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Motivation

 Why multi-population mortality models?

 Natural hedging is not perfect

 Issues with a small population

 Needs from mortality securitization

 Hedge effectiveness and basis risk

 A case on Swiss Re

 Transferred over $2.2 bn of mortality risk since 2003

 Insured about $1 bn of pension liability for Royal County of Berkshire Pension Fund in 2009
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Kortis Longevity Bond
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 SPV: the Kortis Capital Ltd

 Time: issued in December 2010, will mature in January 2017

 Single tranche: 2010-I Class E Notes rated BB+ by S&P

 Size: USD 50 million

 Spread: 472 bps + six-month LIBOR

 Trigger: Longevity Divergence Index Value (LDIV)

 Reference populations: male aged 75-85 in E&W and male aged 55-65 in the US

 The bond hedges residual longevity risk
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LDIV Computation
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 Average mortality improvement over 8 years, for each age and country

 Average mortality improvement over age groups, for each year and country

 Compute the longevity divergence index value (LDIV)

 Compute the principal reduction factor (PRF) based on LDIV, as a call option spread
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Literature

 Two-population mortality model

 Li and Lee (2005): augmented common factor model

 Li and Hardy (2011): cointegrated Lee-Carter model

 Dowd et al. (2011): gravity model (see also Jarnerand Kryger 2011) 

 Carins et al. (2011): mean-reverting process for mortality improvements

 Zhou et al. (2013a): two-population Lee-Carter model with transitory jumps

 Yang and Wang (2013) and Zhou et al. (2013b): co-integration process

 Hunt and Blake (2013)

 “There is little evidence to suggest that there is mean revision to a constant difference in relative 

mortality rates in the shorter run”. 

 M7 model in Carins et al. (2009) with a number of higher order age/period terms

 Project the period functions based on co-integration

 401 and 525 free parameters for EW and US, respectively
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A Glance at Our Model

 First Stage - Conditional distribution

 Lee and Carter (1992): ARIMA with constant volatility

 Lee and Miller (2001): volatility changing over time

 Gao and Hu (2009), Giacometti et al. (2012), Chai et al. (2013): GARCH models

 Giacometti et al. (2009, 2012) and Wang et al. (2013): heavy-tailed errors

 Second Stage – Copula model

 Copulas used to model the bivariate survival function (Frees et al. 1996, etc)

 Not used in the multiple-population analysis

 Most in the Elliptical or Archimedean family

 Advantage: Separate development of the marginal distributions and the copula model

 Chen, MacMinn and Sun (2013)

 Wang, Yang and Huang (2013)
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A Glance at Our Model

 Chen et al. (2013) v.s. Wang et al. (2013)

 We use a factor copula proposed by Oh and Patton (2012)

 A simple linear, additive structure – attractive for high dimension applications.

 More flexibility according to the number of variables and available data.

 What’s new?

 Two-factor copula model - common factor and country factor

 Dynamic dependence - generalized autoregressive score (GAS)
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Methodology: Conditional Marginal Distribution

 We allow each series to have a time-varying conditional mean and conditional variance, 
each governed by parametric models. 

 The estimate of standardized residuals can be specified as

 We then estimate the distribution of the standardized residuals using EDF

 The use of the EDF allows us to non-parametrically capture skewness and excess kurtosis 
in the residuals, if present, and allows these characteristics to differ across populations.
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Methodology: Factor Copula

 Use a copula model to describe the joint distribution of innovations

 The copula parameter is estimated using the simulation-based estimation approach (Oh 
and Patton, 2012). 

 Their method is close to Simulated Method of Moments (SMM), but is not exactly the 
same as SMM, because the “moments” are functions of rank statistics. 

 The SMM copula estimator is based on simulation from some joint distribution of a vector 
of latent variables X, with a implied copula C(θ). 
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Methodology: Factor Copula

 One-factor copula model

 Flexibility

 A fat-tailed common factor – correlated mortality jumps

 A skewed common factor – asymmetric tail dependence structure

 The same loading – equidependence

 Different loading – heterogeneity

 A subset of variables have the same loading: same region, same country

 Multiple factors 

 Extensions

 Two-factor copula 

 Dynamic structure
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Sample and Data

 Data source: Human Mortality Database

 Country: US and UK (England & Wales)

 Period: 1933-2010. 

 Age groups: UK males with ages 75 to 85 and US males with ages 55 to 65
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Sample and Data
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Summary Statistics: Mortality Improvement
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Conditional Distributions

 Conditional mean ARMA(r,m)

 Conditional variance GARCH(p,q)

 Model selection based on BIC
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Model Fitting
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Standardized Residual
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Dependence Measures
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Heatmap of Spearman correlation of Std Residuals
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Factor Copula Model 

 Two-factor copula model:

 Generalized Autoregressive Score (GAS) (see Creal et al. 2013)

where                                     and
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Factor Copula Model 

 Parameter estimates for the factor copula model
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LDIV Fitting and Forecasting
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Probability Distribution of Principal Loss
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Pricing Methodologies

 Mortality risk pricing

 Arbitrage free pricing (Cairns et al. 2006b, Bauer et al. 2010).

 Wang transform (Dowd et al. 2006, Denuit et al. 2007, Lin and Cox 2008, Chen and Cox 2009)

 Esscher transform (Chen et al. 2010, Li et al. 2010).

 Maximum entropy principle (Li 2010, Kogure and Kurachi 2010, Li and Ng 2011).

 CAT bond pricing (Lane, 2000; Chen and Cummins, 2010)

 CAT bond pricing

 Expected loss principle

 Variance or standard deviation principle

 Risk cubic pricing (Lane 2000)

 Multi-linear or log-linear model (Major and Krups, 2003, Berge 2005; Lane and Beckwith, 

2008, Lane and Mahul, 2008; Dieckmann, 2008) 
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CAT Bond Pricing Model
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Kortis Bond Pricing
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Conclusions

 Uses factor copula models to analyze mortality dependence

 Focus on the residual risk (tail dependence)

 Efficient for high dimensional data

 Future research

 Other heavy tailed distributions?

 Cohort effect?

 More accurate bond fitting?
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