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Abstract

This paper considers maximum likelihood for estimating the factors and
the loadings from high dimensional categorical /mixed-measurement data. Both
factors and loadings are treated as parameters to be estimated. Convergence
rate of the estimated factor space, consistency, convergence rate and asymptotic
normality of the estimated factors and the estimated loadings are established
under mild conditions that allow for linear models, Logit, Probit and some other
nonlinear models. The density function is also allowed to vary across subjects,
thus mixed-measurement models are explicitly allowed for. This paper also
establishes the limit distributions of the parameter estimates, the conditional
mean as well as the forecast when these estimated factors are used as proxies
in factor-augmented regressions. All these results are derived under the as-
ymptotic framework where the cross-section dimension and the time dimension
tend to infinity jointly at the same rate.
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1 Introduction

High dimensional factor models where a large number of time series are simultaneously
driven by a small number of latent factors provide a powerful framework to analyze
high dimensional data. Accompanied by an ever-increasing data size, the literature
for this model recently experienced a wave of development. For example, Bai and Ng
(2002) and Bai (2003) respectively show that utilizing the high dimensionality, we
are able to consistently determine the number of factors and establish the asymptotic
normality of the least squares estimator of the factors and loadings. High dimensional
factor models have also been successfully used in macroeconomic monitoring and
forecasting, business cycle analysis, asset pricing, risk measurement, see for example
Stock and Watson (2002, 2016), Forni and Reichlin (1998), Bernanke, Boivin and
Eliasz (2005), Ross (1976) and Campbell, Lo and Mackinlay (1997), to name a few.
So far the literature only considers linear factor models. However, in some macro-
economic or financial applications and in most microeconomic applications, the re-
lationship between the dependent variable and the factors could be nonlinear. A
representative case is when the dependent variable is categorical. Extending the ex-
isting theory, e.g., Bai (2003) and Bai and Li (2012), to categorical data is not feasible
because essentially both methods are based on the covariance matrix of the continu-
ously distributed dependent variable. This paper seeks to establish a new estimation
and inferential theory for high dimensional nonlinear factor models. More specifi-
cally, this paper considers the following single-index factor model: For ¢ = 1,..., N

andt=1,..1T,
Ty ~ gi(- ‘W?t)- (1)

x; is the observed data for the i-th subject at time t. g;(-|-) is some known density
function of x;; allowed to vary across i. 7% = f¥)\) and f° and A} is a r dimensional
vector of factors and loadings respectively. Both N and T are large. The number
of factors r is known. Neither factors nor loadings are observable. When factors or
loadings are random, expression (1) is the conditional density. For simplicity, this
paper considers nonrandom factors and loadings.

For engineering, this model has been successfully used in data compression, visu-



alization, pattern recognition and machine learning. For social sciences, this model
also plays important role in psychology and education. For economics and finance,
possible applications are partially listed below:

(1) Macroeconomic forecasting, factor-augmented vector autoregression and busi-
ness cycle analysis: In these areas, common factors are predominantly estimated by
principal components using continuous data. Little attention has been paid to the
treatment of categorical data or mixed-measurement data even though many data
sets are of this type. For example, consumer confidence index is categorical, credit
rating is categorical and loss given default is bounded between zero and one. While
these data sets are quite informative, they cannot be directly handled by principal
components estimation. This paper provides a rigorous solution to this issue.

(2) Credit risk analysis: Default correlation modelling has direct implications
for CDO (collateralized debt obligations) pricing, bond portfolio management and
commercial bank risk management. Factor models provide a parsimonious way for
analyzing default correlation and underlies many risk models used in practice. In this
case, T, + e;; is the value of company i at time ¢, e; a idiosyncratic term, 7% = f¥\?
and f? is vector of common factors. x; could be rating category company i belongs
to, or the binary variable describing the default event, or the credit spread of its
bond, or its stock return, or its stock volatility at time ¢. For more details, readers
are referred to Schonbucher (2000), Creal, Schwaab, Koopman and Lucas (2014) and
the references therein.

(3) Socio-economic status measurement: In development economics, health eco-
nomics, welfare economics and economics of education, researchers frequently en-
counter the problem of measuring the socio-economic status (more specifically the
wealth or consumption) of a household or an individual. A good measure, serving as
either the explanatory or the dependent variable, is crucial for these studies. Direct
accurate measures of household wealth or consumption usually are not available or not
reliable. Instead, the survey data contains many reliable yet categorically distributed
proxies, such as living conditions and ownership of durables or assets. Treating these
proxies as the dependent variables and household wealth as the latent explanatory fac-

tor, household wealth could be estimated from the data of these proxies. Filmer and



Pritchett (2001) follows this approach to construct wealth index for estimating the
effect of wealth on educational enrollments in India. The Filmer-Pritchett procedure
simply extracts the factor from the binary proxies directly by principal component.
This procedure is lack of theoretical support and may lead to misleading results.

For all the above and future applications, it is in urgent need to develop a theoret-
ically justified method for estimating the factors and loadings from high dimensional
categorical /mixed-measurement data. It is also necessary to establish the asymptotic
properties of the proposed estimator under the high dimensional setup. Such asymp-
totic properties are needed to characterize the conditions under which the estimation
error is negligible when estimated factors are used as regressors and to construct
confidence intervals when estimated factors represent economic indices.

This paper considers maximum likelihood for estimating the factors and the load-
ings from categorical /mixed-measurement data. Both factors and loadings are treated
as parameters to be estimated and a penalty! function is added to the log-likelihood
function to guarantee the uniqueness of the solution of the likelihood maximization
problem. This paper establishes the convergence rate of the estimated factor space,
consistency, convergence rate and asymptotic normality of the estimated factors and
the estimated loadings as N and T tend to infinity at the same rate, given that
the log-likelihood function satisfies some regularity conditions. These regularity con-
ditions are mild enough to allow for linear models, Logit, Probit and some other
nonlinear models. The density function is allowed to vary across ¢, thus a mixture of
these models is also allowed for. This paper also establishes the limit distributions
of the parameter estimates, the conditional mean as well as the forecast for factor-
augmented regression model when these estimated factors are used as proxies for the
true factors.

In the statistics literature, classic factor analysis has been successfully extended to
categorical data and mixed-measurement data, see for example, Bartholomew (1980),
Moustaki (1996), Bartholomew and Knott (1999), Moustaki (2000), Moustaki and
Knott (2000) and Joreskog and Moustaki (2001), to name a few. All these papers

'Tn this paper, the penalty is considered solely for the purpose of fixing down the rotation matrix
of the factor model. It has nothing to do with the LASSO literature.



assume N is fixed and much smaller than 7. While factors are typically of primary
interest in economic applications, factors can not be consistently estimated under the
fixed N large T setup. This limitation and the urgent need to handle high dimensional
mixed-measurement data recently has motivated some researchers to explore possible
solution. Creal, Schwaab, Koopman and Lucas (2014) chooses a observation driven?
framework to model the unobservable factors and then uses maximum likelihood to
estimate the parameters. Ng (2015) reviews alternative methods of constructing fac-
tors that can potentially be extended to categorical data and explores their numerical
properties.

This paper provides a general theory for factor analysis of high dimensional non-
linear data. Since factors and loadings are treated as parameters and estimated simul-
taneously by maximum likelihood, this paper faces the incidental parameter problem
as discussed in Neyman and Scott (1948), Heckman (1981), Lancaster (2000) and
Greene (2004). This paper solves this problem by utilizing the fact that the Hessian
of factor model is "asymptotically diagonal®*" as N and T tend to infinity jointly.
This solution is reminiscent of the diagonalization approaches discussed in Cox and
Reid (1987) and Lancaster (2000, 2002). The difference is that in this paper the
diagonality comes from the factor structure and high dimensionality and holds only
when N and 7T tend to infinity jointly while in those papers the diagonality comes
from artificial reparametrization. More specifically, for factor models, the diagonal
blocks of the Hessian are of magnitude O,(7T") or O,(N) while the off-diagonal blocks
are of magnitude O,(1). This paper shows these nonzero off-diagonal blocks are as-
ymptotically negligible as NV and T tend to infinity jointly. Asymptotic diagonality
of the Hessian also provides explanation for Bai (2003)’s results from the perspective
of extremum estimation, and roughly speaking, for the results in Hahn and Newey
(2004) and many other nonlinear panel papers.

The rest of the paper is organized as follows. Section 2 introduces notations and

2In observation driven models, the parameters are allowed to vary over time as functions of
lagged dependent variables and exogenous variables, i.e., they are perfectly predictable given the
past information. For more details, see Creal, Koopman and Lucas (2013).

3More accurately, it should be block-diagonal. We use "diagonal" here because as N and T tend
to infinity, the dimension of each block always equals to the number of factors while the number of
blocks tends to infinity.



preliminaries. Section 3 discusses the assumptions. Section 4 presents the limit theory.
Section 5 presents results for factor-augmented regressions. Section 6 introduces
computation algorithms. Section 7 presents simulation results. Section 8 concludes.

All proofs are relegated to the appendix.

2 Notations and Preliminaries

The log-likelihood function is

L =30 S )

where [ (7)) = log gi(xi |7y ) and my = fiA;, X is the T x N matrix of observed
data and z;; is the element on the ¢-th row and the i-th column, f = (f1,..., f7) aTr
dimensional vector and A = (A}, ..., \y) is a N7 dimensional vector. The functional
form of the density, g;(-|), is allowed to vary across i. Thus data following different
models can be merged directly. For example, discretely distributed time series could
be used together with continuously distributed time series to extract common factors.
Let o = (N, f"), F = (f1,.., fr)’; A = (A1, ..., Ay)’. Similarly, for the true values of
the factors and the loadings, let fO = (fY, ..., f2), A\ = (AY, ..., A%), ¢° = (\Y, Y,

= (9 .., %) and A° = (M), ..., A})". Also, let Ol (ms;) and 0,21y (y ) respectively
be the first order and the second order derivative of [;;(-) evaluated at 7.

Both factors and loadings are treated as parameters to be estimated through
maximum likelihood. Note that for any F', A and r X r invertible matrix GG, F'G and
A(G")7! has the same likelihood as F' and A. To uniquely fix F' and A, we add the
following penalty function to the log-likelihood®:

PUA) = _g Z;:1 (ZZV1 ip Zt . fo)?
_g Z,;l Z;:pﬂ ( Zz‘:1 AipA
_g Z;:1 ZZ:p+1 ( Zthl ftpftQ)2a (3)

4This penalty function is inspired by and generalizes the penalty function in Chen, Fernandez-Val
and Weidner (2014).




where 0 < ¢ < by, and by, is lower bound of —0,20;(m;;) as presented in Assumption

2(ii) below. Thus the criterion function to be maximized is

Q(f;A) = LIX[f, \)+P(f, ). (4)

Let f = (f],....fr) and A = (;\/1,,5\;\,)’ be the solution and let #; = fi\;, F =
(f1, ., fr) and A = (Ay, ..., Ay). From expression (3), it is not difficult to see that
F'F and A’A must be diagonal and equal to each other. Next, let S(¢) = 9;Q(¢),

Sx(¢) = 0\Q(¢) and Sy(¢) = 0;Q(¢), it follows that S(¢) = (53(¢), S}(¢))". Let
H(¢) = 0ppQ(¢) be the Hessian matrix. Decomposition of H(¢) and the expression

>l

of each component is presented in Appendix A.

Throughout the paper, (N,T) — oo denotes N and T going to infinity jointly.
2 denotes convergence in distribution. "w.p.a." denotes "with probability approach-
ing". If the argument of a function is suppressed, this means the true values of the
parameters are plugged in. For example, S = S(¢°) and H = H(¢"). For matrix
A, let p.i,(A) denote its smallest eigenvalue and ||Al], ||A|| 5, [|A]|, and ||A]|, denote
its spectral norm, Frobenius norm, 1-norm and infinity norm respectively. When A
has Nr rows, divide A into N blocks with each block containing r rows and let [A];,

denote the ¢g-th row in the i-th block and [A]; = ([A]}, ..., [A]}.)" denote the i-th block.

3 Assumptions

Assumption 1 T7'FYFY — Y, as T — oo for some positive definite Yp and

N7IAYAY — ¥\ as N — oo for some positive definite 2.

Assumption 2 (i) l;;(-) is three times differentiable.

(ii)> There exists by > by > 0 such that by < —02ly(mi) < by and |Oxslyy(mir)| <
by a.s..

(i13) B(Oyl;1)% is uniformly bounded.

5This part can be weakened such that it only holds when the independent variable of I;;(-) is
bounded. This is enough if parameter spaces of factors and loadings are uniformly bounded.



Assumption 3 Conditioning on the factors and loadings, x; is independent over 1

and t.
Assumption 4 The eigenvalues of XX, are different.
Assumption 5 N/T — k as (N,T) — cc.

Assumption 6 (i) The parameter space of \; and f; is compact. Furthermore, there
erists M > 0 such that for any i, ||N| < M for any possible \; and for any t,
| fell < M for any possible f;.

(i) TS0 L (FON) — TS5 Bla(fON) ds 0,(1) uniformly over the space of
A and N2 Ly (FIN0) = N7YSSN Bl (fIAD) s 0,(1) uniformly over the space of
Jr-

(1i1) Tlijr;oT*I ST Bl (FON) s continuous for A; and ]\}iinmN*I SN Bl (fIN) is
continuous for f.

(i) N} is the unique mazimizer of jliirgoT’l ST BLy(fO)\) and f0 is the unique

mazimizer of A}iinooN’l SOV Bl (FIN9).
Assumption 7 For each i, as T — 00,
_1 T o d
T2 Oclaf) = N(0,Zip),

where Y;p = TliHr101C>T*1 ST B(—02li) fO £ and for each t, as N — oo,

N
NTEY T OliX] S N(0,50),

where Syy = lim N7! SN E(=0,20i ) AN

Assumption 1 ensures that each factor has a nontrivial contribution. For simplic-
ity, this paper only considers nonrandom factors and loadings. If factors and loadings
are random, then expression (2) is the conditional likelihood and the results are still
valid. Assumption 2(i) imposes smoothness condition on the log-likelihood function.
Assumption 2(ii) assumes the log-likelihood function is concave and its third order

derivative is uniformly bounded. The existence and boundedness of the third order

7



derivative is needed to control the remainder term in the expansion of the first or-

6. Assumption 2(iii) is used in calculating ||[H!||,. It can be verified

der condition
that most frequently-used nonlinear models such as logit, probit, ordered logit and
ordered probit satisfy Assumption 2. Assumption 3 assumes independence but not
identical distribution of x;; over ¢ and t. The independence condition is not uncom-
mon for nonlinear models. With the cost of an increase of the technical complexity,
cross-sectional dependence and time dependence could be allowed and the results are
conceptually the same, provided the dependence is weak. Assumption 4 is a crucial
identification condition. First, it guarantees that there exists unique F' and A such
that FA' = FOAY, A’A equals F'F and both are diagonal. Second, it guarantees that
there exists m > 0 such that w.p.a. one, H(¢) is nonsingular for all Hgb — gbOH <mT %,
i.e., w.p.a. one Q(¢) is locally concave for ||¢ — quH <mT2. Assumption 5 is imposed
for simplicity. Bai (2003) assumes 72 /N — 0 and Nz /T — 0. For all results of this
paper, Assumption 5 can be relaxed, but so far how to relax to Bai (2003)’s condition
is unknown. Assumption 6 ensures the consistency of the estimated loadings when
factors are known and the consistency of the estimated factors when loadings are
known’. Assumption 7 is simply a result of the central limit theorem and is implied

by Assumption 3.

4 Limit Theory

For any F° and A%, let V be the diagonal matrix of eigenvalues of (AYA%)2 F¥ FO(AYA)z
and T be the corresponding matrix of eigenvectors and let G = (AYA)2 TV, It can
be verified that (FOG)F°G = V2 and [A°(G~1)[A%(G~1)] = Vz. In other words,
for any F° and A, there always exists F' and A such that FA’ = FOAY A’A equals

F'F and both are diagonal. Assumption 4 guarantees such F' and A is unique for N

®Newey and McFadden (1994) only requires two times continuously differentiable because it
expands the first order condition only to the second order and utilizes Lemma 2.4 to establish the
convergence of the Hessian. In this paper we expand the first order condition to the third order and
utilize the uniform boundedness of the third order derivatives to explicitly calculate the magnitude
the third order term. Lemma 2.4 in Newey and McFadden (1994) is no longer applicable here because
the dimension of the parameter space and the dimension of the Hessian also tend to infinity.

"See, e.g., Newey and McFadden (1994) for how these conditions can be used to show the con-
sistency.



and T large enough. Without loss of generality, in the following we simply assume
FYF% = AYA° and both are diagonal. (5)

If (5) does not hold, just replace F° by F°G and A° by A°(G~'), then all results
below still hold.

Proposition 1 (Average Consistency) Under Assumptions 1-5, as (N, T) — oo,
|7 =1 = ontz),

H = Ts) and w.p.a. one bothf and \ are unique.

Since w.p.a. one the criterion function is locally concave within a neighborhood of
the true parameters®, average consistency of f and \ implies their uniqueness w.p.a.
one. The procedure for establishing consistency here is different from the classical
procedure for extremum estimators, e.g., Newey and McFadden (1994) because the
number of parameters tends to infinity jointly with N and 7', which is also the main
difficulty.

Note that although f and \ are estimated simultaneously, \i can be regarded
as the maximum likelihood estimator when f is used for f° because \i maximizes

;F:l Li:(fIA;), and vice versa. Thus to establish the limit distribution of the estimated
loadings and the estimated factors, it only remains to study the effect of using f for f°
and \ for \° respectively. Such effect is well-studied in linear setup, e.g., Bai (2003)
and Bai and Ng (2006). But in nonlinear setup, their techniques are no longer useful.
Detailed explanation and a new analytical framework to solve this problem will be
provided after Proposition 3. We first strengthen Proposition 1 to get the average

convergence rate.

Theorem 1 (Average Convergence Rate) Under Assumptions 1-5 and 6(i), as
(N,T) — oo — 0,(1) and H/\ - )\OH — 0,(1).

Theorem 1 establishes the convergence rate of the estimated factor space and the

estimated loading space. Under the extra condition N/T — &, this result is the same

8See Lemma 4 in the Appendix for more details.



as Theorem 1 in Bai and Ng (2002). As in the linear setup, this convergence rate is

crucial for analyzing the effect of using estimated factors’.

Proposition 2 (Individual Consistency) Under Assumptions 1-6, as (N,T) —
A — A fi = f2| = 0,(1) for each t.

00,

= 0,(1) for each i and ‘

Proposition 2 is an intermediate step for establishing Proposition 3 below. Its
proof is based on Theorem 1. For example, simply consider the estimated loadings.
Given Assumption 6, the estimated loadings are consistent if factors were known.
Then Theorem 1 is utilized to show T~ "1 (1 (fiA:) — Lu(f¥\i)] = 0,(1) uniformly

over the space of A;.

Proposition 3 (Individual Convergence Rate) Under Assumptions 1-6, as (N,T)
\i — X\l = O,(T~2) for each i and ) fi— fol = O,(N~2) for eacht.

Proposition 3 is a crucial step for establishing the limit distribution of the esti-
mated factors and loadings. Since \; maximizes the likelihood of the i-th series when
f is used as the data for f°, a natural choice for deriving its limit distribution is to
expand the first order conditions Y, | Oxli(f/\i)f = 0 at A? and then analyze the
effect of using f for f°. This is not feasible. For ¢ = 1, ...,7, expand the ¢-th row of

the first order condition at A,

T A~ A A A
0= Zt a lzt(ft/\o ftq + Z a71'2lu€ {Az,zq)ftqft{()\z - )\?)7

where S\Mq = aiq)\? +(1— aiq)S\i for some a;, € (0,1). The first term on the right hand

side equals

T
> (Oxl) ftq+z Onlis(FIN)) — Onlid) £,
+Z (Onlit)(frq — 7)) +Z Onlit(FIN)) = Oli) (fig — £1)).

By Assumptions 7, the first term is O, (T %) and normally distributed in the limit. If

the remaining terms are o, (7 %), then the first term would be dominant and we would

9But itself is not enough. In Bai (2003) and Bai and Ng (2006), Lemma B.1 and B.2 in Bai
(2003) are also needed.

10



have normal distribution in the limit. This argument works in linear factor models.
Without loss of generality, suppose [ (m;) = —%(%t — 7¢)%, then the second term
becomes — ZtT:l(ft—fto)')\?fg] and the third becomes!’ Zle e,-t(ftq—fg]). Lemma B.2
and Lemma B.1 of Bai (2003) respectively shows both terms are O,(7/ min{N,T}),
which is O, (1) under Assumption 5. However, in nonlinear setup we are only able to
show they are Op(T%) because it is not feasible to reestablish Lemma B.1 and Lemma
B.2 of Bai (2003). The proof of these two lemmas are based on a crucial decomposition
identity (equation A.1 in Bai (2003)) but that identity no longer exists in nonlinear

setup.

To solve this problem, we expand all the first order conditions at ¢°.

0= 0,Q(0) = 0,Q + 0,@ x (6~ ) + 3.

where R = (R}, R})". R\ and Ry is Nr and Tr dimensional with element Ry ;, =
(6= 8") Dpgrn,, Q(7,) (6 — ¢°) and Ry = (6 — 6°) Dy, Q(91,)(& — ¢°) respectively

¢;, and ¢y, are linear combinations of ¢ and ¢°. Thus

- =-H'S— H'R (6)
and it follows that
. . 1
§ =N = b= % = —[HS]— LR M)

In the Appendix we show that

[ Rl = Ou(T ), ®)
HS) = (3 0uluf2F) S uluf) +0,(T75). 9)

Theorem 1 and Proposition 3 are needed to show (8). The limit distribution of A
follows directly from (8) and (9). The limit distribution of f; follows from symmetry.

Theorem 2 (Individual Limit Distribution) Under Assumptions 1-7, as (N, T)

0Here e;; is the error term in Bai (2003).

11



— 00, T3(A; — A0) 5 N(0,55;0) for each i and N2 (f, — f°) 5 N(0,%;10) for each t.

The limit distributions of the estimated factors and loadings for linear factor model
are presented in Theorem 1 and Theorem 2 of Bai (2003). Theorem 2 includes Bai
(2003)’s results as special case. If the density function is normal, Bai (2003)’s results
can be obtained directly from Theorem 2.

Theorem 2 is rather useful as it not only allows discrete dependent variables but
also allows the density function to differ across individuals. The huge amount of
discrete data in macroeconomic and financial studies thus can be utilized, either by
themselves or merged with continuous data, to extract information on common shocks
or the state of the economy or other relevant variables. In real applications, we may
simply choose normal density for continuous z;. For discrete z;, specific parametric
model is needed.

To understand Theorem 2, the main difficulty is that the dimension of the Hessian
tends to infinity jointly as N and T'. If the Hessian is block-diagonal, asymptotic be-
havior of the estimates for parameters within different blocks will not affect each other.
Thus as long as the dimension of each block is fixed, whether the dimension of the
whole Hessian tends to infinity does not matter. In current context, the Hessian is not
block-diagonal, but is asymptotically equivalently block-diagonal. More specifically,
due to the factor structure, the Hessian can be decomposed into several parts. The
first part is block-diagonal with 3| 9,21 f2 f* as the i-th block and Y7~ | 9,21 A0AY
as the (/N +t)-th block. For the remaining parts, each element is of magnitude O,(1).
In the Appendix we show that in the expansion of [H'S];, the extra terms result-
ing from the remaining parts are of magnitude O,(T —%)7 and thus asymptotically
negligible. The underlying mechanism of this asymptotic negligibility is: the score
is smoothed by the off-diagonal elements of the Hessian when the dimension of the

Hessian increases jointly with the sample size.

Remark 1 X5 can be estimated by Sip = T ZtT:l(@Wlit(ft’j\i))zftﬂ and Yn can be
estimated by Ly = N~ Zﬁl(ﬁﬂllt(ft’j\z))2;\,5\; Using Assumption 2(ii), Assumption

3 and Theorem 1, consistency of Sip and S is not difficult to show.

12



5 Inference and Forecasting for Factor-augmented

Regressions

In this section we shall use the results and techniques developed in Section 4 to study
the effect of using estimated factors on factor-augmented regressions. Consider the

following factor-augmented regression model:

Yern = o f) + B'Wy + €ryn, (10)

where f? is a r dimensional vector of factors, W is a ¢ dimensional vector of other
variables and A is the lead time between the dependent variable and information
available. Let 6 = (o, 3") and 2z, = (fY, W/, then y, 1, = 8’2 + €40 Wy and yeip
are both observable. f? is unobservable, but a large number of predictors z; (i =
1,..,N;t =1,...,T) are observable and can be used to estimate f2. The probability
density function of zy is g;(- | fA]), as introduced in Section 1. g;(-|-) satisfies the
regularity conditions listed in Assumptions 2 and 6.

When 4, is a scalar and z;; = f )\? + €44, this is the "diffusion index forecasting
model" of Stock and Watson (2002). When h = 1 and w1 = (f21,, W/,,)’, this is
the FAVAR of Bernanke et al. (2005). When h = 0, y; is a scalar and z;; is discretely
distributed, this is the model considered in Filmer and Pritchett (2001). When w4,
is a scalar and x;; is discretely distributed for some 7 and continuously distributed for
other i, this is the model considered in Creal et al. (2014) for the estimation, analysis
and forecasting of credit risk.

The objective is to characterize the effect of using the estimated factors ft for f?
on the limit distributions of the parameter estimates, the conditional mean as well as
the forecast when the factors are estimated from z;; by maximum likelihood. Bai and
Ng (2006) studies this effect when the factors are estimated by principal components
and z;; = f¥\)+e;. The results in this section generalize Bai and Ng (2006)’s results

to allow z;; to be discretely distributed for all or some 1.

Assumption 8 E||z||" < M andE(e}) < M for allt. Ble,,, Yo, 2 Yeo1, 21, . ) =
0 for all h > 0. z; and ¢; are independent with vy;s for all i and s. As T — oo,

13



(i) TV 22 D S,
(i1) T3 Zthl Zt€4ah KR N(0,%...), where 3., = plim T~1 Zthl €L n2t7,-

Assumption 8 is the same as Assumption E in Bai and Ng (2006), except for an
additional condition E(e}) < M. Thus readers are referred to Bai and Ng (2006) for
discussion of this assumption. We shall only consider the case where y; is a scalar.
When v, is a vector, the results are conceptually the same. Let 2z, = ( ft’ , W/) and let

§ be the least squares estimator of regressing y;., on Z;.

Theorem 3 (Inference) Under Assumptions 1-6(i) and 8, as (N, T) — oo, T2 (8 —
J) LA N(0,%5), where X5 = X3, .51 A consistent estimator of X5 is
Sr= (Y e @Y e et Y aa

Theorem 3 implies that if N/T — k > 0, using the estimated factors does not
affect the limit distribution of & when the factors are estimated by maximum likelihood
and the density of x;; satisfy Assumptions 2 and 6. Theorem 3 is more general
than Theorem 1 of Bai and Ng (2006) since the latter is established under the setup
Ty = fY )\? + e;;. This generalization should be rather valuable as in many factor-
augmented regressions the information about the common factors are contained in
discrete or mixed-measurement data. Theorem 3 provides a rigorous way of exploiting

these information.

Remark 2 To eliminate the effect of using estimated factors, Theorem & requires
N/T — k while Bai and Ng (2006) only requires T%/N — 0. It is worth pointing out
that N/T — k is not a necessary condition for Theorem 3. It is assumed mainly for

technical simplicity.

Now consider forecasting for factor-augmented regression models. By Assumption
8, B(e,ip ¥t 26, Ye-1, 2t-1, ... ) = 0. Thus the conditional mean yr 41 equals 8 zr. Let

UrnT = 3/27 be the forecast of yr ur.

Theorem 4 (Forecasting) Under Assumptions 1-8, as (N,T) — oo, (Jrinr —
Yrin7)/Br 4 N(0,1), where B = T~ 24,5018, Do o+ N-1o/Spha. A consistent

estimator of B2 is B2 = T~12,%%r + N71a'S5 1 a.
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Theorem 4 generalizes Theorem 3 of Bai and Ng (2006) to allow factors to be
extracted from discrete or mixed-measurement data. The variance of the estimated
conditional mean has two components, one from the estimated parameters 6 and
the other one from the estimated factors f . Compared to cases where factors are
observable, the presence of the latter component is the effect of using estimated
factors on the estimated conditional mean.

Since yrin = Yr4nr + €r4n, the forecasting error is

€T4+h = YT+h|T — YT+h|T — €T+h-

Given Theorem 4 and assume €, is i.¢.d.N'(0, 67), we have éryp, ~ N(0, o24var(Granr)).

o2 can be consistency estimated by 77! Zthl ¢ and var(jrnr) can be consistently

€

estimated by B% Prediction intervals can be constructed correspondingly.

6 Algorithms

We shall introduce two algorithms to calculate the maximum likelihood estimator
numerically. Standard optimization algorithms are not applicable since the likelihood

function L(X |f, A) is not concave with respect to (f, \).

6.1 Minorization Maximization (MM)

Algorithm:

Step 1 (Initial values): Randomly generate initial values of the factors and the
loadings, (f©, 5\(0)).

Step 2 (Iterate): For k =0, ..., first calculate ﬁ:gf) = ff’“’ﬁik@%aﬂlit( }(’“)’XE’“)) for
i=1,..,Nand t=1,..,T, then (f(k+1),5\(k+1)) — argmax Y 1, Zthl(i“l(-f) — fiN)2.
Iterate until L(X f+D) S\(Hl)) — L(X f) S\(k)) < error, where error is the level
of tolerated numerical error.

Step 3 (Repeat): Repeat step 1 and step 2 many times to get many local maximum.
Take the one with the largest likelihood.

Step 4 (Normalize): Suppose f(s) and 5\(8) be the estimator from step 3. Let

15



FG) = (fl(s), oy f1) ) and A(S) = ()\ 5\5\8, ). Let V) be the diagonal matriz of

eigenvalues of (A(S)’A )z () f) (A 5)’A Nz and Y be the corresponding matriz
of eigenvectors and let G = (AAE) 2 Y (VE =3, Choose F = FOG® and
A = AG (GO as the solution of the likelihood mazimization problem.

This algorithm is modified from de Leeuw (2006). Similar algorithm is also used
by Chen (2016) for nonlinear panel models. Minorization maximization is a class of
algorithm more general than the expectation maximization (EM). A function h(z|y)
is said to minorize a function I(x) at y if h(z|y) < l(x) for all x and h(y|y) = I(y),
i.e., h(x|y) lies below [(x) and is tangent to [(x) at the point y. To maximize I(z), the

0) and iteratively maximizes h(z|z®)

MM algorithm starts from an initial value z!
until convergence. By definition of h(z|y), it is not difficult to see that I(z®)) =
h(z®|z®) < h(z**D]2®) < [(2*+D), Thus convergence to local maximum is
guaranteed. In applications, how to choose h(x|y) mainly depends on computational
simplicity. If there exists a function w(y) such that i(z) — I(y) > I'(y)(x — y) +
tw(y)(z — y)? for all  and y, a popular choice is h(zly) = l(y) + I'(y)(z — y) +
%w(y)(x — y)%. For more details on the MM algorithm, see Bohning and Lindsay
(1988), Hunter and Lange (2004) and Lange, Hunter and Young (2000), to name a
few.

In current context, in view of the fact 0,2l (7my) > —by, we choose hy(z|y) =

Li(y) + Uy(y)(z — y) — 3bu(z — y)? for each (i,t). Let & A(k) ff’“)’ﬂgk), it follows that

@) 2 )+ 0w R = 7)) = bRy - #()?

Oeli(R) 5 (Orlan(7)))?
by 2by ’

R L .
= L) - D

)+
Take sum over 4 and ¢, then L(X ’f(’““ 3\ ) L(X ‘f(’“), ;\(k)) is not smaller than

= A(k“ E E (Orlit(
Uzzlztl ” Tt i=1 t1 it( ”

+1
this term is zero. Since ft *+1) and )\ Y minimizes ZZ 1 Zt (2 2

If 70 = 7!

zt’

fiA\;)?, this term must be nonnegative, and consequently L(X ’ flr+D) /\ ) is not
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smaller than L(X f (k) )\( )). This guarantees convergence of the MM algorithm in
current context.

Whether the local maximum is global depends on the initial values ( f ©), 5\(0)

). To
search the global maximum, a common practice is to randomly choose initial values
many times and take the one with the largest likelihood among all local maximum.
We follow this common practice in step 3. Step 4 normalizes the estimator from step

3 so that F'F equals A’A and both are diagonal.

6.2 Alternating Maximization (AM)

Algorithm:
Step 1 (Initial values): Randomly generate initial values of the factors, f(o).
Step 2 (Iterate): For k =0, ..., calculate

S\(k) = argmaxL(X‘f(k),)\),

flAD = argmaxL(X‘f,j\(k)).

Iterate until L(X f(k“),jx(kﬂ)

) — L(X ‘f(k), S\(k)) < error, where error is the level
of tolerated numerical error.

Step 3 (Repeat): Repeat step 1 and step 2 many times to get many local maximum.
Take the one with the largest likelihood.

Step 4 (Normalize): Suppose f(s) and 5\(8) be the estimator from step 3. De-
fine F©& A and G in the same way as step 4 of the MM algorithm. Choose
F =FOG® and A = AW (GP)1Y as the solution of the likelihood mazimization
problem.

This algorithm is not totally new. In machine learning literature, similar algo-
rithm has been proposed in Collins, Dasgupta and Schapire (2001) and Schein, Saul
and Ungar (2003). The name "Alternating Maximization" comes from step 2, where
we choose A" to maximize the likelihood for given f® and then choose f*+D to
maximize the likelihood for given 3", This is based on the fact that L(X|f,\) is

globally concave with respect to A for given f and vice versa. Because the likeli-
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A(k+1)) >

hood is maximized alternately, we have L(X f (k+1) '\
Lix |[fo 3%
3 and Step 4 are the same as the MM algorithm discussed above.

> L(x |fe 3y

). Thus convergence of step 2 to a local maximum is guaranteed. Step

7 Simulations

The main purpose of this section is to access the adequacy of the asymptotic dis-
tributions in approximating their finite sample counterparts. To allow graphically
presenting the distribution of the estimated factors and loadings, we consider the
case with one factor. Fori =1,..,N and t = 1,....,T, f; and ); are i.i.d. N'(0,1) and
once generated, they are normalized to f0 and A\? such that 3., (f9)2 = 2N, (A\9)2,
f2 and )} are fixed down for each simulation. For the given f° and A}, we consider
three data generating processes (DGPs) for z;;.

DGP 1 (Logit): Fori=1,..,N and t = 1,...,T, z; is a binary random variable
and P(xy = 1) = U(f°)\Y), where ¥(z) = 1/(1 +e7%).

DGP 2 (Probit): Fori=1,..,N and t = 1,...,T, z; is a binary random variable
and P(zy = 1) = ®(f°)\Y), where ®(.) is the cumulative distribution function of
standard normal distribution.

DGP 3 (Mixed): For ¢ = 1,...,2N/5 and t = 1,...,T, z; is a binary random
variable and P(z; = 1) = U(f2\)); for i = 2N/54+1,...,4N/5 and t = 1,....T, xy
is binary random variable and P(z; = 1) = ®(f°\)); for i = 4N/5 +1,..., N and
t=1,...,T, z; is normally distributed with mean fto)\? and variance 1.

Once {zy;i = 1,...,N,t = 1,...,T} is generated, we use the MM algorithm!! to
calculate the maximum likelihood estimators, {ft, t=1,...T} and {5\“2 =1,..,N}
For step 1, the initial values of the factors and loadings, ( ft(o), 5\50)) are randomly gen-
erated from standard normal distribution for DGP1 and Uniform(—2,2) for DGP2
and DGP3'2. For step 2, we choose by = }1 for DGP1 and by = 1 for DGP2 and
DGP3. This is because —0;2l;(+) is bounded by ‘—11 for the Logit case, by 1 for the

"'We choose the MM algorithm because it is computationally simpler than the AM algorithm.
12We choose U(—2,2) for DGP2 and DGP3 partly because Matlab’s default computational accu-
racy is limited.
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Probit case and equals 1 for the Gaussian case. For step 3, the maximum number
of iteration is 20. In simulations, we find the convergence speed is very fast at the
beginning. The difference between the fourth iteration and the twentieth iteration is
not large. The number of simulations is 2000.

According to Theorem 2, N %EEA( ft — f?) follows standard normal distribution
for each ¢ and so does 7'z E,%F(j\z — )\?) for each 7. Figure 1 displays the histograms
of N %Ei /2, Al fT/Q - f2 /2) for the three DGPs. Figure 2 displays the histograms of
T%E]%V/Q’F(;\N/g — /\?V/2) for DGP1 and DGP2. For DGP3, Figure 3 displays the his-
tograms of T%ZEF(S\Z- — ) for i = N/5, 3N/5 and 9N/10. Due to limited space,
we only display histograms for (N,T) = (50,50) and (100, 100). The histograms are
normalized to be a density function and the standard normal density curve is overlaid
on them for comparison. It is easy to see that in all subfigures, the standard normal
density curve provides good approximation to the normalized histograms. Note that
for different subfigures, the variance of the unnormalized estimation error, i.e., ft -

and 5\2 -\

., varies with N, T" and DGP of z;. But once normalized, the estima-

tion errors always approximately follow the standard normal distribution. Also, the
approximation is better as N and 7T increases from 50 to 100. These together lend
strong support to the theoretical results.

Now we consider the factor-augmented regression, yi 1 = o' f) + B'W; + €141-
We already have f? and ft. Wy is 1.0.d. N(0,1) and is fixed down once generated.
{41, t = 1,...,T} is i.i.d.N(0,1) and generated 2000 times. For the regression co-
efficients, we choose @« = 3 = 1. According to Theorem 4, (§ri1r — yr41yr)/Br
should follow standard normal distribution. Figure 4 displays its histograms for the
three DGPs. As Figures 1-3, the standard normal density curve is overlaid on the
normalized histograms. On the whole, standard normal distribution provides rea-
sonable approximation. The slight skewness of the histograms for the logit case
disappears if we further increase N and T'. Theorem 4 also allows constructing con-
fidence intervals for the conditional mean y7,,7 and the one step ahead forecast.

The 95% confidence interval for yri1r is (Jr417 — 1.96 By, Yriqr + 1.96B7r) and
(Yrs1r — 1.964/BZ + 02, §riar + 1.964/BF + 02) for the one step ahead forecast.
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Table 1: Coverage Rates of Confidence Intervals

Logit Probit Mixed
N T Yrewr  Yr+n Yrsnr  Yrn Yrinr YT
50 50 0954 0.947 0.946 0.948 0.959 0.950
50 100 0.955 0.951 0.961 0.950 0.943 0.952
100 50 0.931 0.943 0.961 0.951 0.954 0.952
100 100 0.962 0.944 0941 0950 0.948 0.951

Table 1 reports the coverage rates for the three DGPs. In all cases, the coverage rate

is close to the nominal level 95%.

8 Conclusions

This paper studies maximum likelihood estimation of factor models with high dimen-
sional categorical /mixed-measurement data. Convergence rate of the estimated factor
space, consistency, convergence rate and asymptotic normality of the estimated fac-
tors and loadings are established under mild conditions that allows for linear models,
Logit, Probit, some other nonlinear models and mixed-measurement models. This
paper also establishes the limit distributions of the parameter estimates, the condi-
tional mean as well as the forecast when these estimated factors are used as prox-
ies in factor-augmented regressions. These results provide a rigorous treatment of
high dimensional categorical /mixed-measurement data in factor analysis and factor-
augmented regressions. Given the prevalence of categorical /mixed-measurement data,
empirical applications of the results developed in this paper should be fairly fruitful,
especially to the topics discussed in the Introduction. The techniques developed in
this paper may also provide a new perspective for solving the incidental parameter
problem. For example, with these techniques asymptotic analysis for nonlinear panel
models with multiple interactive fixed effects would no longer be difficult. This is
currently under the author’s investigation. We hope this paper would trigger further

developments in the analysis of high dimensional discrete data.
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Figure 2: Distribution of the Estimated Loadings (Logit and Probit)
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Figure 3: Distribution
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