S Zr,u:1 u,uy. Proceeding as in the proof of Lemma
5, it can be shown that expectation of E*S;? is bounded by Ck and that
expectation of E*z2d? and E*xyd;S;_, is bounded by C for all 1 < k < T.
Therefore the expectation of the right side of (52) is bounded by

1 {c & ¢ C
i = < =
o? <m+ Z m2> — am

t=m+1
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Lemma 12 If T'||67|]> — oo then as T — oo,
B k=0 (I5el]7).
Proof. Fix ¢, > 0. For any K < oo,

P*(l%*—

< P*| inf QT( ) <A\
N (k) )k k‘

B > K llorl7?)

. * 112
5 + P* | sup |RT(]{i)| > Ao
1 [k— k|

By Lemma 10, we can choose A > 0 and K < oo such that

* 112
EP* | inf Qr (k) < \llo

Ne(K) )k—l%

<e (53)

for large T'. Write
Ry (k) = 2620 F Mpw HFa+@F T (Mpw, — Mpw,) HFl
= %' Z\FHFu— 25 2\F FW, (W,;F FWk> T WiFHFG (50)
+28' ZWF HF (40— u) + & F'H (Mpw, — Mpw,) HF . (55)

Examining the first term of (54), we have

25/ZIAF/HFU‘ s
P* | sup - 2)\H5H
Ne(K) ‘k—k‘
ZNFHF A
< P sup |20 > 26
vy || k—k
a1
w0 (5] < 3 1601 (56)

By Lemma 11 and by the second order stationarity, expectation of the first
term on the right of (56) is bounded by
C C

= <
Aozl K |lor|| ™ MK

o ™

for K large enough. Further, since P* (HSH <1 ||6T||> =1 (HSH <1 ||§T||>,
expectation of the second term on the right of (56) is equal to P (H3H < 1ér H)
which is smaller than e/2 for large T because by Proposition 2, 656

ol



_ -1
Regarding the second term of (54), the factor (W,;F 'F Wk) is O, (T™1)

uniformly over £k € A -T by Lemma 2 whereas the factor W,QF’H Fu is
Op+ (T*/?) uniformly over 1 < k < T by Lemma 8. Moreover, for any M > 0,

sar) o (Ji] <5 0) e

Expectation of the first term on the right of (57) is bounded by /2 for large
M by Lemma 8 and expectation of the second term on the right of (57) is
bounded by ¢/2 for large T since § = 67 + O, (T-'/2) by Proposition 2 and
since 772 ||67]| 7" = o (1).

Turning to the first term of (55), from (5) and (6) and from the definition
of u,

> A0

sup

N¢(K) VT k—k

Z\F FW,

. ( 26" Z\F FW,,

V)| k—k

F(ﬁ—u)zFX(ﬁ—B)+F(ZO—Z,;)5T+FZ,; (5T—8).

Therefore .
20 Z)\ FHF 12
P* | sup 0 (@ — >\ Hc?H
Ne(K) k—k
ZFHFX (5 _ B) i
< P*| sup - > — |4
Ne(K) k—Fk 6
Z\FHF (Zy — Z; .
+P* | sup |2 ( 0 B O > A )
Ne(K) k—Fk 6
ZaFHFZ (67 —9) .y
+P* | sup - =10 (58)
Ne(K) k—k 6

For any M > 0, the first term on the right of (58) is bounded by

" (17813?) - M) o (Hﬁ BH = 6M H H) (59)

By Lemma &, the first term of (59) is smaller than 1/6 with probability larger
than 1 — ¢/6 for large K and M. Expectation of the second term of (59) is

Z\FHFX
k—k

52



smaller than /6 for large T because by Proposition 2,  — B and § — 07 are
O, (T~'/?), and because T2 = o(||67]). In a similar way, the third term
on the right of (58) can be shown to be smaller than 7/3 with probability at
least 1 — /3 for large T

For any K > 0, the second term on the right of (58) is bounded by

1
P (= 167 su ’ZFHF Zo — H H H>
(5 1001 sup |27 27z 2
szﬂGwsw\Ameﬂ>—w%H>+P\H\—Wm)
N(K) 1<I<T
+p (‘k - k:o‘ > K |67 ) . (60)

By Lemma 8, the first term on the right of (60) is smaller than r/3 with
probability no smaller than 1 — ¢/3 for large K and 7. Expectation of the
second and third term on the right of (60) is bounded by ¢/3 for large 7" and
K, respectively.

Finally, for the second term of (55),

WFH (Mpyw, — Mew ) HFG
P [ sup ( FWy, FWk) >\
Ne¢(K)

2
< 4]
k—k >
< P*(sup

AK
Ne(K) B

+P(WHS§Wﬂ). (61)

By Lemma 9, the first term on the right of (61) is smaller than 1/2 with
probability at least 1 —e/2 for large K and T'. Expectation of the the second
term of (61) is P (H5H <3 H5TH> which is smaller than /2 for large K by
Proposition 2.

Collecting the results, we conclude that for arbitrary ¢ > 0 and n > 0,
there exists K such that

A

WFH (Mpw, — Mpw,) HF

p (o [ s EEBL 51

w o=}

>n| <e

for large T'. This together with (53) and with the Markov inequality imply

that R R
p <P* ( B k;‘ > K||5T||‘2> > n) <c

for large K and T as required. m

93



Lemma 13 If 67 — 0 and T ||67]]> — oo then as T — oo,
St (k) = S5 (k) = 00 Z4F FZsbr — 20, Z0F HFasgn (k — k) + o, (1)
where o, (1) is uniform on N (K).
Proof. Write
Qi (k) = 8 Z\F FZa6 — § 2\ F FW, (W,;F’ka) CWIF F 2
and
Ri(k) = —20'Z.F HFasgn (k - k)
28 2\ F FW, (W,;F’ka) W HFasen (k - k)
+'FH (Mpw, — Mpw,) HF @,
By Lemma 8, ZLF FW), = O, (H(STHQ) uniformly on N (K) and by Lemma

_ -1
2, <W[2F/FW;€> = O, (T™') uniformly on k € A - T. Further, by Proposi-

tion 2, 0 = O, (||d7|)). Also, by Lemma 8, WéF/HFﬁ = O, (T"/?) uniformly
onl<k<T andby Lemma 9, ¥'F H (Mpw, — Mpw, ) HFi = 0, (1) uni-
formly on N (K). It follows that

Qi (k) = 8 Z\F FZab + 0, (1)

. Ry (k) = —26' Z\F HFiisgn (k: - k;) + o, (1)
uniformly on N (K). By (43),

St (k) — S (k:) — ' I\F F 78 — 26' 2\ F HFsgn (k: - k:) + oy (1)
uniformly on N (K). m

Lemma 14 Let v2 be defined as in Lemma 7. If the conditions of Proposi-
tion 9 are satisfied, then for any K >0, as T — o0,

arg min S5 <IA€—|— v_g)ﬂar min W .
& ok °T v 8 o< (0)
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Proof. Write k + [pv;z} = k. From Lemma 13,
Si (b + [pvr?]) =S5 (k) = 04 Z6F FZa0r—26, Z4F HFasgn (k = k) +op- (1).

By Lemma 2,

1
2o oo MiZa(om (orom) = 1912

uniformly on {(o,p) : 0 < o,0 + p < 1}. Hence

VGINF FZpx |2—‘;|2

uniformly over |p| < K. Lemma 8 implies that

. _ LQ3(B(o+p)—B(0) p>0
7 FHFi-L { 2 <0
N Gt k) u { LQ3(B(o)-B(o+p) p<0,

on {(p,0):0<0,0+ p <1} from which it follows that

1 i
S e 2\ e [ 582 Bi(p) p=0,
vrZ\F HFisgn <k - k) = { Iy
52282 (=p)  p<0
where B;, Bs are independent p-vectors of independent standard Brownian
motion processes. Proceeding as in the proof of Lemma 7, we deduce that

St (k+ o)) = S5 (F) £ W (p) + 0 (1)

on p € [—K,K|. The lemma now follows from the continuous mapping
theorem. m

Lemma 15 AsT — oo,
O 2.

Proof. As in the proof of Proposition 5, assume that process {z;} is
scalar. By definition, matrix Q* is equal to

E xrx, 'U'U 'U/LL

T I:cx]IuUJ

*

J

2) L (62)

J=1

Let 2 = z(k*). Writing
= (B - B*> Wy + 5 (ws,; —wsz= ;) + (5 — 5*> W= j + wﬁ,jn;f
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and proceeding as in the proof of Proposition 5, it can be seen that, up to a
multiplicative constant, the second term of (62) is bounded in absolute value
by

T—1 9 T-
2
T Z |wx]| |wv3 wuyng T Z w1 ‘wﬁ,j - wﬁ,jn; fwa,j} (63)
Jj=1 j=1

and that the first term of (63) is bounded by
3 .,71-
(5 B > Z|wm| + 70 Z jw s Jws g — wse 4
+7 (5 )
T
By Proposition 8 B* B Op (Tfl/ 2), and by Proposition 6 of Lazarovai

(2004), T Z " lw, |t = o0, (T), therefore the first term of (64) is o, (1).
By the Schwarz 1nequahty, the second term of (64) is bounded by

9 3 /T 3
35 (Z|wx]|> (DWJ_W*J ) |
=1

The sum in the second bracket of the last displayed expression is bounded
by

(64)

M

kR k&> kR

ZI t|Z|fEs lerl Zm stol”

4
Jo

2l |+
t

For any K > 0 and M > 0,

B ko+2K |62
Z 2| > M ||67)| 72 | < P* Z 2] > M ||67|
t

t=ko—2K 61|32

+p* (‘k - ko) > K ||5T||*2) + P ( -

B> Kor ). (65)

Proposition 1 implies that expectation of the second term on the right of (65)
is bounded by ¢/3 for large K by . By the Markov inequality and Conditions 1
and 2, expectation of the first term on the right of (65) is bounded by C' K /M
which is bounded by ¢/3 for large M. For any n > 0, the last term on the
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right of (65) is smaller than n for large K and T with probability at least
1 —¢/3. This means that Zk o zi| = Opr (||(5T||72). By similar arguments,
fk* z|* = O, (162~ ) Hence because 0 = 7 + O, (T-12) = O, (||67]l)

by Proposition 2 and because

ko+2K ||6:7]| 2 ko+6K||o7] 2

2 < 2

Sup ‘:Utferv‘ = ’l’U’ )
t,se N(2K _ _
( )v:konKH(STH 2 v=ko—6K||0p|| "2

we conclude that the second term of (64) is op- (1).
Next, the sum in the third term of (64) is bounded by

T—-1 T—-1
Jwa I Jws 57+ Jwa | fwse j — ws [ (66)
j=1 j=1

The first term of (66) is oy« (T%) by the reasons given in the discussion of
(23) and (25). The second term of (66) is O, (T2 ||62(| ") by the reasons
discussed above. Since § —4§ = O,+ (T""'/?) by Proposition 8, the third term
of (64) is 0, (1). It follows that the first term of (63) is op~ (1).

The second term of (63) is bounded by

< Z|wm| ‘wvj 77]7~UUJ|> ( Z|wm| |qu| ‘g‘) (67)

by the Schwarz inequality. The first bracket of (67) has just been shown to be
op+ (1). The conditional expectation of the expression in the second bracket
of (67) is  which is O, (1) by Proposition 5. Thus the second term of (63),
and consequently the second term of (62), is o, (1).

Further, the first term of (62) is equal to

T-1 T-1 T-1

42 72 4

T [xleuu3+ ija:][uu] ( 1)+Tzlx1¢7j (Ifu},j - [uu,j>
j=1 J=1

(68)
By the Theorem 1 of Robinson (1998), the first term of (68) converges to 2
in probability. Further, the conditional second moment of the second term
of (68) is bounded by

2, .12

E — § 2 xzj Juu,j
TQ :mvj uug TQ zm] uw,J 72 :

xz’ g Juu,g
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By a routine extension of the proof of bound (4.8) of Robinson (1995b), it

can be shown that factors I2, ;/f2,; and I}, ./ f2, . are O, (1) uniformly in

1 <7 <T-—1. An application of Lemma 5 of Lazarovd (2004) to g (\) =

e (A) L2 (A) leads to the conclusion that the last displayed expression is
0, (1). By the Markov inequality, the second term of (68) is o, (1). Finally,
by the proof of Theorem 3 of Lazarovd (2004) the conditional expectation of
the third term of (68) is o, (1). Combining results, we have

~

Q*:Q+Op* (1)
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