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Introduction

v

We consider the mortality rates of / countries (or populations)

v

mi(x,t) = log(D/E) denotes the log mortality rate in country
i=1,...,] atagex=x1,...,Xpinyeart=1ty,..., t1

v

We use data from the Human Mortality Database

v

Average log mortality rate for a life aged x in population i:



Individual Model of order p (Lee-Carter model)

m; = (m,-(x, t)) _— Biki + €;

nXx

where

B e 8P ()
Bi = : : (n x p matrix)

BI0a) - B8P (xn)

ra) o wPer)
Kij = : 5 (p x T matrix)

KP(0) - KP(er)

gj = (6,’(X, t)) isa nx T error matrix That is:

mi(x, 1) = BY )M () + ..+ BP ()P (1) + £i(x, 1)

(1)



Individual Model of order p (Lee-Carter model)

It is well known that estimates for BIQ) for any individual
population i can be obtained by a principle component analysis
using a singular value decomposition of the matrix m;

m; = BiL;U;
where

» L;is a p x p diagonal matrix and

» U;isa T x p matrix with mutually orthonormal columns, that
is, U/U; = | (p-dimensional identity matrix).



Individual Model of order p (Lee-Carter model)

Equivalently, estimates for 3; can also be obtained from computing
the eigenvectors of m;m:

Qi = mim; = Bik;r;B; = BiNi3;
since (m; = S;L;U!)
m,-mf~ = B,L,U,/U,L:ﬁ,, = ,B,L,Liﬁ,/ = ﬂ,/\,ﬁ,’ with A = LL/

The eigenvalues of m;jm’ are on the diagonal of the matrix A;, and
the first age effect 3] is then the eigenvector corresponding to the
largest eigenvalue of m;m!.



Individual Model of order p (Lee-Carter model)
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Common age-effect model

We will now consider more than one population, / > 1, with the
aim to reduce the overall number of parameters.

Our common age-effect model has the same structure as the
individual model, but we now assume that the impact of age
captured by (; is independent of the population i.

m;:ﬁlﬁ,-c-l-&,' i:17-"alat:tla""tT‘ (2)

mi(x, t) = BV () + ...+ BO )P (1) +ei(x, 1) (3)

where ( is a n x p matrix. We call the model in (2) common age
effect model of order p.

Note that in this model the period effects ¢ are still depending on
the specific population.



Estimation of common age effects

» For the estimation of the common age effect 5 in (2) we use a
common principal component analysis (cPCA) first introduced
by Flury (1984).

» Instead of using the estimators proposed by Flury (1984)
which are based on Maximum Likelihood estimation, we use
here a modification based on least squares estimation.

» The numerical algorithm to obtain estimates of /3 is the
F-G-algorithm, see Flury and Constantine (1985) with a
modification by Clarkson (1988).



Estimation of common age effects

Our aim is to find an orthogonal matrix 5 and diagonal matrices A;
such that

Qi := mim, = BN;8 Vi=1,...,1.
But this is equivalent to finding an orthogonal matrix 8 such that
B'QiB =N

is a diagonal matrix for all i =1,...,/.
This is, in general, not possible.



Estimation of common age effects

However, our estimate BA for the common age-effect matrix 5 is the
orthogonal matrix that makes all matrices 3’ Q;3 as close to
diagonal matrices as possible

We denote by ||A||? = Z,J a% the Frobinus-norm of a matrix A.
We now estimate 3 by m|n|m|zmg the function

(8 ZIIBQB diag('QiB)||* = ZZBQ, 2

i=1 i=1 j#I

which is the sum of the squares of the off-diagonal elements of
B'QiB.

Our estimate /3 is then
B = arg mﬁin T(p)

where the minimum is taken over all orthogonal matrices 3.



Estimation of common age effects

We also obtain an estimate for A;
A; = diag(B' QiB)

The modified F-G-Algorithm by Clarkson (1988) is used to obtain
the estimates for 8 numerically.

As in the individual model, we only take the first p columns of@ to
obtain a common age-effect model of order p, that is

B(p) = (Bla cee aBp)

The first p columns are here the columns that correspond to the
largest p values in the diagonal of A;.

Problem: The order of elements in the diagonal of A; might be
different from the order in other matrices A;.
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Estimation of common age effects

After obtaining estimates B( ) for the common age effects ﬁ we
estimate x; in the usual way treating 3(p) as given. Since 3(p) is
an orthogonal matrix, we obtain &' as

R'(t) = B(p)' mi(t)



Empirical results and model comparison
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Empirical results and model comparison
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Empirical results and model comparison

kappa
-2

-4

T T T T T T
1950 1960 1970 1980 1990 2000

calendar year

/<a,(-1) for all ten countries based on common age effect (Denmark -
pink). ages: 47-87



Empirical results and model comparison

kappa
-2

-4

T T T T T T
1950 1960 1970 1980 1990 2000

calendar year

/<a,(-1) for all ten countries based on common age effect (Denmark -
pink). ages: 17-47



Goodness of Fit
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(green), p =1, ages: 47-87
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Goodness of Fit

US, age 20
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Goodness of Fit
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Observed (black) log mortality rates in the US with fitted
individual model (red) and fitted common age effect model
(green), p =1, ages: 47-87
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Observed (black) log mortality rates in the US with fitted
individual model (red, p = 1) and fitted common age effect model
(green, p = 2), 47-87
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individual model (red) and fitted common age effect model
(green), p =1, ages: 17-47



Goodness of Fit
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Observed (black) log mortality rates in the US with fitted
individual model (red, p = 1) and fitted common age effect model
(green, p = 2), ages: 17-47



Goodness of Fit

Z > (m,-(x, t) — ri(x, t))2

ages 17 - 47 47 - 87
p=1 p=2 p=1 p=2
Ind. Mod.  5.07 4.34 1.54 0.73
CAE Mod. 537 446 211 1.11



Conclusions

mi(x,t) = BOG)ED () + ..+ BP ()RP () + £i(x, t)

» Country-specific age effects seem to have a small impact on
estimated period effects (k; = k).

» A “second order” age-period effect improves the goodness of
fit of a CAE model of order p = 1 more than country-specific
age effects.

» The period effects of different populations in a CAE model are
better comparable with each other since the impact of
different age effects is eliminated. This could be relevant for
modelling basis risk and forecasting the mortality of multiple
populations.
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