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Abstract

We study estimation and inference of Expected Shortfall for time series with Infinite
variance. Both the smoothed and nonsmoothed estimators are investigated. The rate of
convergence is determined by the tail thickness parameter and the limiting distribution
is in the stable class with parameters depending on the tail thickness parameter of the
time series and on the dependence structure, which makes inference complicated. A
subsampling procedure is proposed to carry out statistical inference. We also analyze a

nonparametric estimator of the conditional expected shortfall.

1 Introduction

The Expected Shortfall (ES) of a continuously distributed random variable Y is defined as the
expected loss given the loss exceeds the Value at Risk threshold

BS. = EYY < o(r)] = “E1(Y <a(n)], (1)
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where the Value at Risk «(7) satisfies Pr[Y < «(7)] = 7, where 7 € (0, 1) is the loss probability
and 1(.) is the usual indicator function. The expected shortfall is defined provided E|Y| < oo.
It is well known that the expected shortfall is a coherent measure of risk by contrast with
the Value at Risk (see, e.g. Arztner et al. (1999)). Expected shortfall is widely used in
practice. For financial applications of ES and other measures based on ES, see, e.g., Acharya,
Pedersen, Philippe, and Richardson (2010), Adrian and Brunnermeier (2010), Brownlees and
Engle (2010), and Danielsson (2011).

This paper is concerned with estimation of E S, from a stationary and mixing time series.
The existing literature on estimation has focused on the case where E|Y |¥ < oo for k > 2, see
Chen (2008), Cai and Wang (2008), Scaillet (2004), and Fermanian and Scaillet (2005). These
authors proposed slightly different estimators based on empirical versions of the relation (1),
and showed that their estimators were consistent and asymptotically normal at rate square root
of sample size. Furthermore, the estimation of the 7-th quantile of Y does not appear to affect
the limiting distribution of the estimators of ES.

This paper studies the case where the expected shortfall is defined (E|Y| < oo) but the
variance of Y is infinite, and so the above results do not necessarily hold. Many financial time
series have heavy tails, see, e.g., Mandelbrot (1963), Fama (1965), Taleb (2010), Rachev and
Mittnik (2000), Embrechts, Kluppelberg and Mikosch (1997), Ibragimov, Jaffee and Walden
(2009), and Ibragimov (2009a). For example, electricity prices can be subject to large spikes
due to supply/demand imbalances that cannot be temporally mediated (Weron (2008)). There
is also a literature on heavy-tail behavior about the distribution of wealth and income, see, e.g.
Ibragimov (2009a), Gabaix (2008), Atkinson and Piketty (2007). Klass et al (2006) and Nirei
and Sonma (2007) documented that the tail exponent of wealth is around 1.5. Gopikrishnan
et al. (2000) find that trading volumes for the 1,000 largest U.S. stocks have Pareto tail with
exponent around 3/2. The 1987 crash delivered daily a return on the broad S&P500 index that
was over 20 standard deviations below the mean. More recently, the "flash crash" of May 6th,
2010, showed how far stock prices could move in a very short period of time. At 2:42 pm, with
the Dow Jones Industrial Average down more than 300 points for the day, the index began to fall
rapidly, dropping more than 600 points in 5 minutes for an almost 1000 point loss (or about nine
percent) on the day by 2:47 pm. Twenty minutes later, by 3:07 pm, the market had regained

most of the 600 point drop. We note that a lot of Financial theory concerning diversification



and the risk return trade-off does not require a finite variance. For example the CAPM, "Mean
"Variance" Efficiency", and "Two fund separation" are known to hold for the more general class
of elliptical distributions that are characterized by a location vector i and a scale matrix €.
The scale matrix 2 = (w;;) need not be a covariance matrix. Press (1982) shows that provided
the expected return exists and is finite ER — 1y = Boapy E(Rin — 1), Boapu = 2, see
also Fama and Miller (1972) and Samuelson (1967). So, we don’t need a variance. Stock and
Watson (2007, Chapter 2) discussed the 1987 Black Friday effect on the Dow Jones and its
implications for non-normality. Yet many risk measures are constructed from variance, and
so may be non robust to large movements in series. The consequences of large crashes are
enormous, and it is important to have risk management tools that reflect this possibility and
are robust to it.

We analyze the estimators of expected shortfall to determine their properties under heavy
tailed assumptions. We derive the asymptotic distributions of two estimators of expected
shortfall: the so-called smoothed estimator proposed in Scaillet (2004), and the unsmoothed
estimator proposed in Chen (2004). The estimators are consistent at a rate depending on the
tail thickness parameter and have the same stable limiting distribution; estimation of the Value
at Risk a(7) also does not affect the limiting distribution. However, the limiting distribution
is very complex and depends on the dependence properties of the data as well as on the tail
thickness parameter, so that "plug-in inference" is very complicated. We propose a subsampling
method to approximate the limiting distribution of the proposed estimators, and thereby to
facilitate statistical inference about the parameter of interest. This method also works when
the variance exists and normal asymptotics prevail. A Monte Carlo experiment is conducted to
investigate the finite sample performance of the proposed estimators and subsampling methods.

We also extend the theory to cover the nonparametric conditional expected shortfall esti-
mators. In this case also, the convergence rate is slower than that obtained in the standard
nonparametric regression framework with finite variance and the limiting distribution is in the
stable class. However, the limiting distribution does not depend on the time series properties
of the process so that "plug-in inference" is relatively straightforward. Hall, Peng, and Yao
(2002) obtain similar results for nonparametric regression.

There is a large literature studying stable limits for sums of infinite variance random vari-

ables. Classical work of Gnedenko and Kolmogorov (1954), Feller (1971) etc. show that appro-



priately standardized sums of an iid sequence of infinite variance random variables converges
to an infinite variance a-stable random variable. Davis and Resnick (1985, 1986), Phillips and
Solo (1992) studied stable limits for sums of weakly dependent infinite variance random vari-
ables in the form of linear process or functions of linear process. Davis (1983), Denker and
Jakubowski(1989), etc. studied more general stationary process. There is a literature on as-
ymptotics for sums of functionals such as the autocovariance functions (ACFs) of heavy-tailed
time series. In particular, Phillips and Solo (1992) studied limiting behavior of ACF's of linear
process. Davis and Mikosch (1998), and Mikosch and Starica (2000) studied the sample ACF
of a nonlinear stationary process. They show that in the case with finite variances but infinite
fourth moment, providing the process is ergodic, the convergence rate of the sample ACF is
slower than root-n for a nonlinear stationary process such as a GARCH process. While for
a linear process with finite variances but infinite fourth moment, the sample ACF is still as-
ymptotic normal with root-n convergence. Also see Embrechts et al (1997) for discussions on
this topic. Recent work of Bartkiewicz et al. (2010), which clarifies and extends earlier work,
for example Davis and Hsing (1995), provides conditions that determines the parameters of
limiting distributions in terms of tail characteristics of the underlying stationary sequence. For
simplicity, some conditions that we use are stronger than theirs, so as usual our conditions are
sufficient but not necessary.

The rest of our paper is organized as follows: The model and assumptions are introduced in
Section 2. Both the smoothed estimator and the unsmoothed estimators are given in Section
3. Limiting distributions of these estimators are also developed in this section. In Section 4,
we propose a subsampling procedure to approximate the limiting distribution of the proposed
estimators. In Section 5 we propose and investigate a nonparametric estimator of conditional
expected shortfall. In Section 6 we provide some Monte Carlo investigations and an application

to some financial time series. Section 7 concludes.

2 The Model

Consider a random sample {Y7,...,Yr} from a stationary and mixing time series with infinite
variance. Given this random sample, we consider the problem of estimating the Expected

Shortfall of Y defined by (1) for 7 € (0,1). A stationary process {(;, F:),—00 < t < 0o} is



said to be strong mixing if the mixing coefficient a(k) defined by

alk) = sup |P(ANB) — P(A)P(B)|

AeFt ,BEFZ,

converges to zero as k — o00. Strong mixing includes many linear and nonlinear time series
models as special cases; see Doukhan (1994) for the definition and examples. To facilitate our
asymptotic analysis, we make the following assumptions.

Assumption A

A1l (Y}) are realizations from a strictly stationary sequence with regularly varying tail proba-
bilities, that is: for every m > 1, there exists a non-null Radon measure p,, on the Borel

sigma field of R" /{0}, where R" = R™ U {+00}, such that
T Pr [aY_’l(}/la o 7Ym) S ] i> :um()a

where — denotes vague convergence (Kallenberg (1983), and ar = T'? — oo satisfies
T Prla;'|Yi] > 1] — 1, 6 € (1,2). The limiting measure 1, satisfies y,,(tA) = tpu,, (A)
for all ¢ > 0, for Borel sets A C R™. Here, 6 is the index of regular variation of Y;, so that
Pr[|Y;| > 2] = 27%L(z), where L is a slowly varying function at oo (assumed to be one

wlog).

A2 The sequence Y; is strongly mixing with geometrically declining mixing coefficient «(k),

ie., |a(k)| < c8* for some 6 € (0,1) and ¢ < oo.

A3 Define Ay = {z € R" : £(21+---+2) > 1} and B,, = {21 < a(7),...,2m < a(7)}, and
let for all m > 1:
ba() = i (A 1 B,

The limits lim,, oo (b£(m) — by(m — 1)) = cy exist.

A4 There exists a sequence 17 — oo with Ta(ry) — 0 such that

lim limsupTPr( max |Y;| > a—T, V1] > aT) =0.
t=n+1,...,rp rT

n—oo T_,oo  \t=n+l,.,

A5 Let f denote the stationary density of Y;, where f(y) > 0 for all y € (—o0, 00), and let f;

denote the joint density of Y;, Y;., these densities are twice continuously differentiable.
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Assumptions Al - A 4 are similar to Bartkiewicz et al. (2010). Specifically, Al is their
condition RV (regular variation) restricted to the case where 6 > 1 so that the expected shortfall
exists. We replace their mixing condition MX by the stronger condition of geometric strong
mixing, see their Lemma 3; this is satisfied by many models of interest including GARCH(1,1)
models under conditions on parameters and error moments, Pan, Linton, and Wang (2010).
Condition A3 is their TB (tail balance) condition. Condition A4 is the sufficient condition
given in Bartkiewicz et al. (2010, equation (3.8)) for their anti-clustering condition AC. They
verify A4 in the case of m-dependent random variables for which ¢, = b, (m + 1) — b, (m) and
c. =b_(m+1)—0b_(m). They also verify A4 for GARCH(1,1) process and give expressions for
the quantities ¢, and ¢;. Assumption A5 is needed to handle the smoothing bias terms induced
by our estimator and to ensure the regular behaviour of the quantile estimator.

In terms of notation, a stable distribution S(u, 0,6, 3) with location, scale, shape, and

skewness parameters (i, 0,0, 3) is defined via its characteristic function ¢(t) given by

() = exp {@'m — ot (1 — iBsgn(t) tan(w@/Z)} .

In the sequel the following definition is fundamental. Let S be a stable random variable with

characteristic function

E [exp(itS)] = exp {_, pEC=0)

7 {(cy + c_) cos(mB/2) — isign(t)(cy —c_) sin(ﬂ9/2)}] . (2)

Corresponding to the conventional notation, the above random variable has a stable distribu-

. * * . * CyL—C_ x * . . * I'(2—-6
tion S(0,0*,0,3") with §* = = and o* is determined by the equation o*¢ = %e)(ar +

ct+ec?

c_)cos(mf/2). Let S* be a stable random variable with characteristic function given by (2) with
¢y = 1 and c. = 0. We can explicitly express S* as S* = 37, (E(Z;1(0 < Z; < 1)) — Z;),
where Z; =T', Y 9, Iy =Vi+...+V, and {V;} is a sequence of independent exponential random

variables with unit mean (see, e.g. Davis (1983)).

3 The Estimators

We consider the case where 7 is fixed. In the case where 7 — 0 an alternative approach is

possible based on the model for the tail probabilities, see Danielsson (2011) for references.



3.1 The Smoothed Estimator

Estimation of the ES usually requires knowledge about the corresponding quantile. We may

estimate the 7-th quantile of Y, a(7), by a(7) that satisfies

:1% S K (Y — (7)) = 7+ 0, (T %), (3)

Here, Ky (+) = K(:/h), where K(+) is a survivor function (defined as 1— F'(+), where F() is a CDF

of a continuous random variable) and h is a bandwidth satisfying the following assumptions.

Assumption B

B1 K,(-) = K(-/h), where K is a twice continuously differentiable survivor function with
compact support satisfying K(z) = 1 for x < —1 and K(z) = 0 for z > 1, while h is
a bandwidth. We define K(u) = —K'(u), which is a differentiable symmetric density

function with compact support [—1, 1].

B2 AsT — oo, h — 0, Th — oo, and Th? — 0.

We consider the following estimator of the Expected Shortfall
__ 1 &
ES. = — ; Vi (Y: —a(r)) (4)

This is essentially the smoothed estimator of Scaillet (2004). The Value at Risk is asymptoti-
cally normal under our conditions, Scaillet (2004). We summarize the asymptotic distribution

of ES - in Theorem 1.

THEOREM 1. Suppose that Assumptions A1 - A5 and B1 -B2 hold, Then

TO-D(ES, — ES.) — 15 (5)
T

REMARK. The rate of convergence is strictly slower than 7%/2 and the limiting distribution
is quite complicated. When the data are i.i.d., the limiting distribution is a standard asym-
metric stable law determined only by the tail thickness parameter #. However, in general the

distribution of S depends on the dependence of the process through the quantities ¢, c_.
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REMARK. Theorem 1 shows that the preliminary estimation of the Value at Risk, a(7),
has no effect on the limiting behavior of the expected shortfall estimator, i.e., 70~/ G(EA:S'T —

ESo,) = 0p(1), where ESy. is the infeasible procedure that relies on knowledge of a(7)

N 1 &

ESor = - ;Ythh(Yt — af7)).
Furthermore, the joint asymptotic distribution of E\:S‘T and a(7), i.e., the expected shortfall
and Value at Risk are asymptotically independent. This means that the asymptotic behaviour
of any smooth function of the two risk measures will have asymptotic properties dominated by
those of the expected shortfall estimator.

REMARK. From the proof of Theorem 1 we can see that the smoothed estimator contains

a bias term that is of order h2.

3.2 The Non-Smoothed Estimator

The previous estimators of the Value at Risk and Expected Shortfall are smoothed estimators.
Alternatively, the 7-th quantile of Y, can be estimated simply by the 7-th sample quantile of

{Y1,...,Yr}, say, a(7), and we may construct the following nonsmoothed estimator of E.S;:
- 1 <
ES, = — ;m (Y; < a(r)).

This is the unsmoothed estimator of Chen (2008).
THEOREM 2. Suppose that Assumptions A1 - A5 hold. Then, as T — oo,

o~ 1
T(O-1)/0 (EST _ EST) ~ Zg
T
where S is the same stable law as in Theorem 1.

The two estimators share the same rate of convergence and limiting distribution, just as in
Chen (2008).

4 Consistent Inference

We propose a method for conducting inference about the expected shortfall that is robust to

heavy tails. One may be interested in a confidence interval to give some idea of the precision of
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the estimation. One can also use this interval to construct modified estimators that are robust
to estimation error, by taking a lower a quantile of the estimated distribution. In some cases
this can result in a considerably more conservative estimator.

In order to conduct statistical inference based on the proposed estimators, we need to
estimate the asymptotic distributions somehow. In the case of finite variance time series,
the ES estimator is root-7' consistent and asymptotic normal with a variance that can be
consistently estimated. In the case with infinite variance, to conduct inference about E.S.,
we need to estimate consistently the parameters (0, c,,c_) under the weak conditions we have
imposed, which is a difficult task. (In the special case with ¢, = c¢_, alternative methods may
be preferred, see our discussion in the end of this section on the t-statistic based approach of
Ibragimov and Miiller (2010). We focus on the general case in this section.) The parameter
0 can be estimated consistently under weak dependence conditions by many methods, see for
example Hill (2010), Embrechts et al (1997). Estimation of the spectral measure has been
investigated for i.i.d data, see for example Einmahl, de Haan, and Piterbarg (2001), but these
results do not cover estimation of ¢, ,c_ under weak dependence conditions. In this paper, we
propose a general method based on subsampling (Politis and Romano (1999)). This method is
also consistent when the variance of the series exists and so is robust with regard to the tail
thickness parameter.

Let @ be a consistent estimator of 0, given the random sample {Y;, ¢t =1, ..., T}, we consider
subsamples of size M

(Y, ... Yiwaht=1,...T—M+1,

and estimate the expected shortfall based on subsamples. Thus the nonsmoothed estimators

are
. | Mol
EST(M7t) = 7__ Y;H—sl(}/t—&—s < at(T))a
s=0
and the smoothed estimators are
M—1

—~ 1 .
ES-(M,t) = —= > Yirakn (Yies = Gu(7)).
s=0

where a,(7) and a,(7) were the corresponding nonsmoothed and smoothed estimators based

on the subsample {Y;, ..., Y a1}t

!Since that the preliminary estimation doesn’t affect the limiting distribution of estimators of the ES, one

can also use a(7) or a(7) that were estimated based on the whole sample.
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We approximate the sampling distribution of 7¢-1/0 <ETS’T — EST>, denoted by ﬁT(y), by

T—M+1
Z 1 <M(5—1)/§ [E’,\S’T(M, £) — E@T} < y> :

t=1

1

Feul) = 53751

and approximate the sampling distribution of 7~/ <ETS”T — EST>, say ﬁT(y), by

T—-M+1

Assumption C

C1 Assume that The tail index 6 is estimated by 0 at rate faster than logT' in the sense that
log (T) (6 — 6) 5 0

C2 M — oo, and M/T — 0.

Assumption C1 requires that the tail index is estimated faster than rate logT so that
MO/ /370=1/0 L 1 There is a literature on estimation of tail index where 6 is estimated
by 6 at rate T, for some 0 < a < (§—1)/6. Such estimators satisfy our assumption C1 (see, e.g.,
Hill (2010), Embrechts et al (1997)). Assumption C2 is a basic requirement for subsampling,.

Let F(y) be the limiting distribution function of T¢~1/ 6'(ETSY »—ES;), we have the following
result.

THEOREM 3. Let y be any continuous point of F(-). (1) Suppose that Assumptions Al
-Ab5, B1-B2, and C1, C2 hold, then, as T — oo,

Fra(y) = F(y).

(2) Suppose that Assumptions A1 -A5 and C1, C2 hold, then as T — oo,

Fra(y) & F(y).

REMARK. From the proof of Theorem 3 we can see that the proposed subsampling method
is “robust” in the sense that it is also consistent even in the case of finite variance, where normal

asymptotics prevail.
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REMARK. Ibragimov and Miiller (2010) developed t-statistic based approach for inference on
a parameter based on its estimator with a limit in the form of mixture of normals. Monte Carlo
evidence indicates that the Ibragimov and Miiller approach usually has better finite sample
performance than subsampling. This approach can be applied to inference on the expected
shortfall in the special case with symmetric stable limits (¢, = ¢_). In this special case, we

suggest using the t-statistic based inference of Ibragimov and Miiller (2010).

5 Conditional Expected Shortfall

In many financial applications, investors look at the conditional distribution of returns given
current information. We consider the Conditional Expected Shortfall. We first remark on an

obvious parametric extension of the first part of the paper. Consider the time series model
Yy = p,(0o) + o4(6o)es,

where Y; is the return of an asset at time ¢, and p,(0), 0+(0) € F;_1 for each § € © C RP, where
Fi = oc{Y,_1,Y; 9, -} is the information set at time ¢ including past values of returns and
possibly the value of some covariates X;. The random variables ¢; and ¢ — 1 are martingale
difference sequences®. This class of models includes many popular time series models used in
practice such as the GARCH and EGARCH models as well as seasonal regression models that
may be used for electricity prices (see Campbell, Lo, and Mackinlay (1997, Ch 12) for a review
of GARCH and examples. The Conditional Value at Risk of Y; given F;_; and the Conditional
Expected Shortfall of Y, given F;_; are:

VaR,1(7) = m(bo) +
ESi () = p(bo) +

¢(60) g ()

o1(00) ES+(¢),

where ¢,(¢) and ES;(¢) denote the unconditional Value at Risk and expected shortfall of the
error term &; respectively. Let 0 be square root sample size consistent estimators of 6y (which
may require robust methods) , and let &, = (Y; — u, (5)) /oy (5) We can then apply the methods

and results of the previous section to give the properties of the estimated £'S;(¢) and hence the

2This is, evidently, satisfied for the case when &, are iid mean zero and variance one. For examples when ¢,

are m.d.s., see de la Pena, Ibragimov and Sharakhmetov (2003).
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estimated £S;_1(7). The results parallel closely those given above, except that the conditions
A1-A6 must be imposed on ¢; rather than Y;. We discuss in detail the nonparametric case,
where the results are somewhat different.

Let X; denote the d-dimensional vector that contains information available at time ¢, in-
cluding possibly lagged dependent variables, and denote the 7-th conditional quantile of Y; by
Qv, (7] Xy), ie., Qy,(7]|X}:) satisfies Pr (Y; < Qy,(7|X:)|X:) = 7. The Conditional ES of Y; is
defined as

ES.(x) = EY)|Y, < Qy,(71X,), X, = 2], (6)

The 7-th conditional quantile of Y}, Qy,(7|X;), can be estimated from a quantile regression
of Y; on X,. In practice, the functional form of the conditional distribution is usually unknown.
For this reason, we consider in this paper nonparametric estimation of the conditional quantiles
and the expected shortfall. Our work builds on that of Hall, Peng, and Yao (2002) and Peng
and Yao (2004).

Denoting the conditional quantile function of Y; as m(7, X;), and let uy,, =Y, — m (7, X),
then we may write the model as

Yi=m (Ta Xt) + Ur
If m (7, ) is a smooth function of x, then for any X, in a neighborhood of x, we have

m(r,X) ~ mra)+ Y %Dljm(r,x) (X, — 2P + o (|| X, — 2||”)

1<jl<p

N By (k) ((Xe — @)/l + o (||, — ).

0<[jI<p

Here, we use the notation of Masry (1996): j = (j1,....Ja), ljl = S0, ji, 23 = TI% 2",

_ k k 5 _ ollm(r ) ) Rl

Do0<lil<p = D2oke0 2jim0 - Djym0r Dblm (r,2) = #.;ffmdv By (r,2:h) = j_!D‘Jlm(ﬂI%
Jiteia=k

where j! = II% 5! and hy = h; (T) is a bandwidth parameter that controls how “close”

X, is from = in the quantile estimation. Given observations {(Y;, X;)},_,, we consider the
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following local-polynomial® quantile regression that minimizes the following objective function

 (r,2;6) ZpT Ve 3 e amy | (1)), @

0<ljI<p

where p_(z) be the “check” function defined by p,(z) = z(t — 1(z < 0)) with 1(-) being
the usual indicator function, K is a nonnegative kernel function on R? defined as K(u) =
Hle k(u,) where k(u) is the univariate kernel, and @ is a stack of [3; in the lexicographical
order. Minimizing (7) with respect to 3;, 0 < [j| < p, delivers an estimate BJ- (1,2;hy) of
B; (1, 2; h1) . The conditional quantile function m(7,r) and its derivatives up to p-th order are

then estimated respectively by
(7, x) = Bo (r,2;h) and DIm (r,x) = (/)5 (v, 25 h) for 1< j| < p.

In the special case when p = 1, these are the widely used local linear estimators.

Notice that
BS.(r) = B[Vl (Y, < Quy(r|X)| X, = 2] = E(YX =) = ZB[p, (V — m(r, X))| X =4],

we can estimate the conditional Expected Shortfall £'S;(x) by replacing the conditional ex-

pectations with corresponding local sample averages. We propose the following estimator for
ES;(x):

—

ES;(x) =

hdZ (X“‘”) [n— ~p, (Vo= X0)] ®)

where fX( ) =T h~ dzt VK (%=2), h = h(T) is the bandwidth parameter that we use for
estimating ES. An alternative more complicated estimator can be constructed by fitting a local

polynomial estimator to Z;, = Yi1(Y; < m(7r,Xy)). Also see Cai and Wang (2008) and Scaillet

(2004), Scaillet (2005) for estimation of conditional ES in the case with finite variances.

Again, to facilitate asymptotic analysis, we assume that the following regularity conditions
hold.

Assumption D

3Different nonparametric estimators, including both the simple kernel smoother and the local polynomial
estimator, can be used. In this paper, we consider the local polynomial procedures. For additional information
about local polynomial estimation, see Fan (1992), and Fan and Gijbels (1996) for discussions on the attractive

properties of this approach.
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D1 Let F;_; be the o-field generated by past information (Y;_;,j7 > 1; X;_;,4 > 0), and denote

the conditional quantile function of Y; as

Qy, (T‘ftfl) = m(T7Xt)7

where m (7, x) is continuously differentiable at x to the order p, and ES.(x) defined by

(6) is continuously differentiable at x to the second order.

D2 (Y}, X, ) are realizations from a strictly stationary sequence with regularly varying tail
probabilities satisfying Assumption Al. The conditional CDF of Y; given Xy, Fy x (y|x) =
Pr (Y; < y|X; = ), has derivative fy|x (y|z) > 0 with | fy|x (y»|z)| uniformly integrable
for any sequence y, — m(7,z). In addition, the sequence (Yt,XtT ) is p-mixing with
geometrically declining mixing coefficient a(k), i.e., |a(k)| < ¢d* for some § € (0,1) and

c < 00.

D3 u,; =Y, — m (7, X;) also has regularly varying tail probabilities (in the conditional distri-
bution given X; = x) satisfying Assumption Al.

D4 The pdf of X, fx(x), is continuously differentiable at = and fx(x) > 0.

D5 The kernel function K () is a product kernel of k () , which is a symmetric density function
with compact support [—1, 1], and |k (a) — k (a') | < &|a — d'| for any a,a’ € R and some
Ty < o0o. The functions Hj(x) = 23K (x) for all j with 0 < |j| < 2p + 1 are Lipschitz
continuous. Let i, (K) = [w*K (u) du

D6 h — 0, k"™ /h? — 0, Tl/z_l/ehd(l_l/e)hl_l/2 — 0, and Th® — oo as T — oo.

Let ESY;( (x) and f)(;) () be column vectors of

1 J"ES. () 1 0" fx(x)

rileeeergl Ozt e Oxlt rqle eyl O - Ol

forry+---+rg=r,

and define the bias function
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Let
Ny = Ul (U < 0) — E w1 (ugr < 0) [ X5,

and define W, = K (Xt ) 7n;, as shown in the proof, the leading component of the estimator
(8) is determined by sums of W;. Notice that w1 (us, < 0) < 0, and the kernel function K(-)
has a bounded support, thus W; has a positive upper bound but no lower bound. It follows

that

g SxWe>a] o0 PriWe<-—o]
e PrWy| > 2] D170 7 anw Pr(Wi>a] T

Let ¢ be the infimum of value satisfying Pr(|W;| > ¢r) < 1/T, and E[W;1 (|Wy| < er)] = by,
under Assumption D3, T Pr[a;'|n,| > 1] ~ 1, where ar = T'?. By Breiman (1965) (also see

Davis and Mikosch 2001),
X, —
Pr(Wil = er) = P (| (T ) 2 ex)

— Pr <i—; K(Xth_x) m ZaT>
_ {GT]QE{K (Xth_m)rPr(\m! > ar)
_ efX /K

thus cp ~ (Thd) e By definition, 7, are recentered and E(W;) = 0. However, due to skewness

of the distribution of W, by is non-zero and (as shown in Theorem 4) contributes as a second
component of bias term in the estimation of conditional ES. Under Assumption D1, by (m) =
pm = 0, b_(m) = ¢ym = m, hence the limits lim,, . (bL(m) —byi(m — 1)) = cy exist and
cy =0,c_ =1

We summarize the asymptotic behavior of the estimator of the conditional expected shortfall
in Theorem 4.

THEOREM 4. Suppose that Assumptions D1 - D6 hold. Then, as T — oo,
T br 1
= S*.
(Thd)"? 7fx(x) — 7fx(z)

(Tht) (E/STE) — S, (x) — h2B(r, x)) .

Furthermore, for © # x', ES,(x) and ES,(z') are asymptotically independent.
REMARK. The "variance" effect in the estimated conditional ES is of order (T hd)f(efl)/ ‘.

The bias terms in the estimated conditional ES contains two parts: the first term h2B(7,z) is

15



the standard bias term in nonparametric estimation, which is of order h?; in addition, there is

a second part, ;——— f @ . If we denote the conditional density of 7, as f,x(n|z), notice that

R e (N R
_ E{E [K (Xth_x> 1 (‘K (Xth_x) n, ScT) Xt:|}
S (5 (S5 bl < er ) fstale (s

- wf / K () L (K ()] < ) ol + k) fx( + uh)

w)nl (K (u) ] < er) fox (n])dndu

12
>=
;5
\
—
N

which is of order h? times the magnitude of E[n,1(|n,| < c¢r)|X; = x]. Since E(n,|X; = z) = 0,
the order of magnitude of E[n,1(|n,| < er)|X; = ] is the same as that of E[n,1(|n,| > cr)| X =
x]. Notice that ¢ — 0o as T — oo, and 7, is bounded from above but has no lower bound,
EnA(|n,] > er)| Xe = z] = En1(n, < —er)| Xt = ] for large enough 7'. Under assumption D3,
Pr[n, < —c|X; = z] ~ ¢ for large ¢, thus E[n,1(n, < —cr)|X; = 2] is of order (Thd)_(a_l)ﬂ9
Thus, the second part of bias is of order (Thd) @D/ Under the assumption that 0 € (1,2),
both parts in the bias term converge to zero and the estimator is consistent. The bandwidth
that matches the smoothing bias and the stochastic term is of order h ~ T—(0=D/(@+d)o-1)
which results in the rate of convergence being 720~ 1/((2+d)0-1)

REMARK. Notice that in the presence of infinite variance, the variance effect of the prelim-

1/ 2, which is smaller than the variance effect of a

inary quantile regression is of order (Th‘li)
local least-squares estimation (which would be (Thf)f(efl)/ 6). If p > 1, we may simply choose
h = h; in the estimator (8), and the preliminary nonparametric estimation does not affect the
final estimation of expected shortfall.

REMARK. The asymptotic distribution in Theorem 4 does not depend on the time series
properties, meaning that the asymptotic distribution is the same as if the data were iid with the
same marginal distributions. This result is typical in nonparametric problems, see Robinson
(1983). The localization by the kernel shuffles the time series so that their dependence is no
longer so important. It follows that one can construct consistent confidence intervals from an

estimator of ¢ alone (provided one undersmooths to make the smoothing bias of smaller order),

see McCulloch (1986) and Rachev and Mittnik (2000). However, if X; = t/T, then the above
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result does not apply. In this case, the limiting distribution will be more like that from Theorem
1, although the rate of convergence will be nonparametric, see Hart (1991) and Peng and Yao
(2004).

The last remark suggests an alternative way of estimating and conducting inference about
the unconditional expected shortfall. This approach sacrifices some efficiency (rate of conver-
gence) with the benefit of simpler inference. Specifically, let X X, ., X7 be i.i.d. uniform [0, 1]
random variables independent of Y3, ..., Y. Then compute ES, ( ) from (8) for a set of points
x € {x1,...,2,}, where the grid is chosen such that EST(xj) and EST(xk) are asymptotically
independent (for example, for n = 1 this is trivially satisfied). Then let

ES, = wn B8, (x;).
j=1
where w,; are weights with Z;‘:l wp; = 1. We can take n to be almost as but not quite as large
as n = O(Th) when the locations z; are chosen correctly in [0, 1], i.e., so that {EE(\xj),j =
1,...,n} are mutually independent. For an appropriate choice of weights we will obtain an
improved rate of convergence over that in Theorem 4, but not quite as good as in Theorem
2; heuristically, the leading stochastic term of ES\'T behaves like a sample average of the form
S j=1 Wn;S}, where ST are i.i.d. stable random variables with mean zero, and this will converge
in distribution at rate n®=1/ to a stable random variable. The limiting distribution will be

stable but will not depend on the dependence structure of the data.

6 Numerical Results

6.1 Monte Carlo

In this section, we report some results based on a limited Monte Carlo experiment designed
to examine the sampling performance of the estimators and the subsampling procedure. The
data is generated from the following AR(1) process with different choices of parameter values
and error distributions:

Y = oY1+,

where u; are iid stable random variables with regularly varying tail probabilities satisfying

T Prla;'ui| > 1] — 1, and ar = TY?, 0 € (1,2). Using the conventional notation, we denoted
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the stable distribution as S(u, 0,0, 3), whose characteristic function of u, ¢(t) = F exp(itu), is
given by
() = exp {z’t,u — o Jt) (1 — iBsgn(t) tan(7r6/2)} ,

where the four parameters p, o > 0, 0 € (0,2], § € [—1, 1], are location, scale, shape, and
skewness parameters. Two sets of parameter values, DGP1: 4y =0,0=1,60=15, =0, and
DGP2: n=0,0 =1,60 = 1.5, § = 0.6, are investigated in the simulation. The first DGP
correspond to symmetric innovations, and the second DGP correspond to skewed u;. Giving
the true vales of the parameters, the true vale of ES(7) can be calculated numerically. These
random variables are generated using the stable random variable generator STABRND.M of
McCulloch (1996).

We consider estimation of the expected shortfall at both the 7 = 0.05 and 7 = 0.1 quantiles.
Two different choices of AR parameter value are considered: (i) @ = 0.5; (ii) o = 0.8. We
examine the sampling performance for a range of sample sizes T' = 100, T = 200, T" = 500,
T = 1000. Number of repetition is 5000. If we denote the unsmoothed estimator in the i-th
iteration as EL\S”M», we evaluate the sampling performance of the estimate based on the average

bias of the estimate defined as
1L
B_[AS - EST?, — EST7
v 2 B
and the Absolute Deviation Error

N
1 L~
ADE = =3 :‘ES”»—EST .
Ni:l 7

For the smoothed estimator E:S‘T, we consider two choices of bandwidth h; = 771/ and hy =
0.5~ /4,

Tables 1 and 2 report result of average bias BIAS and mean absolute error ADE for
different estimators of the expected shortfall at the 5% (7 = 0.05) quantile. In particular,
Tale 1 reports the result for the case of DGP1 and Table 2 reports the results corresponding to
DGP2. The Monte Carlo results in Tables 1 and 2 indicates that the difference of the smoothed
and unsmoothed estimators is small. As the sample size T increases, both the bias and absolute
deviation errors are decreasing, corroborating the asymptotic theory. As we move from o = 0.5

to a = 0.8, estimation error increases when serial correlation increases.
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We next look at the 10% (7 = 0.1) quantile. Tables 3 and 4 report the corresponding results
for the case of DGP1 and DGP2. The results in Tables 3 and 4 are qualitatively similar to
those of Tables 1 and 2, but we can see that estimation of ES improves when we move from

tail to relatively central quantile. The closer to the extremal points, the poor estimates.

Table 1: BIAS and ADE (ES(5%), DGP1)

Unsmoothed Smoothed Unsmoothed Smoothed
T hy ho hy ha
a=0.8 a=0.5

100  BIAS 3.7161 3.7191  3.7189 0.4890 0.4924  0.4927
ADE 13.9550 13.9581 13.9578 7.2158 7.2192 7.2194

200 BIAS 1.6336 1.6323  1.6328 0.4648 0.4643  0.4642
ADE 12.2525 12.2527 12.2524 5.9460 5.9475  5.9460
500 BIAS 0.7587 0.7544  0.7570 -0.1131 -0.1171  -0.1153
ADE 10.8352 10.8330 10.8343 5.0509 5.0499  5.0500

1000 BIAS 0.6221 0.6162  0.6203 0.2273 0.2266  0.2304
ADE 9.1616 9.1614  9.1638 3.7967 3.7959  3.7974

Table 2: BIAS and MAE (ES(5%), DGP2)
Unsmoothed Smoothed Unsmoothed Smoothed
T hy ho hy ho
a=0.8 a=0.5

100 BIAS 1.7966 1.7908 1.8004 0.2614 0.2521  0.2660

ADE 7.1033 7.0988 7.1070 3.7384 3.7353  3.7437

200 BIAS 0.7400 0.7358 0.7381 0.2590 0.2584  0.2587

ADE 6.7778 6.7770 6.7775 3.0945 3.0990  3.0957

500 BIAS 0.3123 0.3128 0.3176 -0.0442 -0.0482 -0.0484

ADE 5.5750 5.5730 5.5774 2.6568 2.6587  2.6564

1000 BIAS 0.2587 0.2464 0.2535 0.1435 0.1336  0.1379

ADE 4.7402 4.7379 4.7414 2.0066 2.0055  2.0085

Table 3: BIAS and ADE (ES(10%), DGP1)
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Unsmoothed Smoothed Unsmoothed Smoothed
T hy ho hy ho
a=0.38 a=0.5

100 BIAS 1.4851 1.4981 1.4902 0.3274 0.3404 0.3489
ADE 7.7923 7.8736 7.8663 3.6355 3.6483 3.6521
200 BIAS 1.1033 1.1045 1.1056 0.0343 0.0367 0.0418
ADE 6.6707 6.6722  6.6725 3.2760 3.2848 3.2884
500 BIAS 0.5177 0.5144  0.5178 0.0469 0.0581 0.0636
ADE 5.4938 5.4927  5.4942 2.4974 2.5031 2.5066
1000 BIAS | -0.000608  -0.0041 -0.000989 0.0126 0.0202 0.0230
ADE 4.9667 4.9655 4.9667 2.0419 2.0450 2.0464

Table 4: BIAS and MAE (ES(10%), DGP2)
Unsmoothed Smoothed Unsmoothed Smoothed

T hy ho hy ha

a=0.38 a=0.5

100 BIAS 0.5690 0.5751 0.5830 0.2039 0.2266 0.2146
ADE 4.3807 4.3871 4.3962 1.9104 1.9306 1.9187

200 BIAS 0.5982 0.6005 0.5951 0.0828 0.1049 0.0892
ADE 3.5007 3.5017 3.5028 1.6389 1.6550 1.6433

500 BIAS 0.2175 0.2182 0.2224 0.0628 0.0767 0.0657
ADE 2.9594 2.9606 2.9643 1.2808 1.2891 1.2827

1000 BIAS 0.1984 0.1986 0.1972 0.0225 0.0298 0.0234
ADE 2.4301 24311 2.4297 1.0810 1.0854 1.0818

The second part of Monte Carlo examines the performance of the subsampling procedure.
We focus on the unsmoothed estimator since the two versions estimators have qualitatively

similar performance. In each iteration, the empirical quantiles of
{M@—W@ [@T(M,t)—ﬁsy ,t=1,...,T—M+1} (10)

can be calculated. If we denote, say, the p-th quantile of (10) in the i-th iteration by
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QE?T(M t) Z-(p), we expect that

1 N

N

=1

Z 1 [T(G_l)/e <§9T — EST> < QﬁT(M,t),z(p)] — p.

To evaluate the approximation of the sampling distribution of 7(¢=1)/¢ (ETS”T — EST) by the

subsampling distribution, we report the empirical value of

N

1 7 —~

S 2[00 (BS, - BS,) < Qs g0
=1

for different sample sizes and data generating processes DGP1 and DGP2 that we used in

the first part simulation. For the size of subsample, we consider two choices: M; = /T and

M, = 1.5v/T. We report the results corresponding to p = 0.05 and p = 0.1 in Tables 5 and 6

respectively. Again, as we move closer to the extremal points, the poor sampling performance

is observed.

Table 5 (p = 0.05)

DGP1

DGP2

a=0.8

a=0.5

a=0.8

a=0.5

M,

M

M,

M,

M,

M

M,

M,

100
200
500
1000

0.0196
0.0286
0.0528
0.0754

0.0654
0.0928
0.0122
0.0316

0.0120
0.0124
0.0326
0.0656

0.0142
0.0190
0.0272
0.0276

0.0210
0.0244
0.0466
0.0684

Table 6 (p = 0.1)

DGP1

a=0.8

My

M>

a=0.5

M

Ms

0.0574
0.0814
0.0224
0.0306

0.0098
0.0096
0.0146
0.0524

DGP2

a=0.8

M,y

My

0.0116
0.0182
0.0138
0.0234

a=05

My

My

100
200
500
1000

0.1028
0.2246
0.1828
0.1680

0.0464
0.0438
0.1690
0.1074

0.0382
0.1760
0.1470
0.1304

0.0290
0.0302
0.1172
0.0868
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0.0932
0.2328
0.1832
0.1720

0.0448
0.0486
0.1710
0.1090

0.0366
0.2186
0.1494
0.1322

0.0236
0.0294
0.1362
0.0852



6.2 Application

Ibragimov, Ibragimov and Kattuman (2010) have documented heavy tails in emerging market
exchange rates, including the Russian Ruble, the Thai Baht, and the Phillipine PP. They
looked at the period from October 1997 to October 2008 (the Russian Ruble for example is
from January 1st 1999 to October 29th 2008.). They found these three currencies (and others)
had tail index rate less than two. We will examine again the Ruble over the time period
1993-2011, which contains daily 4649 observations (we find similar results, not shown, for the
two other currencies mentioned above). We show below the standardized time series (that
is, normalized to have sample mean and variance one), which shows the extreme movements

within the sample, especially during the default related crisis period of 1999.

Russian Ruble

0 5 10 15 20
T T

Standardized Return
=5

-25 =20 =15 -10
T T T

I I I I I
1980 1894 1es8 2002 2008 2010 2014

Time

Figure 1. Russian Ruble 1993-2011 Daily standardized return.

We first report the estimated tail indexes of the series using the Gabaix and Ibragimov
(2011) rank-1/2 method. We report this a function of the threshold parameter (or number of
observations used in the regression) upto and including the value of 500, which is slightly more
than 10% of the data. The estimated parameters are consistently below 2 except for the upper
tail for the very small threshold. In fact, the estimates are remarkably stable, and more so than
the corresponding Hill estimates that we also computed. We find some difference between the
upper and lower tails of the data, but a value of 1.3 for both would not be far wrong; this is

consistent with the findings of Gabaix and Ibragimov (2011).
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Tails of the Russian Ruble 1883-201M
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Figure 2. Estimated tail thickness parameters for different values of threshold. Solid line is the lower

tail, dashed line is the upper tail.

We then estimated the 5% annual Value at Risk and Expected Shortfall of the time series
using our methods described above. The 5% VaR and ES for the whole sample were -0.00247
and -0.00706 respectively. We next estimated both quantities using a rolling window, backward
looking, subsample to show the variation of the risk measure, as we may expect it not to be
constant over the whole period. We do this for an annual window (250 observations), which is
consistent with much recent practice. Similar results are obtained for longer time periods. The

results are shown below.
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Annual Ruble Value at Risk and Expected Shortfall

W
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Figure 3. Estimated annual 5% Value at Risk and Expected shortfall, rolling window.

Both series vary a lot over the sample period with the crisis period at the turn of the
millennium dominating numerically. More recently, both risk measures increased during the
financial crisis but seem to have recovered. We note that by taking account of the estimation
error* we obtain a full sample ES of -0.0179, which is considerably smaller than the original
estimator.

The subsample VaR and ES take different numerical values but they move very closely
together. One might think that the expected shortfall is just a constant multiple of the value
at risk, but this is not true at all. The next graph shows the relationship between the ex-
pected shortfall and the Value at Risk as a scatter plot with a regression line included. The
relationship between these two risk measures seems quite nonlinear and complex and perhaps
characterized by a number of different regimes. Notably, when risk is low there seems to be a
strong linear relationship, which would be consistent with a normal type innovation with time
varying volatility but when risk is higher this relationship disappears. Perhaps it is necessary

to allow a changing tail thickness parameter to explain this.

4We computed the 0.05 quantile of the standardized subsample estimates (using § = 1.4) denoted by ¢,, and
then computed ES + ¢, /T0~1/0.
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Figure 4. Scatter plot of annual Value at Risk versus Expected Shortfall.

7 Conclusions

We have shown that the usual asymptotic inference procedures for expected shortfall estimation
break down when the series has heavy tails. In some sense this shows a weakness of expected
shortfall as a risk measure, since by contrast the Value at Risk has the same asymptotic be-
haviour regardless of the thickness of the tails. Nevertheless, the expected shortfall is widely
used. We have shown how to conduct correct inference in the heavy tail case. The results
complement existing results for the light tail case with finite variances.

The analysis in this paper can be extended to other similar concepts. For example, our
analysis in this paper can be applied to similar risk measures such as median absolute deviation
E|Y — median(Y’)| or the medianhalf deviation E|Y| 1(Y <median(Y")). The results can also be
extended to higher moment coherent risk measures studied by Krokhmal (2007). In addition,
the method can also be applied to Lorenz curve estimation and inference. The definition of
Lorenz curve for a given income distribution is similar to the expected shortfall: suppose that
income Y is a random variable with distribution function F', the corresponding Lorenz curve
is defined as L(t) = p~' [ F~'(t)dt. Cumulated evidence indicates heavy-tail behavior of

income or wealth distributions. Thus the proposed estimators and inference procedures may
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be extended to the study of Lorenz curves.
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8 Appendix

8.1 Proof of Theorem 1

First note that a(7)

ES, - ES;

— a(7) = 0,(T~Y?), Scaillet (2004). Using the definition of &(7) we have

a% >oKYi— () + 77 2 i~ )Rl ~ (7)) ~ BS,
7+ e S - a(D)KY; — a(r) - BS,

+== > (Vi — a(n)) [Kn(Y; — a(7)) — Kp(Y; — a(7))]

t=1

= > (Y = a(m) [Kn(Y; — (7)) = 1(Y; < a(7))]
+T_7' 2:(}/;5 — (7)) [IKn(Y: — a(r)) — Kin(Y: — a(7))]

WT + RTl + RT2

Under assumption B1, by Taylor expansion,

R

_ TLZ Y; — a(n) [Ka(Y — @(1)) — Kn(Ys — a(r))]
= (a(r) —alr %é}@—a NER(Y: — (7))

T
1 Pl Y -7,
= — N (v, -
20 31 = Th2tzl i —alr ( I )

= Rpo1 + Rroo,

where 7, are intermediate values and Kj(.) = K(./h)/h for a kernel density K that is bounded

and has compact support. Therefore, |(Y; — a(7))K,(Y: — a(1))| < C(h) for some constant

C'(h) < co. We can apply the central limit theorem for triangular arrays of stationary Geomet-

rically mixing processes (e.g. Withers 1981), so that

_Z Y, — a(r

NEL(Y: — a(7)) = B[(Y: — a(r) En(Y: — a(r))] = O,(T12h712).
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By a change of variable x +— u = (z — «(7))/h and Taylor expansion we have
E[(Y: = a(r)Kn(Y: — a(7))] = /(93 — (7)) Kn(x — af7)) f(z)dz
= h/uK(u)f(a(T) + uh)du

12

h2 / 2
?f (a(T))/u K(u)du.

Therefore, Ry = O,(T7*h™2) 4+ O,(T~1/2h?) = 0,(T~1/?).

Similar arguments apply to Rroe. By the square-root T consistency of a(7), there exists a
sequence e — 0 such that Pr[v/T |a(7) — a(7)| > ep] — 0. Therefore, we can restrict attention
to deterministic sequences a(7) 4 6/+/T for 6 with |§| < A < oo. Furthermore,

_ _ _se1)2
Y, hoz(T)K, (Y} a(T)h oT )‘ <

sup
lsl<a

for some C" < oo. Therefore, we can apply the law of large numbers for triangular arrays of

stationary Geometrically mixing processes (e.g. Davidson 1994), so that

~ gm — a(r)K’ (Y f) = 0,(1),

so that Rpgy = O, (T *h™1) = 0,(T~Y/?).

Furthermore, consider

1 T

By = Y (Y —a(m) {Ku(Ys = a(r)) = 1(Y; < a(7))} .

=1
Under assumption B1, we have |Ry;| < Ch for some positive constant C. Therefore,

RTl - ERTl

- = 0,(T™?).

By Taylor expansion and change of variables we have

ERpy — /(:c ~ (7)) {/c (%‘“”) < am)} F(@)da

_ % (K () 1 < 0)} f(a(7) + uh)d

12

5 [ K - 1< o)} du

-1
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Therefore, Ry = O,(h?) + O,(T~Y/2h) = 0,(T1/?).

Finally, write

Zy =Y, —a(n)1(Y; < a(r)) — 7(ES; — a(r)).

Note that Z; are mean zero and strictly stationary. We have Z; < —7(ES; — (7)), where
ES, — a(r) € (—0,0), so that Z; has a positive upper bound but no lower bound. It follows
that

, Pr(Z; > z] 0 , Pr[Z, < —1] ]
im —————==p=0 ; lm————=¢=1
vooo Pr[| 2, > 2] T C e Pr[Z] > a] !
Furthermore, for = > 0,
Pr(|Zi| > a] = Pr{{(¥i —a(n)LY; < a(7)) = (ES; = a(7))}| > 2]
= Pri{(Y; —a(n)1(Y; < a(7)) — a(ES: — (7))} < —1]
= Pr[Y; <2
— L)
~ 2790 (—x),
where 2/ = —2 + 7(ES; — a(7)) + a(7) < 0 and L' is a slowly varying function at —oc.

The first four lines are exact for large enough positive x, and the approximation is valid as
x — 00. Furthermore, Z; is regularly varying with limiting measure f,,(-) such that 1,,(A) =
(AN By,), where B, = N {Y; < a(r)}.

We use Bartkiewicz et al. (2010, Theorem 3.1) applied to 3, Z;,. Thus

T
ap' Y 7, =S

t=1

The result follows. |

8.2 Proof of Theorem 2

Let w, = Y, — (1), and g(u) = 1(u <0), since g (-) is not everywhere differentiable, we
treat the function g (-) as a generalized function (as in Phillips (1995)) with a smooth regular

Sequence
%moz/’gwﬂﬂmw—unme*mwv

o0
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where H(-) is a smudge function whose role in g,,(u) is to smudge out g(v) when v is outside
the interval (u — m™, u + m™!) (see Phillips (1995) for more discussions on smudge function

and related literature). Notice that g(u) has first derivative everywhere except u = 0 and

d
g(u) = % = 0(u) = Dirac delta function,

has a regular sequence §,,(-) = (m/m)2e=™* = §,,(u).
If we denote U, (g) = = ST, Yig (), then W, (g) is a generalized process defined by the

following regular sequence of processes

T
1 ~
t=1

By a Taylor expansion of g, (u) around u = uy, gives

Von(9) = == Vign () = == D Vid () (@(7) — (7)) (1)

T
1 ) ) «\] [
+r D Vi gm (wir) = g ()] (@(r) = a(7)),
t=1
where v} is a middle value.
We next show that the last two terms — 0, and derive the limit of the first term in the

above expansion. First, notice that the regular sequence ¢, is differentiable and has bounded

derivative (with a bound that depends on m) for all m, and a(7) — a(r) = O,(T~/2), thus as

T — o0,
% > Ve (G (er) = G ()] (@(7) — a(7>>‘ =0,
and .
% > Yigm (usr) (@(7) — a(7))| = 0.

For the first term on the right hand side of (11), notice that H [m(v — w, )] = H [m(v + o(7) — Y3)]

is a measurable and integrable function of u;,, and thus also a mixing process satisfying the
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same dependence assumption, thus, as 7" — oo,

TLT 2:: Y;fgm (utT)
— % / { Z Y, H [m(v — utT)]} me"" /™ dy
= 2 [ R b = ey me

—_

— B (Yigu (1)) = s

\]

and, as m — 00,
1
Mmr — ;E (Y;fg (utT)) = EST

Thus,
E’ST — ES..

Limiting distribution:

TO-1/8 [Es —Es}

ithl(Yt—@( )<0)—1EYt1(Yt—a(T) <0)
_ ;LZT:[Y,J(Y}—&(T) < 0) = EY;1(Y; — a(r) < 0)

> V(Y —a(r) <0) = Y,1(Y; — a(r) < 0)]

+ 7 ; (Y, — a(r) 1(Y, —a(r) < 0) = (¥; — (7)) 1(Y; — a(7) < 0)]
1 < R
i 2 [T (Ve < a(7)) — ()1 (Y < a(7))]

= I+ Zro+ Zrs+ Zra
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where

= Z (Y — a(m) 1% < a(r)) ~ E(¥; — a(r) L (% < a(7))]
Zry = Z (Y, = a(r) 1 (¥ £ @(r) — (Vi — alr)) 1(% < a(7)]
Zry = 20 Z [1(¥; < a(r) = BL(Y; < a(7))]

Zoe = 2 S LY <) - 105 < alr))]-

We analyze each of these terms.

We first analyze

Zrs = [0 =) 10 () = (4 ()1 < ()
> (0= () g(@n) - (Y = () gl

t=1

Again, this is a generalized process defined by the following regular sequence:

ZTQ,m = T1/9 Z Y;t - a gm(utT) (Y;f - a(7)> gm(utr)] .

Expanding g,, (u) around u = uy, gives

Zram = =z 22 0= ) (1) @(7) ~ ()

+ g 5 2 (4= () i () = ()] (B(7) = (7))

where u; is a middle value. Notice that g, is a regular sequence, 6 € (1,2), and a(7) —a(r) =

0,(T~/2), and thus as T — oo, both of these two terms - 0. Thus
Zrs 5 0.
Similarly, Zp4 = 0.
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Next, for

Zps = TO;E;)Q ; [1(Y; <a(r)) —7].

Notice that E(Zr3) = 0, the indicator function is bounded,

SN <a() -]

o
T

Var (Zr3) = E :/)9 Z [1(Y; < afr)) — 7]

= Srn 2L B < a() ~ 7L (Y < a(r) 7).

thus Var(Zr3) = o(1).

The leading term Zp; is the same as the leading term in Theorem 1, and thus

_ 1
T(6-1)/0 [EST _ EST} - 28,
T

8.3 Proof of Theorem 3

We show the result for the unsmoothed version. Notice that

M-1

1 -
ES-(M.t) = —= > Yirakn (Yees = G(7)).
s=0

and we approximate the sampling distribution of 7(¢—1/¢ (ETS’T — EST>, say fT(y), by

T—M+1
o1 (M@*U/@ [EVST(M, £) — ES} < y) .

t=1

1

Pl =73

We follow the proof of Theorem 8.3.1 of Politis, Romano and Wolf (1999). For simplicity,
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we denote 6 = (6 — 1)/6, and 0= (5 - 1)/@ First,

ﬁTM(y)
T—M+1 N
T T-M+1 M+1 ; 1( QI/H[ES( )_EST]§y>
T—M+1
= M+1 1( [ (M,t)—EST]§y+M5[ETST—ESTD.

t=1
Notice that, (i) ES, — ES, at rate T°% (i) M°/M°® — 1; (iii) M/T — 0; thus for any € > 0,

) Pr ( e M(S [ES EST] > e) — 0,

Pr (‘Mﬁ [Efg _ EST} S

and thus, as T' — oo, with probability tending to one,
Pros(y—e) < Prou(y) < Prou(y +e),

where

Froary) = ES,(M,t) — EST] < y) .

It suffice to show that

Let
1 T—-M+1 N 1 T—-M+1
Frn) = g—yyy o VM |BS 0L - BS | <u) = g X 6
t=1 t=1
where

¢ =1 (M5 [EVST(M, t) — EST} < y) ,
then ¢, is strong mixing with the same mixing rate and, notice that M?° [EVST(M ) — ES| =
%S , thus
P
Fru(y) = Fy).

Then, by the same argument as Politis, Romano and Wolf (1999, page 185), we have FT, m(Y) LR
F(y). [ ]
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8.4 Proof of Theorem 4

The asymptotic behavior of the nonparametric quantile regression estimates can be analyzed
following a similar argument as Hall, Peng, and Yao (2002). Notice that the conditional ex-
pected shortfall focus on X = z, we only need that, under our assumption, uniformly in a

shrinking neighborhood of z, Ny, (z) = {2’ : |2’ — z|| < h1}

logT
sup |7 (r,u) —m (1,u)| = Op <h§+1+ o8 )

UEN}, () \/ Thil

The regression quantile problem can be re-written as minimizing Qr (7, x; 0) — Qr (7, x; y).
Let Z;, = Z,(x,h1) be an N x 1 vector that contains the regressors ((X; — x)/hi)} in the
local-polynomial quantile regression (7) in the lexicographical order, and denote the vector of
corresponding parameters as 3, and the true parameters by (3,4, let

Yo D Bio((Xi—2)/m) =Y
0<|j|<p
then
Yi— > B((Xi—2)/l)f =Y = (0—00)" Z0),

0<ljI<p

and the objective function of the minimization problem can be written as

> K (55 [t = - 007 20 = .02

Define v = \/Thé (6 — 6p), then © = \/Th¢ </9\ — 90> is a minimizer of
T
1 r— X
Y- ——=0"Z | —p, (Y K( t>
Z [p ( t \/T_hcll t) p ( t) h/l
Let ¥_(u) =7 —1(u <0), gy = Y, —m (7, Xy), and

t=1
d T — Xt * 1 T * 1 T
GTJLl (U’ IE) = Z K hy pT(Y;’T - Th[llv Zt) - pT(Y;fT) + \/T‘_hilv th’r<ut7)

we show that, for any ' € Ny, (z) = {2’ : |2/ — x| < i}, (1) E{Grp, (v;2')} =30  Hyp (7,2") v =
O(W); (2) Pr{|Grp (v;2") — E{Grp, (v;2")}] > €} = O(Tl/+h‘f/2)’ where

T
1 z—X
Hrp(1,2) = T_hdeYt‘Xt (69 Z:) thgK< - t),

I 4=1
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and then use standard argument we obtain that the above results hold uniformly over z’ €

Nh1 (13) .
For (1), let Z! = Z,(«', hy) be the vector that contains the regressors ((X; — 2’)/h;) in the

local-polynomial quantile regression around z’, and denote

Yi— Y Biol(Xe—a)/m) =Yy,

0<[jI<p

notice that
pr(u—v) = pr(u) = v (u) + (u = v){1(0 > u > v) = (0 < u <)},
Under Assumption D1, by a direct moment calculation we have,
E{Grp, (v;2")}

— ZT:E K (=X Frix, (04 Z)) L vz e 0 =
pa hy Yi|X: \Yo 4t 9T h? t<t p Thi
1 T T rzt 1 z' — Xy 17T 1

= —|v E 00 2,) — K AVA
2 |:U {fYt|Xt( 0 t) h[11 ( hy tt vl +0 \/T_hcll

1 T 1
§fX(m)fy|X (Qy (7]z))v Ho+ O <\/T_h‘f)

Q

since

¢
i [ s (@ elo ¢ () (B0 g,
—  fx() frix (Qy (T\:E))/UEK(U)dU.
Next we show that (2) Pr{|Gru, (v;2') — E{Gru, (v;2")}| > €} = O(—2L375). Let

T1/2hil/2
— X 1
o) =i ()
1

1
(Y — v' 7)) — p (V) +
P(t \/T_h‘li t) P(t) \/T_hff

UTZlngDT(utT)] )
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First

E (&(v;2)?)
K (5 (- )
x1(0>3@¢>\/717§ﬂz;>—1<0<y’* \/_
x ;1Xt> v 7, ’ 1 <|Y'* \/_ )

= E

2

)

IN

— ><EHK
Thi

1
= O _
(Tmhi” 2)

d N2\ __ ]‘
ZE(@(U;SC) )=0 <T1/2—hf/2>

t=1

Thus

and, by a similar moment calculation, using the mixing condition of {Y;, X;}, we have

T-1 . , . 1
Y (T = j)Cov {&1(v;a'), &y(v52') } = O (T1/2—h(1,z/z>

j=1

Thus, by application of the Chebyshev inequality,

1 1
Grp (v;2') — évTHT (1,2 v = 0,(

" /The
We next consider the estimator for the expected shortfall. Notice that p, (Y; —m (7, X})) =
Yy = (7, X)) (r = 1 (Y — i (7, X) <0)), thus

).

—_—

ES,(x)
_ %fxl(g;)TLfﬂgK (Xth_ I) Y1 (Y; — m (1, X,) < 0)
+ile(x)TLZT;K (th_”“"> Y [1(Y; —m (7, X;) <0) —1(Y; —m(7,X;) <0)]
%fxl(x) Tlhd T1 (Xth_ ”’”) (1, X;) (1 — 1(Y; —m (1, X;) < 0))
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Notice that K has compact support and integrates to one, by a law of large number for the

sum of strong mixing process,

_ %;%K <X x) L fa).

By an argument similar to Xiao, Linton, Carroll, and Mammen (2003) based on a geometric

~taround fx(z)~!, and notice that, by definition,

expansion of fx (x)
ES.(z) = E(Y|Y; < Qv,(7|Xy), Xy = 2),
and Qy, (7]X;) = m (1, X), let

= Yo =m (7, X)) 1(Ye —m (7, X)) <0) = E[(Y; —m (7, X)) 1 (Y, —m (7, X;) <0) [Xy],

we have
a\0-1)/0 [ =5 7=
(Th) [EST(x) - EST(JJ)] = Myr + Map + My + Myr + 0,(1),
where
1 1 Xt T
= - K
MlT TfX($> (Thd 1/9 Z < h ) Un
1 1 Xt T
Mop = — K [ES.(X;) — FE
1 1 Xt T
Mar = 7 X(w (Thi) 1/9 Z < ) (7 X

1 ~
Mir = WZ ( )[(m(n&)—mv,xt»v—lm 7 (7, X)) < 0))].

The Theorem can be proved based on an analysis of each of the above terms. For the first
1/6 T

Zt:l Wi.
Under our assumptions, Y; —m (7, X;) is also a strictly stationary stable process with index

6. In addition, (Y; —m (7, X;)) 1 (Y; — m (7, X;) < 0) < 0, and notice that the kernel function

term, let W, = K (Xt J”) 7., we analyze the asymptotic behavior of (Thd)

K(-) has a bounded support, so that 1W; has a positive upper bound but no lower bound. It

follows that
. PI‘ [Wt > l’]
im ————=

N (g L
e Pr|W > 2] M0

—— =q; = 1.
oo Pr|Wy| > 2] 1
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Let cp = (Th?) Y * the limit of 7' S (W, — br) can be obtained by an argument similar
to those of Theorems 2 and 3 of Davis (1983) and Theorem 2 of Hall, Peng, and Yao (2002)
(also see LaPage, Woodroofe and Zinn (1981)). To apply their methods, we need to verify
conditions (D) and (D’) of Davis (1983), i.e. we need to verify:

(D) For all z > 0,

T—oo

klim [lim sup Sk,T(x)] =0

where
(T/k]

Sr(x TZ{pl +p2(4) + ps(4) + pa()}

and

> crx, W; > crx)
> cre, Wj S —CTI)
< —crx, W; > crx)

< —cpx, W; < —cra)
(D)

lim lim sup — Zmax (0, Cov (WA 1(|Wh| < ecr), W;1(|W;| < ecr)))

e— T—00 CT
Xi—=x
e ([ (%) n

and 7, is stable with index 6, thus

X, —
lim 7' Pr <‘K( th x) 7,

To prove (D), notice that

2 CT) S 1/T7

> cTz) =277

By mixing property,

Pr (W1 > erz, W; > cpx) < Pr(Wy > erz) Pr (W; > cpx) (1 + a(j))
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thus, there exists C' > 0,

(T/k]
Ser(z) = TZ{pl +p2(j) + p3(j) + pa() }

[T/k] (T/k]
< 4TZ [Pr (W1 > cr2)]? (14 a(j)) < 4T= Z [ Pr (Wy > er2)]? (1 + a(j))

[T/k]

< 2921—1— <TT/]€):O<%)—>O,ask—>oo.

For condition (D’), notice that

Cov (W11(|W1| < €CT),W]‘1(|VV]'| < 5CT)>
< a(j)E (WPL([Wi| < ecr))

and, by Hall, Peng and Yao (2002) and the regular variation property of the process, we have

C% PI’(|W1| Z SCT) . 0
E(W21(|Wh| < ecr)) (2 —0)e?

Thus

T 2—-146

—2E (W121<|W1’ < €CT)) — ( )8279

ch 0
and, notice that ZJ , (j) < 0o, we have

A
lim lim sup —- Zmax (0, Cov (W1 1(|W1] < ecq), W;1(|W;| < ecr))) = 0.

T—o0 CT

Then, by Davis (1983),

T
X _
=Y [K( th x) nt—dT] 5
t=1

o

S = (6;Z; — (m — q)E(Z;1(0 < Z; < 1))).

j=1
9; are iid r.v. with Pr(§; = 1) = py, Pr(d; = —1) = ¢1, and

where

Z, =T Th=Vi+...+V
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where {V;} be a sequence of independent exponential random variables with unit mean. Notice
that p; =0,¢1 = 1, Pr(6; = 1) =0, Pr(6; = —1) = 1,

S*=> (6;Z;+E(Z1(0<Z<1)=> (E(Z1(0<Z <1)-Z).
j=1 j=1
Thus
T br 1 1 1
My — — x
U () T fx () fo ) (Thd) 1/9 Z R
or,
T *
fo<I)M1T — Wbrp — S .
For the second term Msp, under Assumption D, by a Taylor expansion of ES.(X;) around
x, we have
1
MQT = f Thd 1/0 Z ( ) ES (Xt> EST(LU)]
= (Th? ) O 2B (7 1) (1 + 0,(1))
where

fx(x)
We next look at the third term M;sy. Let

1 @) e )
B(r, ) Tﬂz(K) EST,X(x) + EST,X<5U)

=1 (S50 ) Wi m (r X0 < (7, X)) = 10 < 7, X))

we verify that

1 T
W;ft = op(1)

Define

fw = K (X’* - ) ¥i = m (r, X)) [L (m (v, X0) < Vi < (r, X)) 1 (m (. X,) < 1 (7, X,))

b = K (X)W m (X LG X0 < ¥ < X)L (7, X0) > 0 (7, X))

then &, =&, — &, It suffices that we show

R R
W ;fu = 0,(1), W ;fzt = 0y(1)
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IN

IN

IN

X |Yi—m(r, Xe)|[L(m (7, X:) <Y <m (7, X)) 1(m (1, Xe) <m(r,X}))

WZK <X'fh_$) 7 (7, X,) — m (7, X))
<m(r, X)) 1(m (7, Xy) <m(7,Xy))

1 Xi—x\
=1

T
X
K( i
=1

sup |m (1, Xy) —m (7, X})|
XtENs(x)

_m>‘

AsT — oo, h — 0,

notice that

Thus

1 T
——5 2 Su| <
(Th)"/? ;

1 T
o N1/6 glt
(Th)!/? ;

sup |m (1, X;) —m(r, X
Xt€Ns(z)

sup |m (7, Xy) —mo (1, X4)| = Op (h]l”Jr:l +

XtENs(x)

o )
()

= op(1)

under Assumption D6. The analysis of W ZL &y, 1s similar.

For the last term My,

1
Myr =

TfX

notice that

logT

JTH

[ (5

[ ()

)

Xt—:L'

) (Th) 1/9 Z (Xt — x) (M (1, X)) —m (1, X)) (T = 1(Y; —

lT—1(Y; —m(r,Xy) <0)] <1
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m (7, X;) <0))]



11 1 T
|Myr| < > [ (7, X)) = m (7, X;)|
t=1

7 fx (@) (Th)"/?

< (%)

which can be analyzed similarly to the previous terms. [ ]
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