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Abstract
This paper considers estimation and testing of the time of the

structural break in a regression with possibly strongly dependent data.
Statistical properties of the estimator depend on the assumption made
on the size of the break. Specifically, when the size of break is fixed,
the asymptotic distribution depends on the entire joint distribution of
the regressors and the error term. When the size of break is shrink-
ing, the asymptotic distribution of breakpoint depends only on the
second moments of data. When the break is weak, that is when its
magnitude is shrinking too fast, the time of break is not estimable.
For the shrinking break, hypotheses on the time of break can be car-
ried out on the basis of the asymptotic distribution. However, since
asymptotic tests do not always approximate finite sample tests well,
we propose a valid bootstrap approximation of the asymptotic tests
and demonstrate its performance in small samples by Monte Carlo
simulation.
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1 Introduction

Structural stability is a desirable property of any econometric model. Mod-
els that are structurally unstable tend to lead both to erroneous in-sample
analysis and out-of-sample forecasts. On the other hand, if a presence of
a structural change is detected, an inquiry into the character of the change
may reveal factors that caused the structural shift and may lead to a suc-
cessful revision of the original model. There is a steadily growing body of
literature on estimating the time of change. Hinkley (1970), Yao (1987) and
Bhattacharya (1987) deal with maximum likelihood estimation of time of a
shift in mean of otherwise identically distributed independent observations.
In the context of dependent observations, Bai (1994, 1997b) allows for a lin-
ear process with short memory while Bai (1997a), Bai and Perron (1998) and
Fiteni (2002, 2004) analyse estimators of the time of break in parameters of
linear regression model with mixing data. The current state of the research
on structural changes in linear models with time series is reviewed by Perron
(2005).
In the last decades, however, it has been recognised that many economic

and financial data possess a dependence structure stronger than that dis-
played by mixing data. The effect of long-range dependence on estimators of
time of break has been examined by Antoch et al. (1995, 1997) and Horváth
and Kokoszka (1997) in the framework of linear processes with a break in
mean. The first purpose of this paper is to develop a procedure for estimation
and testing of the time of change in slope coefficients in a linear regression
model where both regressors and disturbances are allowed to possess long
memory. It is shown that estimators employed for weakly dependent data
continue to be valid for strongly dependent data, and the researcher does not
need to distinguish between the short- and long-memory type of dependence
at any point of the estimation procedure.
It is known that asymptotic properties of parameter estimators in struc-

tural change models depend qualitatively on the magnitude of change. The
second purpose of this paper is therefore to examine the asymptotic behav-
iour of estimators under various assumptions on the size of break, ranging
from a fixed size of break through a size shrinking at a certain rate to zero
size.
Asymptotic theory for the breakpoint estimator is derived, including con-

sistency, rate of convergence and limiting distribution. Under the assumption
of fixed size of the break, the date of break is estimated with highest relative
asymptotic efficiency, but the asymptotic distribution of the breakpoint esti-
mator depends on the joint distribution of the regressors and the error term
and is not amenable to hypothesis testing. Breaks of a fixed magnitude can
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be regarded as large.
To obtain a distribution-free asymptotic theory of the breakpoint estima-

tor, the size of break can be assumed shrinking as the sample size increases
but at the slower speed than the square root of the sample size. This has been
a mainstream assumption in the literature for the last two decades. Under a
slowly shrinking break, the paper shows that the asymptotic distribution of
our breakpoint estimator is indeed invariant to the distribution of data.
The case of breaks shrinking with the square root of the sample size or

faster is also considered. Breaks shrinking at such a rate can be denominated
as weak. The plausible situation where a researcher estimates the date of a
presumed break when the parameters of the processes do not break can be
analysed as a special case of a weak break. It is shown that if the break is
weak, its location is not estimable. Since the breaks can be detected only
when their magnitude shrinks at the rate of the square root of the sample
size at the fastest, this rate constitutes a borderline case when the break can
be detected but cannot be consistently located.
Beside the asymptotic theory of the breakpoint estimator, we also con-

sider asymptotic properties of the slope coefficient estimators. When the
break is large, the slope estimators are asymptotically normal and their dis-
tribution is the same as if the time of change were known. Asymptotic nor-
mality breaks down for a weak break under which a nonstandard distribution
is obtained.
In the case of a shrinking break, the form of the limiting distribution

of the breakpoint estimator allows construction of hypothesis tests. Since
the limiting distribution function is known, asymptotic tests can be carried
out easily. However, it is known that asymptotic tests may not perform
well in small samples. For this reason, we propose a bootstrap procedure to
approximate the limiting distribution of the break point for the purpose of
hypothesis testing. A small Monte Carlo study compares the performance of
the bootstrap and asymptotic tests and confirms that in small samples the
bootstrap test seems preferable to the asymptotic test.
The paper is organized in the following way. Section 2 introduces a lin-

ear regression with break in the slope parameter and presents a least squares
procedure for estimating the time of break and the slope coefficients. Asymp-
totic properties of estimators are studied in Section 3. Section 4 discusses the
cases of weak break and no break. Section 5 comments on the difference in
testing hypotheses about the time of break under fixed and shrinking break.
In Section 6, a bootstrap approximation to the asymptotic test procedure is
proposed. Section 7 reports the results of a small Monte Carlo simulation
conducted to investigate small sample properties of the proposed bootstrap
procedure. Section 8 concludes. The proofs are collected in Section 9 which
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refers to Section 10 for intermediate results.
In what follows, B denotes a p-dimensional vector of independent stan-

dard Brownian motion processes on [0, 1] and C stands for a generic constant.
For a set S and a constant a, S · a = {xa : x ∈ S}. For any real numbers
a, b, a ∧ b = min {a, b}. For a Hermitian matrix A, λmin (A) and λmax (A)
denote the smallest and the largest eigenvalue of A, respectively. Inequalities
A ≥ B and A > B among two matrices hold if all the eigenvalues of A−B
are nonnegative and positive, respectively. For any matrix A, k·k denotes the
maximum-eigenvalue norm, that is kAk = supkxk=1 kAxk = λ1/2max (A

0A). We
have kAk2 ≤ trA0A and due to the equivalence of norms also trA0A ≤ C kAk2
for a constant C > 0. Notation [·] signifies integer part, I (·) is the indicator
function, "=⇒" denotes weak convergence in the space D (S) of p-vectors of
right-continuous functions on S ⊂ R with left-hand limits, endowed with the
uniform metric ρ (x, y) = supτ∈S kx (τ)− y (τ)k for x, y ∈ D (S). Notation
d
= stands for equality of distribution. For nonnegative numbers l, m,

l,mX
t

at =


Pm

t=l+1 at l < m
0 l = mPl

t=m+1 at l > m.

For integers a, b and c, we write a = b mod c if a− b is divisible by c.

2 Linear regression with break

Consider the following linear regression with a break in the slope parameter:

yt = α+ β0xt + δ0Tzt + ut (1)

for t = 1, . . . , T , where

zt = zt (k0) =

½
xt t = 1, . . . , k0
0 t = k0 + 1, . . . , T

and where k0 is an unknown date of break, yt is the observed dependent
variable, α is an unknown intercept, β and δT are p-dimensional vectors of
unknown parameters with δT 6= 0, xt is a p-dimensional vector of observations
on the explanatory variables and ut is an unobserved stochastic disturbance.
It is assumed that k0 = [τ 0T ] for some τ 0 ∈ Λ ∈ (0, 1) where the set Λ has
closure in (0, 1). The size of the break δT can be assumed either dependent
on the sample size T or fixed, that is δT = δ.
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We are interested in estimating the time of the break and the slope coef-
ficients β and δT . In addition to the point estimation, we are also interested
in testing hypothesis of the form

H0: k0 = kH

for some constant kH against the alternative

H1: k0 6= kH .

In this paper, we focus on breaks in regression coefficients of stochastic re-
gressors. Break in the regression intercept has been analysed by Kuan and
Hsu (1998) in a similar setting.
Model (1) can be written in the matrix form as

y = αι+Xβ + Z0δT + u (2)

where y = (y1, . . . , yT )
0, ι = (1, . . . , 1)0, X = (x1, . . . , xT )

0 and where Zk =
(x1, . . . , xk, 0, . . . , 0)

0 is a T × p matrix comprising first k rows of the matrix
X and completed with zeros, Zk0 is denoted as Z0, and u = (u1, . . . , uT )

0.
We estimate the parameters of the model by the least squares method.

For k = 1, . . . , T−1, let û (k) be the vector of residuals from the least squares
regression of y on X and Zk,

û (k) =Mι,X,Zky,

and let β̂k, δ̂k be the least squares estimators of the slope parameters,µ
β̂k
δ̂k

¶
= (W 0

kMιWk)
−1

W 0
kMιy,

where Wk = (X,Zk), MA,B = I − PA,B where PA,B = PC = C (C 0C)−1C 0 is
the matrix of orthogonal projection on the column space of a matrix C =
(A,B). The least squares estimator k̂ of the breakpoint k0 is obtained by
minimising the objective function

ST (k) = ||û (k)||2 , (3)

that is
k̂ = arg min

k∈Λ·T
ST (k)

where Λ · T = {k: k/T ∈ Λ}. If the point of minimum is not unique, we
define k̂ = min {k : ST (k) = minl∈Λ·T ST (l)}. While the expressions for β̂k
and δ̂k are explicit, the breakpoint k0 is estimated implicitly.
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Denote û = û(k̂), β̂ = β̂k̂ and δ̂ = δ̂k̂. The quantities û, β̂ and δ̂ can be
regarded as least squares estimators of errors and slope coefficients of model
(2) when the location of break is unknown. Beside the estimator of the date
of the break, an estimator τ̂ of the relative time of break τ 0 can be defined
as

τ̂ =
k̂

T
.

Since some of the properties of our estimators are more easily established
in the frequency domain, it is useful to transform data from time to the
frequency domain. In the frequency domain, model (1) is given by

wy (λj) = β0wx (λj) + δ0Twz(k0) (λj) + wu (λj) , (4)

j = 1, . . . , T − 1, where

wd(λ) =
1√
2πT

TX
t=1

dte
itλ

is the discrete Fourier transform of a sequence of p-dimensional vectors
d1, . . . , dT and λj = 2πj/T are the Fourier frequencies. Omission of the fre-
quency zero in (4) permits the researcher to avoid estimating the unknown
intercept α. As the discrete Fourier transform is invariant to location shift
for 1 ≤ j ≤ T−1, the regression (4) is equivalent to a time-domain regression
in deviations from the mean. Defining F as the (T − 1) × T matrix of the
discrete Fourier transform at the frequencies λj = 2πj/T ,

Fjk =
1√
2πT

eijλk

for j = 1, . . . , T −1 and k = 1, . . . , T , model (4) can be written in the matrix
form as

Fy = FXβ + FZ0δT + Fu. (5)

In the least squares regression of Fy on FX and FZk, letcFu (k) =MFX,FZkFy =MFWk
Fy (6)

be the vector of residuals andµ
β̃k
δ̃k

¶
=
³
W 0

kF
0
FWk

´−1
W 0

kF
0
Fy,

be the estimators of the slope coefficients where now PA = A
³
A
0
A
´−1

A
0

where A
0
is the complex conjugate of a complex matrix A. The least squares

6



estimator of the date of break is now a point of minimum of the objective
function S̃T (k) = ||cFu (k) ||2. From the definition of F and Mι it follows

that F
0
F =Mι/2π, and so

³
β̃
0
k, δ̃

0
k

´0
=
³
β̂
0
k, δ̂

0
k

´0
. Moreover, FMι = F and

MFWk
F = FMMιWk

= FMιMMιWk
= FMι,Wk

.

This implies that cFu (k) = Fû (k) ,

||cFu (k) ||2 = 1

2π
||û (k)||2

for k = 1, . . . , T − 1. Therefore for the purpose of estimating of the time of
break and slope coefficients in a linear regression model with unknown break,
estimation in the time and frequency domain is equivalent.
In the following analysis, it is assumed that {xt} and {ut} are covariance

stationary linear processes that satisfy Conditions 1-6:

Condition 1

xt =
∞X
j=0

ajξt−j,
∞X
j=0

||aj||2 <∞, a0 = I,

ut =
∞X
j=0

bjεt−j,
∞X
j=0

b2j <∞, b0 = 1.

Let Ft and Gt be the σ-algebras of events generated by ξs, s ≤ t, and εs,
s ≤ t, respectively, and let Ft ∨ Gs be the union of Ft and Gs, that is the
smallest σ-algebra containing all elements of Ft and Gs.

Condition 2 {ξt} is a stochastic process that satisfies

(a) E (ξt|Ft−1 ∨ Gt) = 0 a.s.,
(b) E (ξtξ

0
t|Ft−1 ∨ Gt) = E (ξtξ

0
t) = Ξ a.s., and

(c) the joint fourth cumulants of ξtiji, ji = 1, . . . p and i = 1, . . . 4, where
ξtj denotes the j-th component of the vector ξt, satisfy

cum
¡
ξt1j1, ξt2j2, ξt3j3, ξt4j4|GT

¢
=

½
κξ,j1,j2,j3,j4 a.s. t1 = t2 = t3 = t4,
0 a.s. otherwise,

with |κξ| = maxji=1,...p,i=1,...4 |κξ,j1,j2,j3,j4| <∞.
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Condition 3 {εt} is a stochastic process that satisfies
(a) E (εt|Ft ∨ Gt−1) = 0 a.s.,
(b) E (ε2t |Ft ∨ Gt−1) = E (ε2t ) = σ2ε a.s., and

(c) the joint fourth cumulant of εti, i = 1, . . . 4 satisfies

cum (εt1, εt2, εt3, εt4 |FT ) =

½
κ a.s. t1 = t2 = t3 = t4,
0 a.s. otherwise,

with |κ| <∞.
Define functions A and B as

A (λ) =
∞X
j=0

aje
ijλ and B (λ) =

∞X
j=0

bje
ijλ.

Condition 4 The functions A and B satisfy the following assumptions:

(a) there exist constants 0 < Cx,k, Cu < ∞ and dx,l, du ∈
£
0, 1

2

¢
, l =

1, 2, . . . , p, such that |All (λ)| ∼ Cx,lλ
−dx,l , |B (λ)| ∼ Cuλ

−du as λ→ 0+,

(b) A (λ) and B (λ) are differentiable on (0, π] and
¯̄̄¯̄̄
dA(λ)
dλ

¯̄̄¯̄̄
= O

³
||A(λ)||

λ

´
,¯̄̄

dB(λ)
dλ

¯̄̄
= O

³
|B(λ)|
λ

´
uniformly over (0, π] as λ→ 0+ and

(c) ||A (λ)|| > 0 and |B (λ)| > 0 for λ ∈ (0, π].
Condition 5

(a) supl≥1
°°°1l Pl

t=1 xtx
0
t

°°° = Op (1) , supl≥1
°°°1l Pk0+l

t=k0+1
xtx

0
t

°°° = Op (1) ,

supl≥1
°°°1l Pk0

t=k0−l+1 xtx
0
t

°°° = Op (1),

(b) there exists λ > 0 such that for every ε > 0, there exists l0 such that
P
¡
λ+l < λ

¢
< ε and P

¡
λ−l < λ

¢
< ε for all l ≥ l0, where λ+j and

λ−j are the minimum eigenvalues of the matrices 1
l

Pk0+l
t=k0+1

xtx
0
t and

1
l

Pk0
t=k0−l+1 xtx

0
t, respectively.

Condition 6
πZ

−π

||fxx(λ)fuu(λ)|| dλ <∞, E(xtx
0
t) > 0,

where fxx(λ) and fuu(λ) are spectral density functions of xt and ut, respec-
tively.
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Conditions 1-6 are similar to those of Robinson (1995a,b), Hidalgo (2003)
and Lazarová (2004) and similar remarks apply. In particular, Conditions
1-3 require that the processes xt and ut are covariance stationary with con-
stant fourth but not third moments. The homoskedasticity of regressors
and errors implied by Conditions 1-3 is not a necessary restriction and a
certain degree of heterogeneity could be allowed. Another property fol-
lowing from Conditions 1-3, E (xtxsutus) = E (xtxs)E (utus) for all t and
s, makes it possible to estimate the quantity 2π

R π
−π fxx (λ) fuu (λ) dλ con-

sistently by (4π2/T )
PT−1

j=1 Ixx (λj) Iuu (λj) as proposed by Robinson (1998).
Results in the literature, for example Taniguchi (1982) and Keenan (1987),
allow to relax the condition E (xtxsutus) = E (xtxs)E (utus) for short mem-
ory processes but similar results are not yet available for processes satisfying
Conditions 1-4, in particular for processes that may exhibit long memory
processes.
Condition 4 admits a singularity of the spectral density function at the

zero frequency, but the results of this paper could be generalized to allow for
a singularity at a nonzero frequency or for more than one singularity, as long
as Condition 6 is satisfied. Examples of models satisfying Condition 4 include
FARIMAmodel of Granger and Joyeux (1980) and Hosking (1981), fractional
Gaussian noise of Mandelbrot and van Ness (1968) and fractional exponential
model of Bloomfield (1973). An example of a model with singularities at
nonzero frequencies is the Gegenbauer model of Gray, Zhang and Woodward
(1989).
Condition 5 constrains matrices supl≥1

1
l

Pl
t=1 xtx

0
t, supl≥1

1
l

Pk0+l
t=k0+1

xtx
0
t

and supl≥1
1
l

Pk0
t=k0−l+1 xtx

0
t to be uniformly stochastically bounded as T in-

creases. Moreover, it constraints the latter two matrices to have minimum
eigenvalues bounded away from zero with large probability for large l. This
would be implied for example by the strong law of large numbers for the
sequence {xtx0t}.
Condition 6 places a restriction on the collective memory of regressors and

errors. Robinson (1994) remarks that if xt and ut collectively exhibit suffi-
ciently strong memory, the least squares estimates of the slope coefficients
are not asymptotically normal. The restriction can be relaxed by employ-
ing estimators of a class of weighted least squares estimators proposed by
Robinson and Hidalgo (1997) or a class of generalized least squares estima-
tors proposed by Hidalgo and Robinson (2002), but for notational simplicity
we keep Condition 6 as it stands.
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3 Asymptotic properties of the breakpoint
and slope estimator

To establish the asymptotic properties of the breakpoint and slope coefficient
estimators, we first examine the rate of convergence of the breakpoint esti-
mator. Deriving the rate of convergence not only allows us to characterize
consistency properties of the estimators, but is also necessary in order to
establish the limiting distribution. In this section we consider breaks whose
size is fixed or is shrinking but at a speed smaller than the square root of the
sample size.

Proposition 1 Assume Conditions 1-6 are satisfied. If δT = δ 6= 0 or if
δT → 0 and T ||δT ||2 →∞, then as T →∞,

k̂ − k0 = Op

¡||δT ||−2¢ .
Whether the size of break δ is fixed or shrinking, the consistency of the

estimator τ̂ of the relative time of break τ 0 is guaranteed by Proposition 1. It
is interesting to note that Proposition 1 implies only that k̂−k0 = op (T ) and
therefore does not assert the consistency of k̂. In fact, it will be seen later
that the estimator k̂ of time of break is not consistent. At best, under the
assumption of fixed size of break, the estimator k̂ is bounded in probability.
The following proposition characterizes the asymptotic distribution of

the slope estimators for the case of a known and unknown date of break,
respectively, for the cases of a break whose size is fixed or whose size decreases
as the sample size decreases at a moderate speed.

Proposition 2 Assuming Conditions 1-6, if T ||δT ||2 →∞, then as T →∞,
(a)

√
T

µ
β̂k0 − β

δ̂k0 − δT

¶
d→ N (0, V ) and

(b)
√
T

µ
β̂ − β

δ̂ − δT

¶
d→ N (0, V )

where

V =
1

τ 0 (1− τ 0)

µ
τ 0 −τ 0
−τ 0 1

¶
⊗ Σ−1ΩΣ−1,

Σ = Extx
0
t and Ω = 2π

R π
−π fxx (λ) fuu (λ) dλ.
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The limiting distribution of the slope estimators β̂, δ̂ in the case of an
unknown date of break is the same as if the date of break were known. It
is worth noting that neither the rate of convergence nor the form of the
asymptotic distribution depends on whether the size of break is assumed
fixed or shrinking, as long as the magnitude of break does not decrease too
fast.
Similar results have been obtained by Bai (1997a) for breaks in linear re-

gression model with mixingale errors and possibly trending regressors. Fiteni
(2002) has also reported asymptotic normality of a robust estimator of regres-
sion coefficients. The asymptotic normality found elsewhere in the structural
change literature therefore carries over to linear regression where regressors
and errors possibly exhibit strong dependence.
The asymptotic distribution of the estimator of the location of break

requires a separate discussion for the cases of fixed and shrinking break.
First, we consider the case of a fixed magnitude of break, δT = δ 6= 0. Define
the process W0 on the set of all integers as

W0 (s) = δ0
0,sX
t

xtx
0
tδ − 2δ0

0,sX
t

xtut sgn s,

that is

W0 (s) =


δ0
Ps

t=1 xtx
0
tδ − 2δ0

Ps
t=1 xtut s ≥ 1,

0 s = 0

δ0
P0

t=s+1 xtx
0
tδ + 2δ

0P0
t=s+1 xtut s ≤ −1.

The following proposition gives the asymptotic distribution of the breakpoint
estimator for the case of a fixed break. To avoid dependence of the asymptotic
distribution of the estimator on the unknown date of break k0, we need
to ensure shift invariance of the distribution of data by strengthening the
assumption of second order stationarity implicit in Conditions 1-6 to strict
stationarity.

Proposition 3 Assume that Conditions 1-6 hold and that in addition the
process {xt, ut} is strictly stationary. Assume further that (δ0xt)2 ± 2δ0xtut
has a continuous distribution. If the magnitude of break is fixed, δT = δ, then
as T →∞,

k̂ − k0
d→ argmin

s
W0 (s) .

The asymptotic distribution of the breakpoint estimator with break of
fixed size therefore depends not only on the nuisance parameter δ but also
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on the distribution of xt and ut. While the size of jump δ can be consistently
estimated by Proposition 2, the distribution of the data is generally unknown.
Unless the joint distribution of data is estimated, inference about the time of
break cannot be based on the distribution of the limiting random variable.
The estimation of the distribution of data is beyond the scope of this paper.
It is worth noting that the distribution of location estimator k̂ is discrete.

Therefore even when the distribution of argminW0 is known, tests of hy-
potheses about the time of break cannot be performed at an arbitrary level
of significance. In this situation, hypothesis testing can be approached in two
ways. One possibility is to carry out tests at the significance levels given by
the quantiles of the limiting discrete variable. Alternatively, given a nominal
level of confidence, conservative tests can be constructed by taking the next
higher quantile. The latter approach has been adopted for example by Bai
(1997a) and Antoch and Hušková (1999).
The problem of dependence of the asymptotic distribution of the break-

point estimator on the joint distribution of data can be overcome if we are
willing to modify assumptions on the size of the break. Consider the case of
a diminishing magnitude of break. Define the process W as

W (ρ) =

(
W1 (ρ) +

|ρ|
2

ρ ≥ 0
W2 (−ρ) + |ρ|

2
ρ < 0

where W1, W2 are independent standard Brownian motion processes defined
on [0,∞).
Proposition 4 Assume that Conditions 1-6 hold and that δT → 0 and
T kδTk2 → ∞. Let Σ̂ and Ω̂ be consistent estimators of Σ and Ω. Then
as T →∞, ³

δ̂
0
Σ̂δ̂
´2

δ̂
0
Ω̂δ̂

³
k̂ − k0

´
d→ argmin

ρ∈R
W (ρ) .

An example of consistent estimator of Σ is

Σ̂ =
1

T

TX
t=1

xtx
0
t, (7)

whose consistency follows fromConditions 1 and 2. Let Iuv (λj) = wu (λj)wv (λj)
be the cross-periodogram matrix of processes ut and vt. A consistent estima-
tor of Ω is

Ω̂ =
4π2

T

T−1X
j=1

Ixx (λj) Iûû (λj) .

Consistency of Ω̂ is asserted by the following proposition.
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Proposition 5 Assume that Conditions 1-6 hold and that T 1/2δT → δ 6= 0
or T 1/2 kδTk→∞. Then as T →∞,

Ω̂
p→ Ω.

The distribution of argminρW (ρ) is not only free of nuisance parame-
ters, but also the explicit form of the distribution function is known, see for
example Yao (1987):

G (x) = 1 +

r
x

2π
e−

x
8 − 1

2
(x+ 5)Φ

µ
−
√
x

2

¶
+
3

2
exΦ

µ
−3
√
x

2

¶
x > 0,

G (x) = 1−G (−x) .
The two-sided critical values at the 0.1, 0.05 and 0.01 significance level are
7.687, 11.033 and 19.767, respectively.
While assuming shrinking size of break leads to a distribution-free as-

ymptotics for the breakpoint estimator, it has also some disadvantages. One
such disadvantage, a loss of information reflected in a loss of power in testing
hypotheses on the time of break, is discussed in the following section.

4 Weak breaks

In the preceding analysis we have assumed that there is a break of a nonzero
magnitude. It is interesting to examine the asymptotic behaviour of the
breakpoint estimator when the researcher erroneously estimates the time of
break when there is in fact no break in the data generating process, that
is when δT = 0. More generally, it is of interest to study the statistical
properties of the breakpoint estimator when only a weak break is present,
that is when the size of the break is nonzero but decreasing fast with T so
that T kδTk2 = O (1).
For τ ∈ (0, 1), define

G (τ) =
1

(τ (1− τ))
1
2

Σ−
1
2Ω

1
2 (B (τ)− τB (1)) +

m (τ)

(τ (1− τ))
1
2

Σ
1
2 δ

where for δ 6= 0 the function m is defined as

m (τ) =

½
τ (1− τ 0) τ ≤ τ 0,
τ 0 (1− τ) τ ≥ τ 0.

When δ = 0, the function m can be left undefined. Further, define

L = argmax
τ∈Λ

G (τ)0G (τ) .
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By the definition of Λ, the random variable L takes values in a subset of
(0, 1). The following proposition describes the asymptotic distribution of the
breakpoint estimator under a weak break.

Proposition 6 Assume that Conditions 1-6 hold and that T 1/2δT → δ where
0 ≤ kδk <∞. Then, as T →∞,

τ̂ =
k̂

T
d→ L.

Proposition 6 implies that the estimator τ̂ of the relative time of break
τ is not consistent when the break is weak. Moreover, since for the cases
of both δT = 0 and T kδTk2 → 0 the limit δ is equal to zero, Proposition 6
indicates that the presence of a break shrinking to zero faster than T 1/2 is
asymptotically equivalent to the absence of the break.
The asymptotic properties of the slope coefficient estimators β̂ and δ̂

under weak breaks are given in the following proposition.

Proposition 7 Assume that Conditions 1-6 hold and that T 1/2δT → δ where
0 ≤ kδk <∞. Then as T →∞,

√
T

µ
β̂ − β

δ̂ − δT

¶
d→ 1

L (1− L)

µ
Σ−1Ω

1
2 (LB (1)− LB (L))

Σ−1Ω
1
2 (B (1)− LB (1))

¶
+

1

L (1− L)

µ
L (τ 0 − L) I (L < τ 0)
(τ 0 − L) (I (τ 0 ≤ L)− L)

¶
⊗ δ.

The random variable B (L) has a mixed normal distribution where the
mixing variable is L in the sense that for any real p-vector b, the cumulative
distribution function P (B (L) ≤ b) is given by

R
l∈ΛΦ

³
b/
√
l
´
dFL (l) where

Φ is the distribution function of a p-dimensional standard normal variable,
FL is the distribution function of L and where the inequality B (L) ≤ b is to
be taken componentwise.
Proposition 7 together with Proposition 2 imply that β̂ remains a

√
T -

consistent estimator of β for the whole range of assumptions on the size
of the breaks, from breaks of size zero to breaks of a fixed size. Similarly,
δ̂ = δT +Op

¡
T−1/2

¢
under a break of any size.

While the rate of convergence of the slope coefficient estimators under a
fixed or shrinking break continuous to hold under a weak break, the asymp-
totic normality does not. The asymptotic distribution of the slope estimators
reflects the fact that the estimation is attempted in the situation where the
point of break is not well identified.
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The results up to this point imply that the location of the break can be
estimated only when the magnitude of break diminishes faster than T 1/2. A
related question is when the break is detectable, that is what is the range
of alternatives against which tests of the null of no break have nontrivial
power. The tests may be based on continuous functionals of the sum of
squares ST (k). As it transpires in the proof of Proposition 4 in Section 9, if
T 1/2δT → δ,

y0Mι,Xy − ST ([τT ]) =⇒ G (τ)0G (τ) .

Therefore it can be seen that while tests based on continuous functionals of
ST ([τT ]) have nontrivial power against the alternatives with T 1/2δT → δ 6= 0,
the test have no power against the alternatives with δT = op

¡
T−1/2

¢
since

the limiting distribution is identical for cases δT = 0 under the null and
T 1/2δT → 0 under the alternative.
In sum, the analysis of the asymptotic properties of the breakpoint es-

timator under a range of assumption on the size of break shows that while
breaks with T kδTk2 → ∞ can be detected and their location can be esti-
mated, breaks with T kδTk2 → C are detectable but there location is not
estimable, and breaks with T kδTk2 → 0 cannot be detected.

5 Hypothesis testing

The results of the previous sections allow us to make inference about the
date of break. The null hypothesis of interest is

H0: k0 = kH

where k0 is the true value of the break date and kH denotes the hypothesized
time of change.
When the size of breaks is assumed fixed, Proposition 3 gives the limiting

distribution of k̂−k0 under the null hypothesis. The test of the null hypothe-
ses can be based on the test statistic ZT = k̂ − kH . Under the alternative
hypothesis

H1 : k0 = kH +∆ (8)

where ∆ 6= 0 is a constant, we have

ZT
d→ k0 − kH + argmin

s
W0 (s) .

Since k0 − kH 6= 0 and argminsW0 (s) = Op (1), the test based on ZT has
asymptotical local power against the alternative hypothesis (8). However,
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since the asymptotic distribution of ZT under both null and alternative hy-
potheses depends on the underlying joint distribution of xt, ut, the critical
values for the test are in general not available.
Under the assumption that the size of break is shrinking with δT → 0

and T kδTk2 → ∞, Proposition 4 indicates that the limiting distribution of
k̂ − k0 normalized by bv2T = ³bδ0bΣbδ´2 /bδ0bΩbδ is invariant to the underlying dis-
tribution of data. This suggests to use ZT = bv2T ³k̂ − kH

´
as a test statistic.

Proposition 4 then gives the asymptotic distribution of ZT under the null.
Under the alternative hypothesis (8),

ZT = bv2T ³k̂ − k0
´
+∆bv2T d→ argmin

ρ
W (ρ) .

The test based on ZT has therefore asymptotically no power against the
alternative that k0 = kH +∆.
If we consider a sequence of local hypotheses in the form of

H1: k0 = kH +∆T , (9)

the test has asymptotic local power against such alternatives if ∆−1T =
O
¡kδTk2¢. When ∆−1T = o

¡kδTk2¢, the test is consistent, or has a global
power, against the alternative hypothesis (9). For example, if we consider an
alternative hypothesis to be H1: k0 = kH + T ·∆, which corresponds to the
alternative fixed in terms of the relative time of the break, H1: τ 0 = τH +∆,
the test has global power since ∆−1T = T−1∆−1 = o

¡||δT ||2¢.
6 Bootstrap under shrinking break

The results of the preceding sections suggest that if the magnitude of change
is too small, the changepoint cannot be identified. On the other hand, if the
size of break is large, δT = δ, the relative time of break can be estimated
T -consistently but its asymptotic distribution is intractable for the purposes
of hypothesis testing. The only circumstance when a consistent breakpoint
estimator with distribution-free asymptotic properties is available is the case
of a break whose magnitude is diminishing but more slowly than the square
root of the sample size. In this instance, tests of hypotheses about the
time of break can be based on the asymptotic distribution of the breakpoint
estimator.
However, it is known that the finite sample distribution of a statistic may

not be well approximated by its asymptotic distribution when the sample
size is small. The purpose of this section is to propose a bootstrap procedure
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that approximates the asymptotic distribution of the breakpoint estimator
and that may improve on the performance of the asymptotic distribution in
small samples.
Since the independence assumption does not hold for time series, the

basic bootstrap procedure of Efron (1979) cannot be employed without a
modification. There exists a vast literature on bootstrapping time series.
The methods of tackling the dependence of data may be broadly categorized
as parametric or nonparametric. Parametric methods have been examined
by Efron and Tibshirani (1993) among others. Examples of nonparametric
bootstrap procedures can be found in articles of Carlstein (1986), Künsch
(1989), Politis and Romano (1992) or Bühlmann (1997, 1998).
Bootstrap methods that resample from data transformed into the fre-

quency domain can also be subsumed under the heading of nonparamet-
ric methods. Among these methods, mention can be made of the work of
Franke and Härdle (1992), Dahlhaus and Janas (1996), Paparoditis and Poli-
tis (2000) and Hidalgo (2003). However, only the approach of Hidalgo (2003)
has been shown to be valid for strongly dependent data. The method of Hi-
dalgo (2003) has an added advantage that it does not require a user-chosen
parameter such as the block length in the block bootstrap of Carlstein (1996)
or a lag length in the sieve bootstrap of Bühlmann (1997, 1998).
To approximate the distribution of the breakpoint estimator, we propose

to use a method similar to that employed by Hidalgo (2003) and Lazarová
(2004). The procedure consists of the following steps.

Step 1 Compute the least squares estimate k̂ = argmink∈Λ·T ST (k) in equa-
tion (3). Compute the least squares estimates β̂ = β̂k̂ and δ̂ = δ̂k̂ and
the least squares residuals

ût = yt − β̂
0
xt − δ̂

0
ẑt, t = 1, . . . , T,

where ẑt = xtI
³
t ≤ k̂

´
.

Step 2 Compute

wû (λj) =
1√
2πT

TX
t=1

ûte
itλj , j = 1, . . . , [T/2] ,

and

w̃û(λj) =
wû (λj)− 1

[T/2]

P[T/2]
k=1 wû (λk)µ

1
[T/2]

P[T/2]
j=1

¯̄̄
wû (λj)− 1

[T/2]

P[T/2]
k=1 wû (λk)

¯̄̄2¶1
2

.
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Step 3 Draw a random sample η∗1, . . . , η
∗
[T/2] from the distribution P

∗ ¡η∗j = w̃û(λk)
¢

= 1
[T/2]

for k = 1, . . . , [T/2], define η∗j = η∗T−j for 1 ≤ j < T/2 and gen-
erate a bootstrap sample

w∗y (λj) = β̂wx (λj) + δ̂wẑ (λj) + wû (λj) η
∗
j , j = 1, . . . , T − 1,

where {wẑ (λj) , 1 ≤ j ≤ T} is the discrete Fourier transform of the se-
quence {ẑt, 1 ≤ t ≤ T}. In matrix notation,

Fy∗ = FXβ̂ + FZk̂δ̂ +HFû

where H = diag
¡
η∗1, . . . , η

∗
T−1
¢
.

Step 4 Let β̂
∗
k and δ̂

∗
k be the least squares estimators of the slope coefficients

and let û∗ (k) be the vector of residuals from the least squares regression
of Fy∗ on FX and FZk. Let

S∗T (k) = ||û∗ (k)||2 .
Compute the bootstrap estimator k̂∗ of the breakpoint as

k̂∗ = arg min
k∈Λ·T

S∗T (k)

and obtain β̂
∗
= β̂

∗
k̂∗ , δ̂

∗
= δ̂

∗
k̂∗ and û∗ = û∗(k̂∗).

Step 5 Compute the bootstrap test statistic

Z∗T =

³
δ̂
∗0
Σ̂δ̂

∗´2
δ̂
∗0bΩ∗δ̂∗

³
k̂∗ − k̂

´
where Σ̂ is defined in (7) and where bΩ∗ = 4π2

T

PT−1
j=1 Ixx (λj) Iv̂v̂ (λj).

Alternatively, compute a nonpivotal statisticeZ∗T = k̂∗ − k̂.

Before discussing the bootstrap procedure, it is useful to introduce some
notation. Denote P ∗ to be the probability conditional on the σ-algebra
FT ∨ GT . For example, P ∗

³
|k̂∗ − k̂| ≤ x

´
= P

³
|k̂∗ − k̂| ≤ x

¯̄̄
FT ∨ GT

´
.

Similarly, denote E∗, var∗ and cov∗ expectation, variance and covariance con-
ditional on FT ∨ GT , respectively. For a random variable X and a sequence
{XT} of random variables, let the statement

XT
d∗→ X (10)
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be equivalent to the statement

P ∗ (XT ≤ x)
p→ P (X ≤ x) as T →∞

for each x which is a continuity point of F (x) = P (X ≤ x). When the

variable X in (10) is a constant, write XT
p∗→ X. Further, for a stochastic

process Y and a sequence of stochastic processes {YT}, let ”YT p
=⇒ Y ” stand

for the weak convergence in probability as defined by Giné and Zinn (1990).
It is also useful to define stochastic orders of magnitude op∗, Op∗ . Let

{gT} be a sequence of positive finite numbers. We say that XT = Op∗ (gT )
as T →∞ if and only if for every ε > 0 and η > 0 there exist finite M and
T0 such that for all T ≥ T0,

P (P ∗ (|XT | > MgT ) > η) < ε.

We say that XT = op∗ (gT ) as T →∞ if and only if for every η > 0,

P ∗ (|XT | > ηgT ) = op (1) .

It is easy to verify some useful relations for the orders of magnitude op∗ and
Op∗. For example, op∗ (1) ·Op (1) = op∗ (1) or op∗ (1) + op (1) = op∗ (1).
The following proposition demonstrates that the proposed bootstrap pro-

cedure consistently estimates the distribution of slope estimators β̂ and δ̂.

Proposition 8 Assume that Conditions 1-6 hold and that δT → 0 and
T kδTk2 →∞. Then as T →∞,

√
T

Ã
β̂
∗ − β̂

δ̂
∗ − δ̂

!
d∗→ N (0, V )

where V is defined in Proposition 2.

The distribution of the bootstrap test statistic Z∗T defined in Step 5 of the
bootstrap procedure can be used to construct a bootstrap test as an approx-
imation of the asymptotic test based on the asymptotic null distribution of
the test statistic ZT . The approximation is valid if bootstrap distribution es-
timator consistently estimates the null distribution of ZT . Denoting the null
distribution of ZT as P (ZT ≤ x|H0) and taking the Kolmogorov-Smirnov
distance, consistency requires that

sup
x∈R

|P ∗ (Z∗T ≤ x)− P (ZT ≤ x|H0)| p→ 0.
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Under the null, ZT converges in distribution to a continuous distribution
function F , P (ZT ≤ x|H0)→ F (x), therefore it is sufficient to show that

P ∗ (Z∗T ≤ x)
p→ F (x) .

This observation is exploited in the following proposition asserting the con-
sistency of bootstrap.

Proposition 9 Assume that Conditions 1-6 hold and that δT → 0 and
T kδTk2 →∞. Then, as T →∞,

Z∗T =

³
δ̂
∗0
Σ̂δ̂

∗´2
δ̂
∗0
Ω̂∗δ̂

∗
³
k̂∗ − k̂

´
d∗→ argmin

ρ
W (ρ) .

Given the consistency of the bootstrap procedure, a bootstrap test can
be constructed to approximate the asymptotic test. The asymptotic α-level
critical region Cα based on the asymptotic null distribution, P (ZT ∈ Cα) =
α, is replaced by a critical region C∗α based on the bootstrap distribution
where C∗α satisfies P

∗ (Z∗T ∈ Cα∗) = α. Proposition 9 guarantees that the
bootstrap test has asymptotically correct size.

7 Finite sample properties

In this section we assess the performance of the proposed tests in samples
of small and moderate size via a small Monte Carlo experiment. Beside the
overall assessment of the tests, we are particularly interested in the compar-
ison between bootstrap and asymptotic tests.
The data for the regressor xt and error term ut in model (1) are generated

as scalar ARFIMA(0, d, 0) processes where d is the long memory parameter
and where the innovations are normally distributed with zero mean and unit
variance. Values of 0, 0.2 and 0.4 for dx and du are considered in admissible
combinations such that 0 ≤ dx + du < 1/2. Samples of size T = 64, 128, 256
and 512 are generated by the algorithm of Davis and Harte (1987). Each
sample is normalized to have the standard deviation equal to one. Number
of Monte Carlo replications in each experiment is 5000. For bootstrap tests,
the number of bootstrap replication is 800.
The break in the model is located in the middle of the sample, τ 0 = 1/2.

The size of the break is set to δT = δ0T
−1/4, where the shrinking rate T−α

is chosen such that α = 1/4 is the midpoint of the interval (0, 1/2). The
parameter δ0 is equal to 2 so that for T = 64, 128, 256 and 512 the size
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of the break is 0.84, 0.71, 0.60, 0.50, respectively. The value of the slope
coefficient is β = 0.
We examine performance of three tests: Two bootstrap tests, of which

one is based on the distribution of a nonpivotal bootstrap test statistic
k̂∗ − k̂ and the other on the distribution of a pivotal bootstrap test sta-

tistic
³
δ̂
∗0
Σ̂δ̂

∗´2
/
³
δ̂
∗0
Ω̂∗δ̂

∗´³
k̂∗ − k̂

´
, and an asymptotic test based on the

limiting distribution of the test statistic
³
δ̂
0
Σ̂δ̂
´2

/
³
δ̂
0
Ω̂δ̂
´³

k̂ − k0
´
under

the null hypothesis that kH = k0. Nominal significance levels of 10%, 5%
and 1% are considered. The two-sided critical values for the asymptotic test
are 7.687 at the 10% level, 11.033 at the 5% level and 19.767 at the 1% level
of significance.
Table 1 reports the size of the three tests under the null hypothesis kH =

k0. The size of all three tests converges very slowly to the nominal values of
10%, 5% and 1%. Both bootstrap tests approximate the asymptotic test well.
The pivotal bootstrap test improves on the performance on the asymptotic
test at all sample sizes, and the improvement seems to be more pronounced
for higher sample sizes. This indicates that even in relatively large samples
it may be beneficial to carry out the bootstrap rather than the asymptotic
version of the testing procedure.
The nonpivotal bootstrap test does not fare as well as the pivotal test.

This is to be expected, but even the nonpivotal test slightly outperforms the
asymptotic test when the sample size is 512.
To examine the power of the tests, we select τ 0 = 5/8. This is an alterna-

tive which is fixed in terms of the percentage location of the break, therefore
the tests under shrinking breaks have global power, that is the rejection rates
of all tests under this alternative should converge to one as the sample size
increases. Power of the tests is given in Table 2.
The rejection rates under the alternative mirror the behaviour of the

rejection rates under the null in that the convergence to 100% rate is very
slow. Moreover, the convergence is non-monotonic. The rejection rates of
the asymptotic test are slightly higher than those of the bootstrap tests. It
is however worth noting that the critical values of the tests are not size-
adjusted, therefore we cannot conclude that the asymptotic test is more
powerful against the chosen alternative.
The results of the simulation exercise suggest that the bootstrap tests

offer a good approximation of the asymptotic test. The bootstrap tests, and
in particular the pivotal test, can improve on the asymptotic test. Whether
the improvement achieved by carrying out the bootstrap test justifies the
cost of running the bootstrap will depend on the particular circumstances in
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which the test is carried out.

8 Conclusions

In this paper, statistical properties of estimators of location of a structural
change are examined in the context of a linear regression under mild condi-
tions on regressors and errors. These conditions avoid the need for specifying
the type of mixing conditions that are frequently used in the literature, and
include data which display long-memory behaviour.
Results of our analysis show that the range of assumptions on the size of

the break can be divided into five cases: Break of fixed size, of size shrinking
at a rate smaller, equal or bigger than the square root of the sample size,
and of zero size.
Under a fixed break, the asymptotic distribution of the breakpoint esti-

mator has the smallest relative order of variance but the distribution is not
amenable to hypothesis testing. A tractable asymptotic distribution is ob-
tained only if the magnitude of change is assumed to be shrinking but more
slowly than the square root of the sample size. In that case, the asymptotic
distribution function is free of nuisance parameters and is explicitly known.
When the size of the break is shrinking faster than the square root of the
sample size, or when there is no break in the data generating process, the
question of estimating the location of the break becomes vacuous because in
this circumstance the break is not detectable. In the borderline case of the
size of break decreasing with exactly the square root of the sample size, the
break can be detected but there is insufficient information for estimating its
location.
The asymptotic properties of estimators of the slope coefficients also de-

pend on the assumption on the size of break. Slope estimators are asymptot-
ically normal with identical covariance matrix under fixed as well as slowly
shrinking breaks but the distribution is nonstandard for weak breaks.
In addition to the thorough examination of the asymptotic properties of

estimators, the paper proposes a bootstrap approximation of the asymptotic
test procedure under the standard assumption of shrinking breaks. A Monte
Carlo experiment indicates that the bootstrap procedure improves on the
performance of asymptotic test when the sample is of small or moderate size.
There are several natural directions in which the findings of this article

might be generalized. First, it is desirable to devise a method of estimating
location of more than one break for both known and unknown number of
breaks. Some methods of locating multiple breaks have been suggested by
Bai (1997b), Bai and Perron (1998) or Altissimo and Corradi (2003). Second,
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Nonpivotal Pivotal Asymptotic
bootstrap test bootstrap test test

dx du 10% 5% 1% 10% 5% 1% 10% 5% 1%
T=64
0 0 35.3 30.3 26.1 26.8 19.4 12.1 29.5 21.2 12.3
0.2 0 35.8 31.0 26.7 27.4 19.9 12.7 30.3 22.0 12.7
0 0.2 35.1 30.0 25.7 26.6 19.5 12.1 28.8 20.8 11.8
0.2 0.2 37.1 32.1 28.1 28.5 21.2 13.3 28.9 21.7 12.5
0.4 0 37.1 32.0 28.1 29.1 21.6 14.3 32.4 24.3 14.2
0 0.4 37.6 32.5 28.0 29.3 22.3 14.6 30.1 22.5 13.7
T=128
0 0 25.5 20.6 16.4 19.2 13.3 7.4 23.8 16.7 8.9
0.2 0 25.6 20.6 16.7 19.3 13.4 7.1 24.6 17.0 8.9
0 0.2 25.4 20.3 16.3 19.4 12.8 7.4 23.6 16.5 8.8
0.2 0.2 28.6 23.3 19.5 21.0 14.2 8.1 24.7 17.5 9.2
0.4 0 28.2 22.9 18.7 22.2 15.2 8.7 28.2 20.1 10.4
0 0.4 27.0 21.3 17.3 21.1 14.2 8.9 24.5 17.5 9.9
T=256
0 0 18.6 12.8 8.5 14.1 8.5 3.8 20.2 13.0 5.9
0.2 0 18.7 13.1 9.2 14.7 8.7 4.2 20.4 13.7 6.2
0 0.2 18.8 13.4 9.2 15.0 9.0 4.1 20.3 13.5 6.2
0.2 0.2 20.9 16.3 12.1 16.9 10.7 5.5 21.9 14.8 7.0
0.4 0 20.7 15.1 10.8 17.2 11.0 5.2 23.9 16.5 7.7
0 0.4 20.4 14.8 10.3 16.7 10.2 4.9 21.2 14.5 7.0
T=512
0 0 15.3 9.7 4.9 12.6 6.9 2.2 17.8 10.9 4.1
0.2 0 15.5 9.8 5.2 13.2 7.2 2.5 18.1 11.4 4.6
0 0.2 14.8 9.4 5.1 12.6 6.8 2.5 17.8 11.0 4.6
0.2 0.2 16.9 11.7 7.6 13.6 7.9 3.5 18.8 12.0 5.6
0.4 0 17.2 11.2 6.1 15.3 9.1 3.4 20.7 13.6 5.8
0 0.4 16.3 10.3 5.3 13.6 7.8 2.7 18.1 11.4 4.9

Table 1: Size of the bootstrap and asymptotic tests
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Nonpivotal Pivotal Asymptotic
bootstrap test bootstrap test test

dx du 10% 5% 1% 10% 5% 1% 10% 5% 1%
T=64
0 0 48.3 39.2 31.4 36.7 25.6 14.7 43.8 30.3 14.4
0.2 0 48.6 39.5 31.8 37.0 26.0 14.7 45.3 31.6 14.9
0 0.2 48.8 39.8 32.2 36.6 25.8 14.8 44.2 30.5 15.4
0.2 0.2 49.5 41.0 33.9 37.6 27.0 16.2 42.8 29.8 15.4
0.4 0 49.9 42.0 34.2 39.6 28.6 16.6 48.2 34.6 17.8
0 0.4 51.5 42.5 34.5 39.8 28.9 17.6 47.0 32.8 17.5
T=128
0 0 47.9 35.2 24.3 37.1 22.5 10.3 52.0 34.7 13.9
0.2 0 47.7 35.0 24.3 36.6 22.9 10.4 52.5 35.1 14.5
0 0.2 48.0 34.9 24.2 36.7 22.3 10.4 51.6 34.4 14.0
0.2 0.2 46.9 35.3 26.5 35.6 23.2 12.1 47.7 31.6 13.8
0.4 0 47.3 35.5 25.9 37.7 24.9 12.4 54.3 37.9 17.1
0 0.4 49.5 36.4 25.7 37.9 24.4 12.0 52.3 35.7 15.4
T=256
0 0 52.6 34.9 18.3 41.7 24.4 8.3 63.9 43.0 14.6
0.2 0 52.9 36.2 18.6 42.6 25.6 8.9 64.5 44.1 15.5
0 0.2 52.7 36.2 17.7 42.6 25.0 8.2 63.1 43.0 14.2
0.2 0.2 50.1 34.3 20.3 38.6 23.2 9.3 56.2 37.1 13.2
0.4 0 52.3 36.3 20.0 44.0 27.6 10.8 65.3 47.5 18.6
0 0.4 55.1 38.2 19.0 44.8 26.5 9.1 64.0 44.7 15.6
T=512
0 0 67.6 47.2 18.5 57.7 36.0 9.5 78.7 60.9 21.3
0.2 0 67.2 46.7 18.6 58.0 36.0 10.3 78.8 61.4 22.0
0 0.2 68.5 47.5 19.4 59.7 36.4 10.1 79.5 61.8 22.2
0.2 0.2 59.7 40.5 18.3 48.5 29.0 8.6 68.6 49.2 16.7
0.4 0 65.3 46.0 20.1 57.7 38.4 13.3 79.5 62.8 25.7
0 0.4 70.2 49.9 19.1 61.2 38.4 10.6 79.7 62.7 24.0

Table 2: Power of the bootstrap and asymptotic tests
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to broaden the applicability of our method, the restriction on the collective
memory of regressors and errors needs to be relaxed to allow for greater col-
lective range of memory. A natural direction here is to employ the weighted
least square estimator of Robinson and Hidalgo (1997) or generalized least
squares estimators of Hidalgo and Robinson (2002). Finally, for the case of a
fixed magnitude of break, it may be of interest to find a method of estimating
the distribution of the breakpoint estimator when the underlying distribution
of data is unknown in order that confidence intervals could be given for the
time of break. These topics are left for possible future research.

9 Proofs of Propositions

This section contains the proofs of the results in the main body of text.
Throughout this section, it is assumed that Conditions 1-6 hold.
Let N (K) =

©
k: |k − k0| ≤ K ||δT ||−2

ª
and N c (K) = Λ · T − N (K).

For integers l,m define

Z∆(l,m) = (Zm − Zl) sgn (m− l)

and denote Z∆ = Z∆(k0,k). Let ιk = (1, . . . 1, 0, . . . , 0)
0 be a T -vector with the

first k elements equal to 1 and the remaining elements equal to 0, so that
ι = ιT . Denote ι0 = ιk0 and ι∆ = (ιk − ι0) sgn (k − k0). Further, define

QT (k) = δ0TZ
0
0Mι,X,ZkZ0δT

and
RT (k) = 2δ

0
TZ

0
0Mι,X,Zku+ u0(Mι,X,Zk −Mι,X,Z0)u

so that
ST (k)− ST (k0) = QT (k) +RT (k) . (11)

For a generic function f , we abbreviate f (λj) by fj.
Proof of Proposition 1. For any λ > 0,

P
³¯̄̄
k̂ − k0

¯̄̄
> K ||δT ||−2

´
≤ P

µ
inf

Nc(K)
ST (k) ≤ ST (k0)

¶

≤ P

µ
inf

Nc(K)

QT (k)

|k − k0| ≤ λ ||δT ||2
¶
+ P

Ã
sup
Nc(K)

¯̄̄̄
RT (k)

k − k0

¯̄̄̄
≥ λ ||δT ||2

!
. (12)

Lemma 4 implies that λ can be chosen such that the first term on the right
of (12) is smaller than ε/2 for large K. We now show that the second term
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on the right of (12) is smaller than ε/2 for large K. To that end, write

RT (k) = −2δ0TZ 0∆Mιu sgn (k − k0)

+2δ0TZ
0
∆MιWk (W

0
kMιWk)

−1
W 0

kMιu sgn (k − k0)

+u0 (Mι,X,Zk −Mι,X,Z0)u. (13)

The contribution of the first term of (13) to (12) is

P

Ã
sup
Nc(K)

¯̄̄̄
2δ0TZ

0
∆Mιu

k − k0

¯̄̄̄
≥ λ

3
kδTk2

!
≤ P

Ã
sup
Nc(K)

°°°°Z 0∆Mιu

k − k0

°°°° ≥ λ

6
kδTk

!
,

which is bounded by

C

λ2 ||δT ||2
1

K ||δT ||−2
=

C

λ2K
<

ε

6

for large K by Lemma 5. Regarding the second term of (13),
supNc(K) kZ 0∆MιWk/ (k − k0)k = Op (1), (W 0

kMιWk)
−1 = Op (T

−1) andW 0
kMιu =

Op

³
T

1
2

´
uniformly on Λ·T by Lemma 2, and T−1/2 kδTk = o

¡kδTk2¢. There-
fore the contribution of this term to (12) is bounded by ε/6 for large K and
T . The contribution of the third term of (13) to (12) is bounded by

P

Ã
sup
Nc(K)

°°°°u0 (Mι,X,Zk −Mι,X,Z0) u

k − k0

°°°° ≥ λ

3
kδTk2

!

≤ P

µ
sup
k∈Λ·T

ku0 (Mι,X,Zk −Mι,X,Z0)uk ≥
λK

3

¶
≤ ε

6

for largeK by Lemma 3. This concludes the proof that for largeK the second
term on the right of (12) is bounded by ε/2. The proposition is proved.
Proof of Proposition 2. (a) Denote W0 = (X,Z0). We have

√
T

µ
β̂k0 − β

δ̂k0 − δT

¶
=

µ
1

T
W 0
0MιW0

¶−1
1√
T
W 0
0Mιu.

By Lemma 2,
1

T
W 0
0MιW0

p→
µ
1 τ 0
τ 0 τ 0

¶
⊗ Σ

and
1√
T
W 0
0Mιu

d→
µ

Ω
1
2B (1)

Ω
1
2B (τ 0)

¶
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where B is a p-vector of independent standard Brownian motion processes on

[0, 1]. Therefore the asymptotic distribution of
√
T

µ³
β̂k0 − β

´0
,
³
δ̂k0 − δT

´0¶0
is normal with zero mean and variance V .
(b) We have

√
T

µ
β̂ − β

δ̂ − δT

¶
=

µ
1

T
W 0

k̂
MιWk̂

¶−1µ
1√
T
W 0

k̂
Mιu+

1√
T
W 0

k̂
Mι (Z0 − Zk̂) δT

¶
.

Write

Z 0
k̂
MιZk̂ = Z 00MιZ0 + (Zk̂ − Z0)

0Mι (Zk̂ − Z0)

+ (Zk̂ − Z0)
0MιZ0 + Z 00Mι (Zk̂ − Z0)

and
Z 0
k̂
MιX = (Zk̂ − Z0)

0MιX + Z 00MιX

For any M > 0,

P
¡°°(Zk̂ − Z0)

0Mι (Zk̂ − Z0)
°° > M ||δT ||−2

¢
≤ P

Ã
2 sup
N(K)

sup
1≤l≤T

kZ 0∆MιZlk > M ||δT ||−2
!
+ P

³¯̄̄
k̂ − k0

¯̄̄
> K ||δT ||−2

´
.

By Proposition 1, the second term on the right side of the last displayed
inequality is bounded by ε/2 for large K. The first term on the right of the
this inequality is bounded by ε/2 for large M by Lemma 2. It follows that
(Zk̂ − Z0)

0Mι (Zk̂ − Z0) = Op

¡||δT ||−2¢. In a similar way, (Zk̂ − Z0)
0MιZ0

and (Zk̂ − Z0)
0MιX are Op

¡||δT ||−2¢. Therefore
1

T
W 0

k̂
MιWk̂ =

1

T
W 0
0MιW0 +Op

¡
T−1 ||δT ||−2

¢
=
1

T
W 0
0MιW0 + op (1)

and by Lemma 2,µ
1

T
W 0

k̂
MιWk̂

¶−1
p→
µ
1 τ 0
τ 0 τ 0

¶−1
⊗ Σ−1. (14)

By the same arguments,

1√
T
W 0

k̂
Mι (Z0 − Zk̂) δT = Op

¡
T−1/2 ||δT ||−2 ||δT ||

¢
= op (1) .

The term T−1/2W 0
k̂
Mιu can be written as

1√
T
W 0

k̂
Mιu =

1√
T
W 0
0Mιu+

1√
T
(Wk̂ −W0)

0Mιu (15)
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where (Wk̂ −W0)
0Mιu = (0

0, ((Zk̂ − Z0)
0Mιu)

0)0. For any any M > 0,

P
¡°°(Zk̂ − Z0)

0Mιu
°° > M ||δT ||−1

¢
≤ P

Ã
sup
N(K)

kZ 0∆Mιuk > M ||δT ||−1
!
+ P

³¯̄̄
k̂ − k0

¯̄̄
> K ||δT ||−2

´
The terms on the right of the last display are bounded by ε/2 for largeM and
K by Lemma 2 and Proposition 1, respectively. Therefore T−1/2 (Zk̂ − Z0)

0Mιu

is Op

¡
T−1/2 ||δT ||−1

¢
= op (1) and by (15) and Lemma 2,

1√
T
W 0

k̂
Mιu

d→
µ

Ω
1
2B (1)

Ω
1
2B (τ 0)

¶
.

Summarising,

√
T

µ
β̂ − β

δ̂ − δT

¶
d→
Ãµ

1 τ 0
τ 0 τ 0

¶−1
⊗ Σ−1

!µ
Ω

1
2B (1)

Ω
1
2B (τ 0)

¶
∼ N

µ
0,

1

τ 0 (1− τ 0)

µ
τ 0 −τ 0
−τ 0 1

¶
⊗ Σ−1ΩΣ−1

¶
as maintained by the proposition.
Proof of Proposition 3. Let k̃ = argminN(K) ST (k), m̂ = argminmW0 (m)

and m̃ = argmin|m|≤K W0 (m). For any K > 0 and for any integer j,

P
³
k̂ − k0 = j

´
= P

³
k̂ − k0 = j,

¯̄̄
k̂ − k0

¯̄̄
≤ K

´
+P

³
k̂ − k0 = j,

¯̄̄
k̂ − k0

¯̄̄
> K

´
.

(16)

Since the event
n¯̄̄
k̂ − k0

¯̄̄
≤ K

o
is equivalent to the event

n
k̂ = k̃

o
, the first

term on the right of (16) is equal to

P
³
k̃ − k0 = j

´
P
³¯̄̄
k̂ − k0

¯̄̄
≤ K

´
.

By similar arguments P (m̂ = j) = P (m̃ = j)P (|m̂| ≤ K)+P (m̂ = j, |m̂| > K).
Therefore¯̄̄
P
³
k̂ − k0 = j

´
− P (m̂ = j)

¯̄̄
≤

¯̄̄
P
³
k̃ − k0 = j

´
− P (m̃ = j)

¯̄̄
+2P

³¯̄̄
k̂ − k0

¯̄̄
> K

´
+ 2P (|m̂| > K) . (17)

Since Z 0∆MιZ∆ = Z 0∆Z∆ + op (1) and Z 0∆Mιu = Z 0∆u + op (1) uniformly on
N (K), Lemma 6 implies that

ST (k)− ST (k0) = δ0Z 0∆Z∆δ − 2δ0Z 0∆u sgn (k − k0) + op (1)

28



uniformly on N (K). It follows from the continuous mapping theorem that
for any K > 0,

k̃ = arg min
N(K)

(ST (k)− ST (k0))
d→ arg min

N(K)
(δ0Z 0∆Z∆δ − 2δ0Z 0∆u sgn (k − k0))

which has the same distribution as argmin|m|≤K W0 (m) under strict station-
arity. The first term of (17) is therefore equal to 0 when |j| > K by definition
and smaller than ε/3 for large T when |j| ≤ K. The second term of (17) is
smaller than ε/3 for large K by Proposition 1. Since by Conditions 1 and
2, W0 (m)

p→ ∞ for |m| → ∞, we have that m̂ = Op (1) and that the third
term of (17) is smaller than ε/3 for large K. It follows that for each j,

P
³
k̂ − k0 = j

´
− P (m̂ = j)→ 0.

Proof of the Proposition 4. Let v2T = (δ0TΣδT )
2
/δ0TΩδT . For any

K > 0 and for any real x,

P
³
v2T

³
k̂ − k0

´
≤ x

´
= P

³
k̂ − k0 ≤ xv−2T ,

¯̄̄
k̂ − k0

¯̄̄
≤ Kv−2T

´
+P

³
k̂ − k0 ≤ xv−2T ,

¯̄̄
k̂ − k0

¯̄̄
> Kv−2T

´
where v2T has been defined in Lemma 7. Let k̃ = argmin|k−k0|≤Kv−2T

ST (k),
ρ̂ = argminρ∈RW (ρ) and ρ̃ = argminρ∈[−K,K]W (ρ). Reasoning as in the
proof of Proposition 3, we obtain¯̄̄
P
³
v2T

³
k̂ − k0

´
≤ x

´
− P (ρ̂ ≤ x)

¯̄̄
≤
¯̄̄
P
³
v2T

³
k̃ − k0

´
≤ x

´
− P (ρ̃ ≤ x)

¯̄̄
+2P

³¯̄̄
k̂ − k0

¯̄̄
> Kv−2T

´
+ 2P (|ρ̂| > K) . (18)

Since v2T

³
k̃ − k0

´
= argmin|ρ|≤[Kv−2T ]/v

−2
T
ST
¡
k0 + ρv−2T

¢
, Lemma 7 implies

that v2T
³
k̃ − k0

´
d→ argmin|ρ|≤K W (ρ). Therefore the first term of (18) is

bounded by ε/3 for large T . Since k̂ − k0 = Op

¡||δT ||−2¢, v−2T = O
¡||δT ||−2¢

and since the properties of the Brownian motion with drift imply that ρ̂ =
Op (1), the last two terms of (18) are smaller than ε/3 for large K and T .
Inequality (18) then implies that

(δ0TΣδT )
2

δ0TΩδT

³
k̂ − k0

´
d→ argmin

ρ
W (ρ) . (19)

Since Σ̂, Ω̂ are consistent estimators of Σ, Ω and since δ̂ = δT +Op

³
T−

1
2

´
,

convergence in (19) remains valid with the quantities δT , Σ and Ω replaced
by their estimators δ̂, Σ̂ and Ω̂.

29



Proof of Proposition 5. Assume for simplicity that {xt} is a scalar
process. By Theorem 1 of Robinson (1998),

4π2

T

T−1X
j=1

Ixx,jIuu,j
p→ Ω. (20)

It is therefore sufficient to prove that

1

T

T−1X
j=1

Ixx,j (Iûû,j − Iuu,j)
p→ 0. (21)

Using the fact that Iûû,j − Iuu,j = |wû,j − wu,j|2 − 2Re (wû,j − wu,j)wu,j, we
obtain that the left side of (21) is bounded on absolute value by

1

T

T−1X
j=1

|wx,j|2 |wû,j − wu,j|2 + 2

T

T−1X
j=1

|wx,j|2 |wû,j − wu,j| |wu,j| . (22)

From (5) and (6) and the definition of û,

wû,j − wu,j = wx,j

³
β − β̂

´
+
¡
wz0,j − wzk̂,j

¢
δT + wzk̂,j

³
δT − δ̂

´
.

Using the cr-inequality, the first term of (22) can be bounded by

3

T

³
β − β̂

´2 T−1X
j=1

|wx,j|4 + 3

T
δ2T

T−1X
j=1

|wx,j|2
¯̄
wz0,j − wzk̂,j

¯̄2
+
3

T

³
δT − δ̂

´2 T−1X
j=1

|wx,j|2
¯̄
wzk̂,j

¯̄2
. (23)

By Propositions 2 and 7, β − β̂ = Op

¡
T−1/2

¢
, and by Proposition 6 of

Lazarová (2004), T−1
PT−1

j=1 |wx,j|4 = op (T ), therefore the first term of (23)
is op (1). The second term of (23) is bounded by

3

T
δ2T

Ã
T−1X
j=1

|wx,j|4
! 1

2
Ã

T−1X
j=1

¯̄
wz0,j − wzk̂,j

¯̄4! 1
2

by the Schwarz inequality. The expression in the last bracket is bounded by

1

(2πT )2

k0,k̂X
t,s,r,v

|xtxsxrxv|
¯̄̄̄
¯
T−1X
j=1

ei(t−s+r−v)λj
¯̄̄̄
¯

≤ 1

(2πT )2

k0,k̂X
t,s,r,v

|xtxsxrxv| (1 + T I (t− s+ r − v = 0 modT ))
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≤ 1

(2πT )2

k0,k̂X
t

|xt|
4

+
1

(2π)2 T

k0,k̂X
t

|xt|
k0,k̂X
s

|xs|
k0,k̂X

r

|xr|2
k0,k̂X
v

|xt−s+v|2
1

2

where the last inequality follows from the Schwarz inequality. For any K > 0
and M > 0,

P

k0,k̂X
t

|xt| ≥M kδTk−2
 ≤ P

 k0+KkδT k−2X
t=k0−KkδT k−2

|xt| ≥M kδTk−2


+P
³¯̄̄
k̂ − k0

¯̄̄
> K kδTk−2

´
. (24)

By Proposition 1, the second term on the right of (24) is smaller than ε/2 for
large K. By the Markov inequality and by Conditions 1 and 2, the first term
on the right of (24) is bounded by CK/M which is smaller than ε/2 for large

M . Therefore
Pk0,k̂

t |xt| = Op

¡kδTk−2¢. By similar arguments, Pk0,k̂
t |xt|2 is

Op

¡kδTk−2¢. Since
sup

t,s∈N(K)

k0+KkδT k−2X
v=k0−KkδT k−2

|xt−s+v|2 ≤
k0+3KkδT k−2X

v=k0−3KkδT k−2
|xv|2 ,

it follows that the second term of (23) is

Op

¡
T−1 kδTk2

¢
op (T )Op

¡
T−1 kδTk−4 + T−1/2 kδTk−3

¢
= op (1) .

The sum in the third term of (23) is bounded by

T−1X
j=1

|wx,j|2 |wz0,j|2 +
T−1X
j=1

|wx,j|2
¯̄
wz0,j − wzk̂,j

¯̄2
(25)

where the first term is op (T 2) by Proposition 6 of Lazarová (2004) and where
the second term is Op

¡
T−1/2 kδTk−3

¢
by the previous discussion. Noting that

δT− δ̂ = Op

¡
T−1/2

¢
by Propositions 2 and 7, we conclude that the third term

of (23), and hence the first term of (22), is op (1).
The second term of (22) is bounded by

C

Ã
1

T

T−1X
j=1

|wx,j|2 |wû,j − wu,j|2
! 1

2
Ã
1

T

T−1X
j=1

|wx,j|2 |wu,j|2
! 1

2

= op (1)

since the first bracket is op (1) as has been just shown, and where the second
bracket is Op (1) by (20).
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Proof of Proposition 6. Write

k̂

T
=

1

T
arg min

k∈Λ·T
ST (k) = argmin

τ∈Λ
ST ([τT ])

= argmax
τ∈Λ

(y0Mι,Xy − ST ([τT ])) .

The maximand is equal to

y0Mι,Xy − y0Mι,X,Z[τT ]y = y0Mι,XZ[τT ]
¡
Z 0[τT ]Mι,XZ[τT ]

¢−1
Z 0[τT ]Mι,Xy

=

µ√
Tδ0T

1

T
Z 00Mι,XZ[τT ] +

1√
T
u0Mι,XZ[τT ]

¶µ
1

T
Z 0[τT ]Mι,XZ[τT ]

¶−1
×
µ
1

T
Z 0[τT ]Mι,XZ0

√
TδT +

1√
T
Z 0[τT ]Mι,Xu

¶
(26)

where δT may be equal to zero. By Lemma 2,

1

T
Z 00Mι,XZ[τT ] =

1

T
Z 00MιZ[τT ] − 1

T
Z 00MιX

µ
1

T
X 0MιX

¶−1
1

T
X 0MιZ[τT ]

p→ (τ 0 ∧ τ)Σ− τ 0ΣΣ
−1τΣ = m (τ)Σ

uniformly in τ ∈ [0, 1] and similarly 1
T
Z 0[τT ]Mι,XZ[τT ]

p→ τ (1− τ)Σ uniformly
in τ ∈ [0, 1]. Further, by Lemma 2,

1√
T
Z 0[τT ]Mι,Xu =

1√
T
Z 0[τT ]Mιu− 1

T
Z 0[τT ]MιX

µ
1

T
X 0MιX

¶−1
1√
T
X 0Mιu

=⇒ Ω
1
2B (τ)− τΣΣ−1Ω

1
2B (1) = Ω

1
2 (B (τ)− τB (1))

on [0, 1]. Therefore

ST ([τT ])− y0Mι,Xy =⇒ G (τ)0G (τ)

on Λ and the proposition follows from the continuous mapping theorem (see
for example Theorem 3.2.2 of van der Vaart and Wellner (1996)).
Proof of Proposition 7. Define

YT (τ) =
√
T

Ã
β̂[τT ] − β

δ̂[τT ] − δT

!
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and

Y (τ) =
1

τ (1− τ)

µ
Σ−1Ω

1
2 (τB (1)− τB (τ))

Σ−1Ω
1
2 (B (1)− τB (1))

¶
+

1

τ (1− τ)

µ
τ (τ 0 − τ) I (τ < τ 0)
(τ 0 − τ) (I (τ 0 ≤ τ)− τ)

¶
⊗ δ.

We need to show that YT (τ̂)
d→ Y (L). To that end, write

YT (τ) =

µ
1

T
W 0
[τT ]MιW[τT ]

¶−1
×
µ
1√
T
W 0
[τT ]Mιu+

1

T
W 0
[τT ]Mι

¡
Z0 − Z[τT ]

¢√
TδT

¶
. (27)

Expressions y0Mι,Xy− y0Mι,X,Z[τT ]y in (26) and YT (τ) in (27) are continuous
functions of matrices 1√

T
Z 0[τT ]Mιu, 1TZ

0
[τT ]MιZ[τT ], 1TX

0MιZ[τT ] and 1
T
Z 00MιZ[τT ]

on τ ∈ Λ, therefore we need to study the joint convergence ofµ
1√
T
Z 0[τT ]Mιu,

1

T
Z 0[τT ]MιZ[τT ],

1

T
X 0MιZ[τT ],

1

T
Z 00MιZ[τT ]

¶
. (28)

But by Lemma 2, 1
T
Z 0[τT ]MιZ[τT ]

p→ τΣ and 1
T
X 0MιZ[τT ]

p→ τΣ and 1
T
Z 00MιZ[τT ]

p→
(τ 0 ∧ τ)Σ uniformly in τ ∈ [0, 1]. Also by Lemma 2, 1√

T
Z 0[τT ]Mιu =⇒

Ω
1
2B (τ) on [0, 1]. Hence (28) converges weakly to³

Ω
1
2B (τ) , τΣ, τΣ, (τ 0 ∧ τ)Σ

´
because all but the first component converge weakly to constant functions in
the space C [0, 1] of p-vectors of continuous functions on [0, 1]. The continu-
ous mapping theorem, Proposition 6 and the assumption T 1/2δT → δ imply
that

(YT (τ) , τ̂) =⇒ (Y (τ) , L) (29)

on D (Λ)× Λ.
For an arbitrarily small η > 0, choose points τ 0, τ 1, . . . , τ v such that

0 = τ 0 < τ 1 < . . . < τ v = 1 and sup1≤i≤v |τ i − τ i−1| < η. Then for arbitrary
ρ > 0 and any x,

P (YT (τ̂) ≤ x)

≤
vX
i=1

P

Ã
YT (τ i−1) ≤ x+ ρ, τ̂ ∈ [τ i−1, τ i) ∩ Λ, sup

t,s∈[τ i−1,τ i)∩Λ
|YT (t)− YT (s)| < ρ

!

+
vX

i=1

P

Ã
τ̂ ∈ [τ i−1, τ i) ∩ Λ, sup

t,s∈[τ i−1,τ i)∩Λ
|YT (t)− YT (s)| ≥ ρ

!
.
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By (29) and by the portmanteau lemma (see for example Theorem 2.1 of
Billingsley (1999), page 16), the right-hand side of the last displayed in-
equality converges to

≤
vX
i=1

P

Ã
Y (τ i−1) ≤ x+ ρ, L ∈ [τ i−1, τ i) ∩ Λ, sup

t,s∈[τ i−1,τ i)∩Λ
|Y (t)− Y (s)| < ρ

!

+
vX

i=1

P

Ã
L ∈ [τ i−1, τ i) ∩ Λ, sup

t,s∈[τ i−1,τ i)∩Λ
|Y (t)− Y (s)| ≥ ρ

!

≤ P (Y (L) ≤ x+ 2ρ) +
vX
i=1

P

Ã
sup
1≤i≤v

sup
t,s∈[τ i−1,τ i)∩Λ

|Y (t)− Y (s)| ≥ ρ

!

as T →∞. For any ε > 0, the second term on the right of the last displayed
inequality is bounded by ε for sufficiently small η because Y takes values in
C [0, 1]. Therefore

lim sup
T→∞

P (YT (τ̂) ≤ x) ≤ P (Y (L) ≤ x+ 2ρ) + ε

for small η. Proceeding similarly, we obtain that

P (Y (L) ≤ x− 2ρ)− ε ≤ lim inf
T→∞

P (YT (τ̂) ≤ x) .

Since the distribution of the random variable Y (L) is continuous and since
ρ and ε are arbitrarily small, we conclude that as T →∞,

P (YT (τ̂) ≤ x)→ P (Y (L) ≤ x)

as desired.
Proof of Proposition 8. We have

Fy∗ = FXβ̂ + FZk̂δ̂ +HFû

= FXβ̂ + FZk̂∗ δ̂ + ũ

where ũ = HFû+ F (Zk̂ − Zk̂∗) δ̂. Therefore

√
T

Ã
β̂
∗ − β̂

δ̂
∗ − δ̂

!
=

µ
1

T
W 0

k̂∗F
0
FWk̂∗

¶−1µ
1√
T
W 0

k̂∗F
0
HFû

+
1√
T
W 0

k̂∗F
0
F (Zk̂ − Zk̂∗) δ̂

¶
.
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Write

Z 0
k̂∗F

0
FZk̂∗ = Z 00F

0
FZ0 + (Zk̂∗ − Z0)

0 F
0
F (Zk̂∗ − Z0)

+ (Zk̂∗ − Z0)
0 F

0
FZ0 + Z 00F

0
F (Zk̂∗ − Z0)

and
X 0F

0
FZk̂∗ = X 0F

0
FZ0 +X 0F

0
F (Zk̂∗ − Z0) .

For any K > 0, expression P ∗
³°°°(Zk̂∗ − Z0)

0 F
0
F (Zk̂∗ − Z0)

°°° > M ||δT ||−2
´

is bounded by

P ∗
Ã
sup
N(K)

°°°Z 0∆F 0
FZ∆

°°° > M ||δT ||−2
!
+ P ∗

³¯̄̄
k̂∗ − k0

¯̄̄
> K ||δT ||−2

´
. (30)

Fix ε, η > 0. Expectation of the first term of (30) is smaller than ε/3 for
large M and T by Lemma 2. The second term of (30) is bounded by

P ∗
µ¯̄̄

k̂∗ − k̂
¯̄̄
>

K

2
||δT ||−2

¶
+ P ∗

µ¯̄̄
k̂ − k0

¯̄̄
>

K

2
||δT ||−2

¶
where the first term exceeds η with probability smaller than ε/3 for large K
by Lemma 12 and where expectation of the second term is smaller than ε/3
for large K by Proposition 1. Therefore

1

T
(Zk̂∗ − Z0)

0 F
0
F (Zk̂∗ − Z0) = Op∗

¡
T−1 kδTk−2

¢
= op∗ (1) .

By Lemma 2, T−1X 0F
0
FX and T−1Z 00F

0
FZ0 are Op (1). The Schwarz in-

equality implies that the terms T−1 (Zk̂∗ − Z0)
0 F

0
FZ0 and T−1 (Zk̂∗ − Z0)

0 F
0
FX

are op∗ (1). It follows that

1

T
W 0

k̂∗F
0
FWk̂∗ =

1

T
W 0
0F

0
FW0 + op∗ (1)

and by Lemma 2,µ
1

T
W 0

k̂∗F
0
FWk̂∗

¶−1
p∗−→ 2π

µ
1 τ 0
τ 0 τ 0

¶−1
⊗ Σ−1.

Second, write

1√
T
W 0

k̂∗F
0
HFû =

1√
T
W 0
0F

0
HFû+

µ
1√
T
(Wk̂∗ −W0)F

0
HFû

¶
. (31)
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Expression P ∗
³°°°(Wk̂∗ −W0)

0 F
0
HFû

°°° > M ||δT ||−1
´
is bounded by

P ∗
Ã
sup
N(K)

°°°Z 0∆F 0
HFû

°°° > M ||δT ||−1
!
+ P ∗

³¯̄̄
k̂∗ − k0

¯̄̄
> K ||δT ||−2

´
. (32)

By Lemma 8, the first term of (32) is smaller than η with probability at least
1 − ε/2 for large M . Arguing as in (30), the second term of (32) is smaller
than η with probability at least 1− ε/2 for large K. Therefore

1√
T
(Wk̂∗ −W0)

0 F
0
HFû = Op∗

³
T−

1
2 kδTk−1

´
= op∗ (1)

and by (31) and Lemma 8,

1√
T
W 0

k̂∗F
0
HFû

d∗→ 1

2π
Ω

1
2

µ
B (1)
B (τ 0)

¶
.

Finally, for any M > 0,

P ∗
³°°°(Zk̂∗ − Zk̂)

0 F
0
FWk̂∗

°°° > M ||δT ||−2
´

≤ P ∗
Ã
4 sup
N(K/2)

sup
1≤l≤T

°°°Z 0∆F 0
FWl

°°° > M ||δT ||−2
!

+P ∗
³¯̄̄
k̂∗ − k0

¯̄̄
> K ||δT ||−2

´
+ P ∗

³¯̄̄
k̂ − k0

¯̄̄
> K ||δT ||−2

´
. (33)

By Lemma 2, expectation of the first term of (33) is smaller than ε/3 for
large M . Proceeding as before, we obtain

1√
T
(Zk̂∗ − Zk̂)

0 F
0
FWk̂∗ δ̂ = T−

1
2Op∗

¡kδTk−2¢Op (kδTk) = op∗ (1)

where the bound for δ̂ is due to Proposition 2. By the continuous mapping
theorem,

√
T

Ã
β̂
∗ − β̂

δ̂
∗ − δ̂

!
d∗−→ 2π

Ãµ
1 τ 0
τ 0 τ 0

¶−1
⊗ Σ−1

!
1

2π

µ
Ω

1
2B (1)

Ω
1
2B (τ 0)

¶
.

This implies the validity of the proposition.
Proof of Proposition 9. For any 0 < K <∞, let ρ̂, ρ̃ and v2T be as in

the proof of Proposition 4 and let k̃∗ = argmin|k−k̂|≤Kv−2T
S∗T (k). Proceeding

as in the proof of Proposition 4, write¯̄̄
P ∗
³
v2T

³
k̂∗ − k̂

´
≤ x

´
− P (ρ̂ ≤ x)

¯̄̄
≤
¯̄̄
P ∗
³
v2T

³
k̃∗ − k̂

´
≤ x

´
− P (ρ̃ ≤ x)

¯̄̄
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+2P ∗
³¯̄̄
k̂∗ − k̂

¯̄̄
> Kv−2T

´
+ 2P (|ρ̂| > K) . (34)

Fix ε, η > 0. Since v2T

³
k̃∗ − k̂

´
= argmin|ρ|≤[Kv−2T ]/v

−2
T
S∗T
³
k̂ +

£
ρv−2T

¤´
,

Lemma 14 implies that

v2T

³
k̃∗ − k̂

´
d∗→ arg min

|ρ|≤K
W (ρ) = ρ̃

and so the first term on the right of (34) is smaller than η/3 with probability
at least 1− ε/3 for large T . By Lemma 12, the second term on the right of
(34) is smaller than η/3 with probability no smaller than 1 − ε/3 for large
K and T . The third term on the right of (34) is bounded by η/3 for large K
because ρ̂ = Op (1). Therefore the right-hand side of (34) is op (1) and

(δ0TΣδT )
2

δ0TΩδT

³
k̂∗ − k̂

´
d∗→ argmin

ρ
W (ρ) .

Since δ̂
∗
= δ̂+Op∗

³
T−

1
2

´
= δT +Op∗

³
T−

1
2

´
by Propositions 7 and 8, Σ̂

p→ Σ

by Conditions 1 and 2, and Ω̂∗
p∗→ Ω by Lemma 15, it follows that³

δ̂
∗0
Σ̂δ̂

∗´2
δ̂
∗0
Ω̂∗δ̂

∗
³
k̂∗ − k̂

´
d∗→ argmin

ρ
W (ρ) .

10 Lemmas

This section contains the some auxiliary results and their proofs. Throughout
this section, it is assumed that Conditions 1-6 hold.

Lemma 1 For any matrix µ
A1 B1
A2 B2

¶
and A =

µ
A1
A2

¶
and B =

µ
B1
B2

¶
,

A0MBA ≥ A01MB1A1.

Proof. The inequality is related to the fact that in the context of a
projection of vectors on the space spanned by the columns of matrix B,
the sum of squared residuals is nondecreasing as the number of observations
increases. For a proof, see for example Lemma A.1 of Bai, Perron (1998) or
Lemma 2 of Brown et al. (1975).
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Lemma 2 For any 0 < K <∞, as T →∞,
(a) 1

T
Z[τT ]MιZ[σT ]

p→ (τ ∧ σ)Σ uniformly on (τ , σ) ∈ [0, 1]2,
(b) 1√

T
Z 0[τT ]Mιu =⇒ Ω

1
2B (τ) on τ ∈ [0, 1],

(c) supk∈Λ·T
°°(W 0

kMιWk)
−1°° = Op (T

−1) ,

(d) sup1≤k≤T kW 0
kMιuk = Op

³
T

1
2

´
,

(e) sup1≤k,l≤T kZ 0kMιZlk = Op (T ),
(f) supk∈N(K) sup1≤l≤T kZ 0∆MιZlk = Op

¡kδTk−2¢,
(g) if T kδTk2 →∞ then supN(K) kZ 0∆Mιuk = Op

¡kδTk−1¢,
(h) supk∈Nc(K) sup1≤l≤T x

°°°Z0∆MιZl
k−k0

°°° = Op (1).

Proof. Parts (a) and (b) follow from Propositions 4 and 2 of Lazarová
(2004), respectively, after noting that

1

T
Z 0[τT ]MιZ[σT ] =

2π

T
Z 0[τT ]F

0
FZ[σT ] =

2π

T

T−1X
j=1

wz([τT ]),jwz([σT ]),j

and
1√
T
Z 0[τT ]Mιu =

2π√
T
Z 0[τT ]F

0
Fu =

2π√
T

T−1X
j=1

wz([τT ]),jwu,j.

Parts (c), (d) and (e) are implied by parts (a) and (b). Part (f) follows from
the bound

kZ 0∆MιZlk =
°°°°Z 0∆Zl − 1

T
Z 0∆ι∆ι

0
lZl

°°°° ≤ kZ∆k2+ |k − k0|
1
2 kZ∆k l

1
2

T
kZlk (35)

and from Conditions 1, 2 and 5. Turning to part (g), for any given K and
ρ ∈ [−K,K], write k = k0 +

£
ρ kδTk−2

¤
. Part (b) implies that

1√
T
Z 0∆([τ0T ],[(τ0+ρ)T ])Mιu =⇒

½
Ω

1
2 (B (τ 0 + ρ)−B (τ 0)) ρ ≥ 0,

Ω
1
2 (B (τ 0)−B (τ 0 + ρ)) ρ ≤ 0,

from which it follows that

kδTkZ 0∆Mιu =⇒
½

Ω
1
2B1 (ρ) ρ ≥ 0,

Ω
1
2B2 (−ρ) ρ < 0

where B1, B2 are independent p-vectors of independent standard Brownian
motion processes on [0,∞). Therefore supk∈N(K) Z

0
∆Mιu = Op

¡kδTk−1¢.
Finally, part (h) follows from (35) after noting that Condition 5 implies that
supk∈Nc(K) |k − k0|−1 kZ∆k2 = Op (1).
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Lemma 3 As T →∞,
(a) u0 (Mι,X,Zk −Mι,X,Z0)u = Op (1) uniformly on k ∈ Λ · T ,
(b) if T kδTk2 →∞ then u0 (Mι,X,Zk −Mι,X,Z0)u = op (1) uniformly on

N (K).

Proof. Denote W∆ = (Wk −W0) sgn (k − k0) = (0, Z∆). For any non-
singular matrices A and A+B,

PA+B−PA = B
³
A
0
A
´−1

A
0
+A

³
A
0
A
´−1

B
0
+B

³
A
0
A
´−1

B
0

− (A+B)
³¡
A+B

¢0
(A+B)

´−1 ³
A
0
B +B

0
A+B

0
B
´³

A
0
A
´−1 ¡

A+B
¢0
.

(36)
Let A =MιW0 and B =MιW∆ sgn (k − k0). Then

u0 (Mι,X,Z0 −Mι,X,Zk)u = (Mιu)
0 (PMιWk

− PMιW0)Mιu

= 2u0MιW∆ (W
0
0MιW0)

−1
W 0
0Mιu sgn (k − k0)

+u0MιW∆ (W
0
0MιW0)

−1
W 0

∆Mιu

−u0MιWk (W
0
kMιWk)

−1 {(W 0
0MιW∆ +W 0

∆MιW0) sgn (k − k0)

+W 0
∆MιW∆} (W 0

0MιW0)
−1

W 0
kMιu.

The bounds in part (a) and (b) are implied by Lemma 2.

Lemma 4 There exists λ > 0 such that for every ε > 0, there exists K <∞
such that

P

µ
inf

Nc(K)

QT (k)

|k − k0| ≥ λ ||δT ||2
¶
≥ 1− ε.

Proof. By the definition of QT (k), the left side of the last displayed
inequality is bounded from below by

P

µ
inf

Nc(K)
λmin

µ
Z 0∆Mι,X,ZkZ∆

|k − k0|
¶
≥ λ

¶
. (37)

Consider first the case k > k0. Since the columns of the matrix (ι,X,Zk) lie
in the column space of matrix (ι0, ι∆, ι− ιk, Zk,X − Zk), we have

Z 0∆Mι,X,ZkZ∆ ≥ Z 0∆Mι0,ι∆,ι−ιk,Zk,X−ZkZ∆ ≥ Z 0∆Mι0,ι∆,ZkZ∆

= Z 0∆Mι∆Z∆ (Z
0
kMι0,ι∆Zk)

−1
Z 00Mι0Z0
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where the last inequality is due to Lemma 1 and where the equality follows
from a simple algebra. Since for any symmetric matrices A and B, inequality
A ≥ B implies λmin (A) ≥ λmin (B) (see for example Magnus and Neudecker
(1988), page 204), we have

λmin

µ
Z 0∆Mι,X,ZkZ∆

|k − k0|
¶
≥ λmin

(
Z 0∆Mι∆Z∆

|k − k0|
µ
1

T
Z 0kMι0,ι∆Zk

¶−1
1

T
Z 00Mι0Z0

)
.

(38)
Similar inequality is obtained in the case k < k0,

λmin

µ
Z 0∆Mι,X,ZkZ∆

|k − k0|
¶
≥ λmin

(
Z 0∆Mι∆Z∆

|k − k0|
µ
1

T
(X − Zk)

0Mι∆,ι−ι0 (X − Zk)

¶−1
× 1

T
(X − Z0)

0Mι−ι0 (X − Z0)

¾
. (39)

By Conditions 1 and 2, as l → ∞ and l → −∞, 1
l

Pk0,k0+l
t xt

p−→ 0 and
1
l

Pk0,k0+l
t xtx

0
t

p−→ Σ where Σ > 0, therefore the eigenvalues of the matrix

Z 0∆Mι∆Z∆

|k − k0| =
1

|k − k0|
k0,kX
t

xtx
0
t −

Ã
1

|k − k0|
k0,kX
t

xt

!Ã
1

|k − k0|
k0,kX
t

x0t

!

are bounded from below by λ > 0 with probability at least 1− ε/3 for large
K. Similarly, since 1

T

PT
t=1 xt

p−→ 0 and 1
T

PT
t=1 xtx

0
t

p−→ Σ as T → ∞, the
eigenvalues of matrix

1

T
Z 0kMιkZk =

1

T

kX
t=1

xtx
0
t −

Ã
1

T

kX
t=1

xt

!Ã
1

k

kX
t=1

x0t

!

are bounded and bounded from below by a positive number with a large
probability for large T uniformly on k ∈ Λ · T . Since Mι0,ι∆ ≤ Mιk , the
same is true of the eigenvalues of matrix T−1Z 0kMι0,ι∆Zk, and similarly for
the remaining factors of (38) and (39). Since for a symmetric matrix A,
λmin (A) = infx kAxk / kxk, it is easy to see that for any positive semidefinite
matrices A and B, λmin (AB) ≥ λmin (A)·λmin (B). It follows that there exists
λ > 0 such that (37) is greater than 1− ε, and the lemma is established.
The following lemma extends Hájek-Rényi inequality to the cross-product

of two mean-adjusted series possibly exhibiting long-memory dependence.
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Lemma 5 Let u = T−1
PT

t=1 ut. Then for any α > 0 and for any integers
m, T such that m < T ,

P

Ã
max

m≤k≤T
1

k

°°°°°
kX
t=1

xt (ut − u)

°°°°° > α

!
<

D

α2m
(40)

for some positive D <∞.
Proof. Assume without loss of generality that {xt} is a scalar process.

Let Sk =
Pk

t=1 xt (ut − u) and let an event Ak be defined as

Ak =

½
1

k
|Sk| > α,

1

j
|Sj| ≤ α for m ≤ j < k

¾
.

Proceeding as in the proof of Theorem 1 of Kounias and Weng (1969) and
in the proof of a version of the maximal inequality of Kuan and Hsu (1998),
we obtain

P

Ã
max

m≤k≤T
1

k

¯̄̄̄
¯

kX
t=1

xt (ut − u)

¯̄̄̄
¯ > α

!

≤ 1

α2

Ã
1

m2
ES2m +

TX
k=m+1

1

k2
E
¡
S2k − S2k−1

¢
(1− I (Ak−1)− . . .− I (Am))

!

≤ 1

α2

Ã
1

m2
ES2m +

TX
k=m+1

1

k2
¡
Ex2k (uk − u)2 + 2 |Exk (uk − u)Sk−1|

¢!
. (41)

We have

ES2k =
kX

t,s=1

Extxsutus − 2

T

kX
t,s=1

TX
r=1

Extxsutur +
1

T 2

kX
t,s=1

TX
r,v=1

Extxsuruv.

Since
|Extxsuruv| ≤ Cϕ|t−s|ψ|r−v|

where ϕk =
P∞

j=0 |aj| |aj+k| and ψk =
P∞

j=0 |bj| |bj+k|, we obtain that the
first term of ES2k is bounded in absolute value by

C
kX
t=1

kX
s=1

ϕ|t−s|ψ|t−s| ≤ C
kX
t=1

max
|r|<∞

∞X
s=1

ϕsψs−r ≤ Ck

by Lemma 2 of Robinson (1998). Similarly, the second term of ES2k is
bounded by CT−1

Pk
t,s=1

PT
r=1 ϕ|t−s|ψ|t−r| and the third term byCT

−2Pk
t,s=1
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PT
r,v=1 ϕ|t−s|ψ|r−v|, both of which, proceeding as with the last displayed in-

equality, can be seen to be bounded by Ck by Lemma 2 of Robinson (1998).
Therefore

ES2k
k2
≤ C

k

for all 1 ≤ k ≤ T . Further,

Ex2k (uk − u)2 ≤ Ex2ku
2
k +

C

T

TX
s=1

ψ|k−s| +
C

T 2

TX
t,s=1

ψ|t−s| ≤ C

by the second order stationarity and Lemma 1 of Robinson (1998). Next,

|Exk (uk − u)Sk−1| ≤
k−1X
t=1

ϕk−tψk−t +
C

T

k−1X
t=1

TX
s=1

ϕk−t
¡
ψ|k−s| + ψ|t−s|

¢
+
C

T 2

k−1X
t=1

TX
s,r=1

ϕk−tψ|s−r|

≤ C

uniformly in k by Lemma 2 of Robinson (1998). Therefore the second term
in the bracket on the right of (41) is bounded by

C
TX

k=m+1

1

k2
≤ C

m

and thus we conclude that (40) holds true.

Lemma 6 If T kδTk2 →∞, then for any K <∞, as T →∞,

ST (k)− ST (k0) = δ0TZ
0
∆MιZ∆δT − 2δ0TZ 0∆Mιu sgn (k − k0) + op (1)

where the op (1) term is uniform on N (K).

Proof. Write

QT (k) = δ0TZ
0
∆MιZ∆δT − δ0TZ

0
∆MιWk (W

0
kMιWk)

−1
WkMιZ∆δT .

Since by Lemma 2, the terms and Z 0∆MιWk and (W 0
kMιWk)

−1 areOp

¡||δT ||−2¢
and Op (T

−1) uniformly on N (K), respectively, the second term of QT (k)

42



is Op

¡||δT ||2 ||δT ||−4 T−1¢ = op (1). Further, since W 0
kMιu is Op

¡
T 1/2

¢
uni-

formly on Λ · K by Lemma 6 and u0 (Mι,X,Zk −Mι,X,Z0)u is uniformly on
N (K) by Lemma 3, the decomposition of RT (k) in (13) implies that

RT (k) = −2δ0TZ 0∆Mιu sgn (k − k0) +Op

¡kδTk kδTk−2 T−1T 1/2¢+ op (1)

= −2δ0TZ 0∆Mιu sgn (k − k0) + op (1) .

The lemma now follows from (11).

Lemma 7 For δT 6= 0, let v2T = (δ0TΣδT )
2
/δ0TΩδT . If the conditions of

Proposition 4 are satisfied then for any K > 0, as T →∞,

arg min
|ρ|≤K

ST
¡
k0 +

£
ρv−2T

¤¢ d→ arg min
|ρ|≤K

W (ρ) .

Proof. For any given K and ρ ∈ [−K,K], write k = k0 +
£
ρv−2T

¤
. By

Lemma 6,

ST
¡
k0 +

£
ρv−2T

¤¢− ST (k0) = δ0TZ
0
∆MιZ∆δT − 2δ0TZ 0∆Mιu sgn

£
ρv−2T

¤
+ op (1)

(42)
where the op (1) term is uniform on N (K). Lemma 2 implies that

1

T
Z 0∆([σT ],[(σ+ρ)T ])MιZ∆([σT ],[(σ+ρ)T ])

p→ |ρ|Σ

uniformly on {(σ, ρ) : 0 ≤ σ, σ + ρ ≤ 1}, from which it follows that

v2TZ
0
∆MιZ∆

p→ |ρ|Σ
uniformly on ρ ∈ [−K,K]. Proceeding as in the proof of part (g) of Lemma
2, it can be seen that

vTZ
0
∆Mιu

p
=⇒

½
Ω

1
2B1 (ρ) ρ ≥ 0,

Ω
1
2B2 (−ρ) ρ < 0

where B1, B2 are independent p-vectors of independent standard Brownian
motion processes. Since −2 δ0T

vT
Ω

1
2B1 (ρ) and 2

δ0T
vT
Ω

1
2B2 (ρ) are equal in distri-

bution to 2(
δ0TΩδT )

1
2

vT
W1 (ρ) and 2

(δ0TΩδT )
1
2

vT
W2 (ρ), respectively, the left-hand

side of (42) is equal in distribution to

|ρ| δ
0
TΣδT
v2T

+ 2
(δ0TΩδT )

1
2

vT
(W1 (ρ) I (ρ ≥ 0) +W2 (−ρ) I (ρ < 0)) + op (1)

= 2
δ0TΩδT
δ0TΣδT

W (ρ) + op (1)
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uniformly on ρ ∈ [−K,K]. Now observing that

arg min
|ρ|≤K

2
δ0TΩδT
δ0TΣδT

W (ρ) = arg min
|ρ|≤K

W (ρ) ,

the proof of the lemma is completed by an application of the continuous
mapping theorem.

For the proofs of the statements about bootstrap quantities, define

Q∗T (k) = δ̂
0
Z 0
k̂
F
0
MFWk

FZk̂δ̂

and

R∗T (k) = 2δ̂
0
Z 0
k̂
F
0
MFWk

HFû+ û0F
0
H
0 ¡
MFWk

−MFWk̂

¢
HFû,

so that
Q∗T (k) +R∗T (k) = kv̂kk2 − kv̂k̂k2 = S∗T (k)− S∗T

³
k̂
´
. (43)

Let bN (K) = nk: ¯̄̄k − k̂
¯̄̄
≤ K ||δT ||−2

o
, cN c (K) = Λ ·T − bN (K) and denotebZ∆ = Z∆(k̂,k).

Lemma 8 As T →∞,
(a) 2π√

T
Z 0[τT ]F

0
HFû

p
=⇒ Ω

1
2B (τ),

(b) for any K > 0, supk∈N(K) sup1≤l≤T
°°°Z 0∆F 0

HFZl

°°° = Op∗
¡kδTk−2¢,

(c) for any K > 0, supN(K)
°°°Z 0∆F 0

HFû
°°° = Op∗

¡kδTk−1¢,
(d) for any K > 0, supk∈N(K) sup1≤l≤T

°°°Ẑ 0∆F 0
FZl

°°° = Op

¡kδTk−1¢,
(e) W 0

kF
0
HFû = Op∗

¡
T 1/2

¢
uniformly over 1 ≤ k ≤ T ,

(f)
³
1
T
W 0

k̂
F
0
FWk̂

´−1 p→ 2π

µ
1 τ 0
τ 0 τ 0

¶−1
⊗ Σ−1,

(g) for every ε > 0 there exist K,M > 0 such that

P

 sup
k∈Nc(K)

sup
1≤l≤T

1¯̄̄
k − k̂

¯̄̄ °°°Ẑ 0∆F 0
FZl

°°° > M

 < ε,

(h) for every ε, η > 0 there exist K,M > 0 such that

P

P ∗

 sup
k∈Nc(K)

sup
1≤l≤T

1¯̄̄
k − k̂

¯̄̄ °°°Ẑ 0∆F 0
HFZl

°°° > M

 > η

 < ε.
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Proof. Part (a) follows from Proposition 7 of Lazarová (2004) and from
the remark at the end of its proof because

Z 0[τT ]F
0
HFû =

T−1X
j=1

wz(τ),jwû,jη
∗
j .

To show the validity of part (b), define matrix G as G = F
0
HF . By the

definition of matrices F and H, matrix G is a real circulant matrix with
elements gt,s = gs−t, 1 ≤ t, s ≤ T , where gt =

1
2πT

PT−1
j=1 η

∗
je

iλjt. Let
gt = (g−t+1, . . . , g−1, g0, g1, . . . , gT−t−1) be the t-th row of matrix G. By
the Schwarz inequality,

°°°Z 0∆F 0
HFZl

°°° = °°°°°
k0,kX
t

xtg
tZl

°°°°° ≤
Ã

k0,kX
t

kxtk2
! 1

2
Ã

k0,kX
t

°°gtZl

°°2!1
2

.

Therefore

sup
k∈N(K)

sup
1≤l≤T

°°°Z 0∆F 0
HFZl

°°° ≤
 k0+KkδT k−2X

t=k0−KkδT k−2
kxtk2

1
2

×
 k0+KkδT k−2X

t=k0−KkδT k−2
sup
1≤l≤T

°°gtZl

°°2 1
2

. (44)

The expression in the first bracket on the right of (44) is Op

¡kδTk−2¢ by
Conditions 1 and 2. Further,°°gtZl

°°2 = gtZlZ
0
l

¡
gt
¢0 ≤ gtXX 0 ¡gt¢0 = tr ¡gt¢0 gtXX 0

and so E∗ sup1≤l≤T kgtZlk2 ≤ trE∗ (gt)0 gtXX 0. For any t and s, E∗gtgs =
1
4π2

¡− 1
T2
+ 1

T
I (t = s)

¢
, therefore E∗ (gt)0 gt = 1

4π2T
Mι and

E∗ sup
1≤l≤T

°°gtZl

°°2 ≤ tr 1

4π2T
MιXX 0 =

1

4π2
tr
1

T
X 0MιX = Op (1) (45)

by Lemma 2. By the Markov inequality, the expression in the second bracket
of (44) is Op∗

¡kδTk−2¢ and part (b) is established. Part (c) follows from part
(a) in the same way as part (g) of Lemma 2 follows from part (b) of Lemma
2. To prove part (d), write

2π
°°°Ẑ 0∆F 0

FZl

°°° ≤ °°°Ẑ∆

°°°2 + ¯̄̄k − k̂
¯̄̄ °°°Ẑ∆

°°° l 12
T
kZlk .
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For any M > 0,

P

Ã
sup

k∈N(K)

°°°Ẑ∆

°°°2 > M kδTk−2
!
≤ P

 k̂+KkδT k−2X
t=k̂−KkδT k−2

kxtk2 > M kδTk−2


which is bounded by CK/M by the Markov inequality and Conditions 1 and
2 and which is bounded by ε for large K. From here we can conclude in the
same way as in the proof of part (e) of Lemma 2. Part (e) follows from part
(a) and part (f) follows from (14). In part (g), we have

sup
k∈Nc(K)
1≤l≤T

2π

°°°°°Ẑ 0∆F
0
FZl

k − k̂

°°°°° ≤ sup
k∈Nc(K)

°°°Ẑ∆

°°°2¯̄̄
k − k̂

¯̄̄ + sup
k∈Nc(K)

°°°Ẑ∆

°°°¯̄̄
k − k̂

¯̄̄ 1
2

sup
1≤l≤T

l
1
2

T
kZlk .

Now

sup
k∈Nc(K)

1¯̄̄
k − k̂

¯̄̄ °°°Ẑ∆

°°°2 ≤ 2 sup
k∈Nc(K)

|k − k0|¯̄̄
k − k̂

¯̄̄ sup
k∈Nc(K)

1

|k − k0| kZ∆k2

+2 sup
k∈Nc(K)

1¯̄̄
k − k̂

¯̄̄ kZk̂ − Z0k2 .

The factor supk∈Nc(K)
|k−k0|
|k−k̂| is bounded by max

©
1,K−1 kδTk2

ª ≤ C. For

anyM > 0, the probability that the factor supk∈Nc(K)
1

|k−k0| kZ∆k2 is greater
than M is bounded by

P

Ã
sup

|k−k0|≥K/2

1

|k − k0| kZ∆k2 > M

!
+ P

µ¯̄̄
k̂ − k0

¯̄̄
>

K

2
kδTk−2

¶
. (46)

The second term of (46) is bounded by ε/2 for large K by Proposition 1 and
the first term of (46) is bounded by ε/2 for largeM by Condition 5. Further,
for any N > 0,

P

 sup
k∈Nc(K)

1¯̄̄
k − k̂

¯̄̄ kZk̂ − Z0k2 > M

 ≤ P
¡kZk̂ − Z0k2 > MK kδTk−2

¢

≤ P

 k0+NkδT k−2X
t=k0−NkδT k−2

kxtk2 > MK kδTk−2
+P ³¯̄̄k̂ − k0

¯̄̄
> N kδTk−2

´
. (47)
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By the Markov inequality the first term on the right of (47) is bounded by
CN/MK. Proposition 1 then implies that both terms on the right of (47) can
be bounded by ε/2 for large M and N for any K > 0. Gathering the results
and recalling that the factor sup1≤l≤T l

1
2T−1 kZlk is Op (1) by Condition 5,

we can conclude that part (g) holds.
Finally, to prove part (h), we follow the steps in part (b) and write

sup
k∈Nc(K)
1≤l≤T

1¯̄̄
k − k̂

¯̄̄ °°°Ẑ 0∆F 0
HFZl

°°° ≤
 sup

Nc(K)

1¯̄̄
k − k̂

¯̄̄ k̂,kX
t

kxtk2
1

2

×
 sup

Nc(K)

1¯̄̄
k − k̂

¯̄̄ k̂,kX
t

sup
1≤l≤T

°°gtZl

°°2 1
2

. (48)

Proceeding as in the proof of part (g), it can be seen that the expression

EP ∗

 sup
Nc(K)

1¯̄̄
k − k̂

¯̄̄ k̂,kX
t

kxtk2 > M

 = P

 sup
Nc(K)

1¯̄̄
k − k̂

¯̄̄ k̂,kX
t

kxtk2 > M


is smaller than ε/2 for largeM and K. The expression in the second bracket
on the right of (48) is equal to sup1≤l≤T kgtZlk2. Part (g) is then implied by
(45) and by the Markov inequality.

Lemma 9 Assume Conditions 1-6 hold. Then as T →∞,
(a) supk∈Λ·T û

0F
0
H
0 ¡
MFWk

−MFWk̂

¢
HFû = Op∗ (1),

(b) if T kδTk2 →∞,

sup
N̂(K)

û0F
0
H
0 ¡
MFWk

−MFWk̂

¢
HFû = op∗ (1) .

Proof. Denote Ŵ∆ = (Wk −Wk̂) sgn
³
k − k̂

´
=
³
0, Ẑ∆

´
. Proceeding as

in Lemma 3 and taking A = FWk̂ and B = FŴ∆ sgn
³
k − k̂

´
in (36), we

obtain that

û0F
0
H
0 ¡
MFWk̂

−MFWk

¢
HFû = û0F

0
H
0 ¡
PFWk

− PFWk̂

¢
HFû
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= 2Re û0F
0
H
0
FŴ∆

³
W 0

k̂
F
0
FWk̂

´−1
W 0

k̂
F
0
HFû sgn

³
k − k̂

´
+û0F

0
H
0
FŴ∆

³
W 0

k̂
F
0
FWk̂

´−1
Ŵ 0

∆F
0
HFû

−û0F 0
H
0
FWk

³
W 0

kF
0
FWk

´−1 n³
W 0

k̂
F
0
FŴ∆ + Ŵ 0

∆F
0
FWk̂

´
sgn

³
k − k̂

´
+ Ŵ 0

∆F
0
FŴ∆

o³
W 0

k̂
F
0
FWk̂

´−1
W 0

kF
0
HFû.

Therefore the lemma holds by Lemmas 2 and 8.

Lemma 10 There exists λ > 0 such that for every ε > 0, there existsK <∞
and T0 <∞ such that for all T ≥ T0,

EP ∗

 inf
Nc(K)

Q∗T (k)¯̄̄
k − k̂

¯̄̄ ≥ λ
°°°δ̂°°°2

 ≥ 1− ε.

Proof. If an event A does not depend on η∗j , then P ∗ (A) = I (A) and
therefore EP ∗ (A) = P (A). Since Q∗T (k), k̂ and δ̂ do not involve η∗j , the
left-hand side of the hypothesised inequality is bounded from below by

P

 inf
Nc(K)

λmin

Ẑ 0∆Mι,X,ZkẐ∆¯̄̄
k − k̂

¯̄̄
 ≥ 2πλ

 .

Denote ι̂∆ = (ιk − ιk̂) sgn
³
k − k̂

´
. Proceeding as in the proof of Lemma 4,

we obtain inequality

λmin

Ẑ 0∆Mι,X,ZkẐ∆¯̄̄
k − k̂

¯̄̄
 ≥ λmin

Ẑ 0∆Mι̂∆Ẑ∆¯̄̄
k − k̂

¯̄̄ µ
1

T
Z 0kMι̂∆,ιk̂

Zk

¶−1
1

T
Z 0
k̂
Mιk̂

Zk̂


(49)

for k > k̂ and

λmin

Ẑ 0∆Mι,X,ZkẐ∆¯̄̄
k − k̂

¯̄̄
 ≥ λmin

Ẑ 0∆Mι̂∆Ẑ∆¯̄̄
k − k̂

¯̄̄ µ
1

T
(X − Zk)

0Mι̂∆,ι−ιk̂ (X − Zk)

¶−1
× 1

T
(X − Zk̂)

0Mι−ιk̂ (X − Zk̂)

¾
. (50)

for k < k̂. Write the first factor in the curly bracket in (49) as

Ẑ 0∆Mι̂∆Ẑ∆¯̄̄
k − k̂

¯̄̄ =
Ẑ 0∆Ẑ∆¯̄̄
k − k̂

¯̄̄ −
 1¯̄̄

k − k̂
¯̄̄ k̂,kX

t

xt

 1¯̄̄
k − k̂

¯̄̄ k̂,kX
t

x0t

 .
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We have
Ẑ 0∆Ẑ∆¯̄̄
k − k̂

¯̄̄ = |k − k0|¯̄̄
k − k̂

¯̄̄ Z 0∆Z∆

|k − k0| +
1¯̄̄

k − k̂
¯̄̄ kZk̂ − Z0k2 .

For any δ > 0,

P

Ã
sup
Nc(K)

¯̄̄̄
k − k0

k − k̂
− 1
¯̄̄̄
> δ

!
= P

Ã
sup
Nc(K)

¯̄̄̄
¯ k̂ − k0

k − k̂

¯̄̄̄
¯ > δ

!
≤ P

³¯̄̄
k̂ − k0

¯̄̄
> δK kδTk−2

´
which is smaller than ε/2 for large K by Proposition 1. Also, for any δ > 0
and any M > 0,

P

 sup
Nc(K)

kZk̂ − Z0k2¯̄̄
k − k̂

¯̄̄ > δ

 ≤ P

k0,k̂X
t

kxtk2 > δK kδTk−2


≤ P

 k0+MkδT k−2X
t=k0−MkδT k−2

kxtk2 > δK kδTk−2
+ P

³¯̄̄
k̂ − k0

¯̄̄
> M kδTk−2

´
. (51)

The second term of (51) is smaller than ε/2 for largeM by Proposition 1. By
the Markov inequality, the first term of (51) is bounded by CM/δK which
is smaller than ε/2 for large K. Therefore as K →∞,

Ẑ 0∆Ẑ∆¯̄̄
k − k̂

¯̄̄ = Z 0∆Z∆

|k − k0| + op (1) .

Since by Conditions 1 and 2, liml→±∞ |l|−1
Pk0,k0+l

t xtx
0
t

p→ Σ, the eigenvalues

of matrix
¯̄̄
k − k̂

¯̄̄−1
Ẑ 0∆Ẑ∆ are bounded away from zero with probability at

least 1− ε/2 for large K. Similarly, it can be shown that as K →∞,

1¯̄̄
k − k̂

¯̄̄ k̂,kX
t

xt =
1

|k − k0|
k0,k̂X
t

xt + op (1) = op (1) .

It follows that the eigenvalues of matrix
¯̄̄
k − k̂

¯̄̄−1
Ẑ 0∆Mι̂∆Ẑ∆ are bounded

from below by λ > 0 with probability at least 1− ε/3 for large K.
The third factor in the curly bracket in (49) can be written as

1

T
Z 0
k̂
Mιk̂

Zk̂ =
1

T

k̂X
t=1

xtx
0
t −

 1
T

k̂X
t=1

xt

1
k̂

k̂X
t=1

x0t

 .
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Since T−1
Pk0

t=1 xtx
0
t

p→ τ 0Σ, T−1
Pk0

t=1 xt
p→ 0 and

¯̄̄
k̂ − k0

¯̄̄
= Op

¡kδTk−2¢,
the eigenvalues of matrix T−1Z 0

k̂
Mιk̂

Zk̂ are bounded from below by a positive
number with large probability for large T by the arguments of the proof of
Lemma 4. Similarly, the eigenvalues of the remaining factors of (49) and (50)
are bounded from below by a positive number. Concluding as in the proof
of Lemma 4, the current lemma is established.

Lemma 11 Let H be the matrix defined in Step 3 of the bootstrap procedure.
Then for any α > 0 and any integers m and T such that m < T ,

EP ∗
µ
max

m≤k≤T
1

k

¯̄̄¯̄̄
Z 0kF

0
HFu

¯̄̄¯̄̄
> α

¶
≤ C

α2m

for some positive C <∞.

Proof. Without loss of generality, assume that {xt} is scalar. Let S∗k =
Z 0kF

0
HFu =

Pk
t=1 xtdt where dt =

PT
r=1 gr−tur and gt =

1
2πT

PT−1
j=1 η

∗
je

iλjt.
Arguing as in the proof of Lemma 5,

P ∗
µ
max

m≤k≤T
1

k

¯̄̄
Z 0kF

0
HFu

¯̄̄
> α

¶
≤ 1

α2

Ã
1

m2
E∗S∗2m +

TX
k=m+1

1

k2
¡
E∗x2kd

2
k + 2

¯̄
E∗xkdkS∗k−1

¯̄¢!
. (52)

Because E∗gtgs = 1
4π2

¡− 1
T 2
+ 1

T
I (t = s)

¢
, we have

E∗S∗2k =
1

4π2T

kX
t,s=1

TX
r,v=1

xtxsuruvI (t− s = r − v)− 1

4π2T 2

kX
t,s=1

TX
r,v=1

xtxsuruv.

In a similar way, E∗x2kd
2
k = (4π

2T )
−1

x2k
PT

r=1 u
2
r − (4π2T 2)−1 x2k

PT
r,v=1 uruv

and E∗xkdkS∗k−1 = (4π
2T )

−1
xk
Pk−1

t=1 xt
PT

r,v=1 uruvI (k − t = r − v)

− (4π2T 2)−1 xk
Pk−1

t=1 xt
PT

r,v=1 uruv. Proceeding as in the proof of Lemma
5, it can be shown that expectation of E∗S∗2k is bounded by Ck and that
expectation of E∗x2kd

2
k and E∗xkdkS∗k−1 is bounded by C for all 1 ≤ k ≤ T .

Therefore the expectation of the right side of (52) is bounded by

1

α2

Ã
C

m
+

TX
t=m+1

C

m2

!
≤ C

α2m
.
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Lemma 12 If T ||δT ||2 →∞ then as T →∞,
k̂∗ − k̂ = Op∗

¡||δT ||−2¢ .
Proof. Fix ε, η > 0. For any K <∞,

P ∗
³¯̄̄
k̂∗ − k̂

¯̄̄
> K ||δT ||−2

´
≤ P ∗

 inf
Nc(K)

Q∗T (k)¯̄̄
k − k̂

¯̄̄ ≤ λ
°°°δ̂°°°2

+ P ∗

 sup
Nc(K)

|R∗T (k)|¯̄̄
k − k̂

¯̄̄ ≥ λ
°°°δ̂°°°2

 .

By Lemma 10, we can choose λ > 0 and K <∞ such that

EP ∗

 inf
Nc(K)

Q∗T (k)¯̄̄
k − k̂

¯̄̄ ≤ λ
°°°δ̂°°°2

 ≤ ε (53)

for large T . Write

R∗T (k) = 2δ̂
0
Ẑ 0∆F

0
MFWk

HFû+ û0F
0
H
0 ¡
MFWk

−MFWk̂

¢
HFû

= 2δ̂
0
Ẑ 0∆F

0
HFu− 2δ̂0Ẑ 0∆F 0

FWk

³
W 0

kF
0
FWk

´−1
W 0

kF
0
HFû (54)

+2δ̂
0
Ẑ 0∆F

0
HF (û− u) + û0F

0
H
0 ¡
MFWk

−MFWk̂

¢
HFû. (55)

Examining the first term of (54), we have

P ∗

 sup
Nc(K)

¯̄̄
2δ̂
0
Ẑ 0∆F

0
HFu

¯̄̄
¯̄̄
k − k̂

¯̄̄ ≥ λ
°°°δ̂°°°2


≤ P ∗

Ã
sup
Nc(K)

°°°°°Ẑ 0∆F
0
HFu

k − k̂

°°°°° ≥ λ

4
kδTk

!

+P ∗
µ°°°δ̂°°° ≤ 1

2
kδTk

¶
. (56)

By Lemma 11 and by the second order stationarity, expectation of the first
term on the right of (56) is bounded by

C

λ2 ||δT ||2K ||δT ||−2
=

C

λ2K
≤ ε

2

for K large enough. Further, since P ∗
³°°°δ̂°°° ≤ 1

2
kδTk

´
= I

³°°°δ̂°°° ≤ 1
2
kδTk

´
,

expectation of the second term on the right of (56) is equal to P
³°°°δ̂°°° ≤ 1

2
kδTk

´
which is smaller than ε/2 for large T because by Proposition 2, δ̂

p→ δ.
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Regarding the second term of (54), the factor
³
W 0

kF
0
FWk

´−1
is Op (T

−1)

uniformly over k ∈ Λ · T by Lemma 2 whereas the factor W 0
kF

0
HFû is

Op∗
¡
T 1/2

¢
uniformly over 1 ≤ k ≤ T by Lemma 8. Moreover, for anyM > 0,

P ∗
Ã
sup
Nc(K)

°°°°° 2δ̂
0

√
T

Ẑ 0∆F
0
FWk

k − k̂

°°°°° ≥ λ
°°°δ̂°°°2!

≤ P ∗
Ã
sup
Nc(K)

°°°°°Ẑ 0∆F
0
FWk

k − k̂

°°°°° ≥M

!
+ P ∗

µ°°°δ̂°°° ≤ 2M
λ

1√
T

¶
(57)

Expectation of the first term on the right of (57) is bounded by ε/2 for large
M by Lemma 8 and expectation of the second term on the right of (57) is
bounded by ε/2 for large T since δ̂ = δT +Op

¡
T−1/2

¢
by Proposition 2 and

since T−
1
2 kδTk−1 = o (1).

Turning to the first term of (55), from (5) and (6) and from the definition
of û,

F (û− u) = FX
³
β − β̂

´
+ F (Z0 − Zk̂) δT + FZk̂

³
δT − δ̂

´
.

Therefore

P ∗
Ã
sup
Nc(K)

¯̄̄̄
¯2δ̂

0
Ẑ 0∆F

0
HF (û− u)

k − k̂

¯̄̄̄
¯ ≥ λ

°°°δ̂°°°2!

≤ P ∗

 sup
Nc(K)

°°°°°°
Ẑ 0∆F

0
HFX

³
β − β̂

´
k − k̂

°°°°°° ≥ λ

6

°°°δ̂°°°


+P ∗
Ã
sup
Nc(K)

°°°°°Ẑ 0∆F
0
HF (Z0 − Zk̂) δT

k − k̂

°°°°° ≥ λ

6

°°°δ̂°°°!

+P ∗

 sup
Nc(K)

°°°°°°
Ẑ 0∆F

0
HFZk̂

³
δT − δ̂

´
k − k̂

°°°°°° ≥ λ

6

°°°δ̂°°°
 . (58)

For any M > 0, the first term on the right of (58) is bounded by

P ∗
Ã
sup
Nc(K)

°°°°°Ẑ 0∆F
0
HFX

k − k̂

°°°°° ≥M

!
+ P ∗

µ°°°β − β̂
°°° ≥ λ

6M

°°°δ̂°°°¶ (59)

By Lemma 8, the first term of (59) is smaller than η/6 with probability larger
than 1− ε/6 for large K and M . Expectation of the second term of (59) is
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smaller than ε/6 for large T because by Proposition 2, β − β̂ and δ̂− δT are
Op

¡
T−1/2

¢
, and because T−1/2 = o (kδTk). In a similar way, the third term

on the right of (58) can be shown to be smaller than η/3 with probability at
least 1− ε/3 for large T .
For any K > 0, the second term on the right of (58) is bounded by

P ∗
µ
1

K
kδTk3 sup

1≤l≤T

°°°Z 0lF 0
HF (Z0 − Zk̂)

°°° ≥ λ

12

°°°δ̂°°°¶
≤ P ∗

Ã
sup
N(K)

sup
1≤l≤T

°°°Z 0∆F 0
HFZl

°°° ≥ λK

24
kδTk−2

!
+ P ∗

µ°°°δ̂°°° < 1

2
||δT ||

¶
+P ∗

³¯̄̄
k̂ − k0

¯̄̄
> K ||δT ||−2

´
. (60)

By Lemma 8, the first term on the right of (60) is smaller than η/3 with
probability no smaller than 1 − ε/3 for large K and T . Expectation of the
second and third term on the right of (60) is bounded by ε/3 for large T and
K, respectively.
Finally, for the second term of (55),

P ∗
Ã
sup
Nc(K)

¯̄̄̄
¯ û0F

0
H
0 ¡
MFWk

−MFWk̂

¢
HFû

k − k̂

¯̄̄̄
¯ ≥ λ

°°°δ̂°°°2!

≤ P ∗
Ã
sup
Nc(K)

¯̄̄
û0F

0
H
0 ¡
MFWk

−MFWk̂

¢
HFû

¯̄̄
≥ λK

4

!

+P ∗
µ°°°δ̂°°° ≤ 1

2
kδTk

¶
. (61)

By Lemma 9, the first term on the right of (61) is smaller than η/2 with
probability at least 1−ε/2 for large K and T . Expectation of the the second

term of (61) is P
³°°°δ̂°°° ≤ 1

2
kδTk

´
which is smaller than ε/2 for large K by

Proposition 2.
Collecting the results, we conclude that for arbitrary ε > 0 and η > 0,

there exists K such that

P

P ∗

 sup
Nc(K)

|R∗T (k)|¯̄̄
k − k̂

¯̄̄ ≥ λ
°°°δ̂°°°2

 > η

 < ε

for large T . This together with (53) and with the Markov inequality imply
that

P
³
P ∗
³¯̄̄
k̂∗ − k̂

¯̄̄
> K ||δT ||−2

´
> η

´
< ε

for large K and T as required.
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Lemma 13 If δT → 0 and T kδTk2 →∞ then as T →∞,

S∗T (k)− S∗T
³
k̂
´
= δ0T Ẑ

0
∆F

0
FẐ∆δT − 2δ0T Ẑ 0∆F 0

HFû sgn
³
k − k̂

´
+ op∗ (1)

where op∗ (1) is uniform on N̂ (K).

Proof. Write

Q∗T (k) = δ̂
0
Ẑ 0∆F

0
FẐ∆δ̂ − δ̂

0
Ẑ 0∆F

0
FWk

³
W 0

kF
0
FWk

´−1
W 0

kF
0
FẐ∆δ̂

and

R∗T (k) = −2δ̂0Ẑ 0∆F 0
HFû sgn

³
k − k̂

´
+2δ̂

0
Ẑ 0∆F

0
FWk

³
W 0

kF
0
FWk

´−1
W 0

kF
0
HFû sgn

³
k − k̂

´
+û0F

0
H
0 ¡
MFWk

−MFWk̂

¢
HFû.

By Lemma 8, Ẑ 0∆F
0
FWk = Op

¡kδTk−2¢ uniformly on N̂ (K) and by Lemma
2,
³
W 0

kF
0
FWk

´−1
= Op (T

−1) uniformly on k ∈ Λ · T . Further, by Proposi-
tion 2, δ̂ = Op (kδTk). Also, by Lemma 8,W 0

kF
0
HFû = Op∗

¡
T 1/2

¢
uniformly

on 1 ≤ k ≤ T and by Lemma 9, û0F
0
H
0 ¡
MFWk

−MFWk̂

¢
HFû = op∗ (1) uni-

formly on N̂ (K). It follows that

Q∗T (k) = δ̂
0
Ẑ 0∆F

0
FẐ∆δ̂ + op (1)

and
R∗T (k) = −2δ̂

0
Ẑ 0∆F

0
HFû sgn

³
k − k̂

´
+ op∗ (1)

uniformly on N̂ (K). By (43),

S∗T (k)− S∗T
³
k̂
´
= δ̂

0
Ẑ 0∆F

0
FẐ∆δ̂ − 2δ̂0Ẑ 0∆F 0

HFû sgn
³
k − k̂

´
+ op∗ (1)

uniformly on N̂ (K).

Lemma 14 Let v2T be defined as in Lemma 7. If the conditions of Proposi-
tion 9 are satisfied, then for any K > 0, as T →∞,

arg min
|ρ|≤K

S∗T
³
k̂ +

£
ρv−2T

¤´ d∗→ arg min
|ρ|≤K

W (ρ) .
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Proof. Write k̂ +
£
ρv−2T

¤
= k. From Lemma 13,

S∗T
³
k̂ +

£
ρv−2T

¤´−S∗T ³k̂´ = δ0T Ẑ
0
∆F

0
FẐ∆δT−2δ0T Ẑ 0∆F 0

HFû sgn
³
k − k̂

´
+op∗ (1) .

By Lemma 2,

1

T
Z 0∆([σT ],[(σ+ρ)T ])MιZ∆([σT ],[(σ+ρ)T ])

p→ |ρ|Σ

uniformly on {(σ, ρ) : 0 ≤ σ, σ + ρ ≤ 1}. Hence

v2T Ẑ
0
∆F

0
FẐ∆

p→ |ρ|
2π

Σ

uniformly over |ρ| ≤ K. Lemma 8 implies that

1√
T
Z 0∆([σT ],[(σ+ρ)T ])F

0
HFû

p
=⇒

½
1
2π
Ω

1
2 (B (σ + ρ)−B (σ)) ρ ≥ 0,

1
2π
Ω

1
2 (B (σ)−B (σ + ρ)) ρ ≤ 0,

on {(ρ, σ) : 0 ≤ σ, σ + ρ ≤ 1} from which it follows that

vT Ẑ
0
∆F

0
HFû sgn

³
k − k̂

´
p
=⇒

½
1
2π
Ω

1
2B1 (ρ) ρ ≥ 0,

1
2π
Ω

1
2B2 (−ρ) ρ < 0

where B1, B2 are independent p-vectors of independent standard Brownian
motion processes. Proceeding as in the proof of Lemma 7, we deduce that

S∗T
³
k̂ +

£
ρv−2T

¤´− S∗T
³
k̂
´

d∗
=W (ρ) + op∗ (1)

on ρ ∈ [−K,K]. The lemma now follows from the continuous mapping
theorem.

Lemma 15 As T →∞,
Ω̂∗

p∗→ Ω.

Proof. As in the proof of Proposition 5, assume that process {xt} is
scalar. By definition, matrix Ω̂∗ is equal to

4π2

T

T−1X
j=1

Ixx,jIûû,j
¯̄
η∗j
¯̄2
+
4π2

T

T−1X
j=1

Ixx,j
³
Iv̂v̂,j − Iûû,j

¯̄
η∗j
¯̄2´

. (62)

Let ẑ∗t = zt(k̂
∗). Writing

wv̂,j =
³
β̂ − β̂

∗´
wx,j + δ̂ (wẑ,j − wẑ∗,j) +

³
δ̂ − δ̂

∗´
wẑ∗,j + wû,jη

∗
j
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and proceeding as in the proof of Proposition 5, it can be seen that, up to a
multiplicative constant, the second term of (62) is bounded in absolute value
by

1

T

T−1X
j=1

|wx,j|2
¯̄
wv̂,j − wû,jη

∗
j

¯̄2
+
2

T

T−1X
j=1

|wx,j|2
¯̄
wv̂,j − wû,jη

∗
j

¯̄ ¯̄
η∗jwû,j

¯̄
(63)

and that the first term of (63) is bounded by

3

T

³
β̂ − β̂

∗´2 T−1X
j=1

|wx,j|4 + 3

T
δ̂
2
T−1X
j=1

|wx,j|2 |wẑ,j − wẑ∗,j|2

+
3

T

³
δ̂ − δ̂

∗´2 T−1X
j=1

|wx,j|2 |wẑ∗,j|2 . (64)

By Proposition 8, β̂
∗ − β̂ = Op∗

¡
T−1/2

¢
, and by Proposition 6 of Lazarová

(2004), T−1
PT−1

j=1 |wx,j|4 = op (T ), therefore the first term of (64) is op∗ (1).
By the Schwarz inequality, the second term of (64) is bounded by

3

T
δ̂
2

Ã
T−1X
j=1

|wx,j|4
! 1

2
Ã

T−1X
j=1

|wẑ,j − wẑ∗,j|4
!1

2

.

The sum in the second bracket of the last displayed expression is bounded
by

1

(2πT )2

k̂,k̂∗X
t

|xt|
4

+
1

(2π)2 T

k̂,k̂∗X
t

|xt|
k̂,k̂∗X
s

|xs|
k̂,k̂∗X

r

|xr|2
k̂,k̂∗X
v

|xt−s+v|2
 1

2

.

For any K > 0 and M > 0,

P ∗

k̂,k̂∗X
t

|xt| ≥M kδTk−2
 ≤ P ∗

 k0+2KkδT k−2X
t=k0−2KkδT k−2

|xt| ≥M kδTk−2


+P ∗
³¯̄̄
k̂ − k0

¯̄̄
> K kδTk−2

´
+ P ∗

³¯̄̄
k̂∗ − k̂

¯̄̄
> K kδTk−2

´
. (65)

Proposition 1 implies that expectation of the second term on the right of (65)
is bounded by ε/3 for largeK by . By theMarkov inequality and Conditions 1
and 2, expectation of the first term on the right of (65) is bounded by CK/M
which is bounded by ε/3 for large M . For any η > 0, the last term on the
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right of (65) is smaller than η for large K and T with probability at least

1− ε/3. This means that
Pk̂,k̂∗

t |xt| = Op∗
¡kδTk−2¢. By similar arguments,Pk̂,k̂∗

t |xt|2 = Op∗
¡kδTk−2¢. Hence because δ̂ = δT +Op

¡
T−1/2

¢
= Op (kδTk)

by Proposition 2 and because

sup
t,s∈N(2K)

k0+2KkδT k−2X
v=k0−2KkδT k−2

|xt−s+v|2 ≤
k0+6KkδT k−2X

v=k0−6KkδT k−2
|xv|2 ,

we conclude that the second term of (64) is op∗ (1).
Next, the sum in the third term of (64) is bounded by

T−1X
j=1

|wx,j|2 |wẑ,j|2 +
T−1X
j=1

|wx,j|2 |wẑ∗,j − wẑ,j|2 . (66)

The first term of (66) is op∗ (T 2) by the reasons given in the discussion of
(23) and (25). The second term of (66) is Op∗

¡
T−1/2 kδTk−3

¢
by the reasons

discussed above. Since δ̂− δ̂
∗
= Op∗

¡
T−1/2

¢
by Proposition 8, the third term

of (64) is op∗ (1). It follows that the first term of (63) is op∗ (1).
The second term of (63) is bounded by

2

Ã
1

T

T−1X
j=1

|wx,j|2
¯̄
wv̂,j − η∗jwû,j

¯̄2! 1
2
Ã
1

T

T−1X
j=1

|wx,j|2 |wû,j|2
¯̄
η∗j
¯̄2!1

2

(67)

by the Schwarz inequality. The first bracket of (67) has just been shown to be
op∗ (1). The conditional expectation of the expression in the second bracket
of (67) is Ω̂ which is Op (1) by Proposition 5. Thus the second term of (63),
and consequently the second term of (62), is op∗ (1).
Further, the first term of (62) is equal to

4π2

T

T−1X
j=1

Ixx,jIuu,j+
4π2

T

T−1X
j=1

Ixx,jIuu,j
³¯̄
η∗j
¯̄2 − 1´+4π2

T

T−1X
j=1

Ixx,j (Iûû,j − Iuu,j)
¯̄
η∗j
¯̄2
.

(68)
By the Theorem 1 of Robinson (1998), the first term of (68) converges to Ω
in probability. Further, the conditional second moment of the second term
of (68) is bounded by

C

T 2

T−1X
j=1

I2xx,jI
2
uu,j =

C

T 2

T−1X
j=1

f2xx,jf
2
uu,j

µ
I2xx,j
f2xx,j

I2uu,j
f2uu,j

¶
.
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By a routine extension of the proof of bound (4.8) of Robinson (1995b), it
can be shown that factors I2xx,j/f

2
xx,j and I2uu,j/f

2
uu,j are Op (1) uniformly in

1 ≤ j ≤ T − 1. An application of Lemma 5 of Lazarová (2004) to g (λ) =

f
1/2
xx (λ) f

1/2
uu (λ) leads to the conclusion that the last displayed expression is

op (1). By the Markov inequality, the second term of (68) is op∗ (1). Finally,
by the proof of Theorem 3 of Lazarová (2004) the conditional expectation of
the third term of (68) is op (1). Combining results, we have

Ω̂∗ = Ω+ op∗ (1) .
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