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INTRODUCTION

INTRODUCTION

e Framework :

e Two lifetimes (T, U),
o T = lifetime of a man,
e U = lifetime of his wife.
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INTRODUCTION

INTRODUCTION

e Framework :

e Two lifetimes (T, U),
o T = lifetime of a man,
e U = lifetime of his wife.

e T and U are not independent.
e Censoring : some couples quit observation before dying.
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INTRODUCTION

INTRODUCTION

e Framework :

e Two lifetimes (T, U),
o T = lifetime of a man,
e U = lifetime of his wife.

e T and U are not independent.
e Censoring : some couples quit observation before dying.

e Truncation : observation only for people who lived long enough to
enter the study.
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INTRODUCTION

CENSORING AND TRUNCATION

a N

Cengored: did not die

Death of Mr Y

H Beginning of observation | End of obs‘ervation
Mr Y subscribes a contract Mrs X subscribes a contract 'r.%e
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INTRODUCTION

CENSORING AND TRUNCATION

A N

~_a .h L N
Death of Mr Ghost

Mr Ghost subscribes a contract
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OBSERVATIONS

INTRODUCTION

We observe ni.i.d. copies (Y;, Z;, pj, vi, 0i, Vi)1<i<n, With
’/I' = Inf(Tla Ci)a
Z =

Inf( Ul'v Di)v
where C; and D; are censoring variables, and

Lo -
Vi
where Y; > pj and Z; > vj;.

17<c)
e We assume that :

1y<p;s

0. LOPEZ, P. SAINT PIERRE (UPMC)

o (T;, U;) is independent from (C;, D;).
o (uj,v;) is independent from (T;, U;, C;, D).
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INTRODUCTION

COVARIATES

We observe ni.i.d. copies (Y;, Z;, pi, vi, 0j, i, Xi)1<i<n, With

’/I' = inf(Ti,C,'),
Z = inf(UivDi)v

where C; and D; are censoring variables, and

{5/' = 17<c,
vi = 1y<p;,

where Y; > pj and Z; > vj;.

e We assume that :
e (T;, U)) is independent from (C;, D;) conditionally to X;
e (uj,v;) is independent from (T;, U;, C;, D;) conditionally to X,UPmC
= = = = E Dac
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INTRODUCTION

NATURE OF THE COVARIATES

e In the following, we focus on X; = (X,.m, X,.(Z)), where :
o X'") = birth date of the husband
o X'® = birth date of his wife

e May be extended to any kind of covariates :

e salary
e size of the family
o ...

e One constraint : since we are using smoothing techniques, we
assume the covariates to be continuous.
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INTRODUCTION

OUTLINE

@ INTRODUCTION

© CoruLAs
e Definition
e Estimation in absence of censoring and truncation

e ESTIMATION OF THE CONDITIONAL COPULA UNDER CENSORING

AND TRUNCATION
e Estimation of the conditional distribution function
e Estimation of the conditional copula parameter
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COPULAS

OUTLINE

© CoruLAs
e Definition
e Estimation in absence of censoring and truncation
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COPULAS DEFINITION

SKLAR’S THEOREM

SKLAR’S THEOREM - DISTRIBUTION FUNCTIONS

Let (T, U) be absolutely continuous variables with d.f. F,
Fr(t)=P(T <t), Fy(u) =P(U < u). There exists a unique copula
function € such that

F(t,u) = €(Fr(t), Fu(u)).

SKLAR’S THEOREM - SURVIVAL FUNCTIONS

Let (T, U) be absolutely continuous variables with survival function S,
Sr(t) =P(T > t), Sy(u) =P(U > u). There exists a unique copula
function €g such that

SF(t7 U) = QS(ST(t)v SU(U))

Moreover,

Cs(u,v)=u+v—-14+¢€(1—-u1-v).
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COPULAS DEFINITION

PARAMETRIC COPULA FAMILIES, NOTATIONS

e We first consider that there is no covariate.

e (T;,U;) are i.i.d. with the same distribution as (T, U), whose
dependence structure is defined by €.

e Assume that ¢ € {¢y: § € ©}, where © C RX.
e Let ¢y denote the copula density corresponding to €y, that is

co(u, v) = 9,0vCy(U, v).
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COPULAS ESTIMATION IN ABSENCE OF CENSORING AND TRUNCATION

ESTIMATION, MARGINS KNOWN, NO CENSORING NOR
TRUNCATION, NO COVARIATE

e Let /= F7(T)and J = Fy(U).

e /and J are uniformly distributed over [0, 1].
e Their joint distribution function if €.

e Maximum likelihood estimation :

1 n
o = LN logeo( 1 J;
argmax ; og co(l;, Jj)

1 n
= argmax- 21: log co(F7(T), Fu(U))).
=
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COPULAS ESTIMATION IN ABSENCE OF CENSORING AND TRUNCATION

ESTIMATION, MARGINS UNKNOWN, NO CENSORING
NOR TRUNCATION, NO COVARIATE

e Estimation of the margins by Fr, Fy.
e Various way of estimating the margins :

e empirical distribution function

e parametric models

e semiparametric models (proportional hazard models when it comes
to regression)

@ Pseudo maximum likelihood estimation :
1 n
* = _ 77,
argmax 21: log ca (1, J;)

1 < .
= argmax- ’Z; log co(FT(T7), Fu(Uy))-
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COPULAS ESTIMATION IN ABSENCE OF CENSORING AND TRUNCATION

CONDITIONAL COPULA

e The dependence structure depends on the value of the covariates
X.

e We will denote (-, -|x) the copula of the conditional distribution of
(T, U)|X = x.

e Nonparametric estimation : Abegaz, Gijbels, and Veraverbeke
(2012), Gijbels, Omelka, Veraverbeke (2012), Acar, Craiu, and
Yao (2011)...

e Here, we focus on a parametric model :
6(" |X) = C6‘(X)('7 )
e Our aim is then to estimate the function 6(x).
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COPULAS ESTIMATION IN ABSENCE OF CENSORING AND TRUNCATION

ESTIMATION, MARGINS UNKNOWN, NO CENSORING
NOR TRUNCATION, COVARIATE

e Estimation of the conditional distributions of the margins by
Fr(-1X), Fu(-[X).
e Pseudo maximum likelihood estimation :

0*(x) = argmaxZW,n )log co(F7(Ti| X)), Fu(Ui| X)),
0cO

where
Xj—
oo~ (%)
i,n = X— I
S K (%)
introducing a kernel K and a bandwidth h > 0. UPMC
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDEK Lﬁbwélm(ﬁyl)

OUTLINE

© ESTIMATION OF THE CONDITIONAL COPULA UNDER CENSORING
AND TRUNCATION
e Estimation of the conditional distribution function
e Estimation of the conditional copula parameter
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
wﬁ%ﬁﬁ(ﬁy ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

ESTIMATION OF THE DISTRIBUTION FUNCTION OF (T, U)

e Recall that ;
1
530 0lTU) = [ oltuaba(t,u),
i=1
where P, is the empirical distribution function of (T, U).
e Recall that

>~ wia()(Ti U) = [ ot u)da(t,ulx),
i=1

where P, is a kernel estimator of
F(t,ulx)=P(T <t U<ulX=Xx).

e How to estimate (non parametrically) the distribution of (T, U)
under censoring and truncation ?
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wﬁw&lﬁﬁdw ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

PROPERTIES OF F(t) =P(T < t) (NO TRUNCATION)

e Usual definition (absolutely continuous variables) :

N 6
E()=1- 1-').
g( Sl tyzy,

e Definition as a sum (no truncation) :
R n
F(y=>_ Walys<e,
i=1
where G(t) = P(C < t) and G its Kaplan-Meier estimator,

o
- n1 — G(Y/—)] uPmc
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wh%m(ﬁy ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

PROPERTIES OF THE KAPLAN-MEIER ESTIMATOR OF
F(t) =P(T < t) (NO TRUNCATION)

e Assume that T is independent from C.
o Define

Hi(t) = B(Y <t6=1),
1—H(t) = P(Y>t)=[1-G®][1 - F).

e Fis the solution of the equation :

[ dF(s)]dHs (1)
1—H1

dF(t) =
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wh%m(ﬁy ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

PROPERTIES OF THE KAPLAN-MEIER ESTIMATOR OF
F(t) =P(T < t) (NO TRUNCATION)

e Assume that T is independent from C.
e Empirical version :

Hi(t) = n' zn:&"l Yi<ts
p
1= At = 0" My =[1- GO - F(1)].
pa

e F is the solution of the equation :

ton L dF(s)dF (1)
dF(t) ==t T UPMC
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
ﬁt}%m(ﬁy ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

A PARTIAL DERIVATIVE EQUATION IN THE GENERAL
CASE

e Assume that (T, U) is independent from (C, D), and (u,v) are
independent from the other variables.

P.D.E. (LOPEZ (2012), Insurance : Mathematics and Economics)
F(t,u) =P(T < t,U < u) is the solution of

U™ S~ aF (', u)lav(t, u)

dF(t,u) = ) ,

where

H(tu) = P(Y>tZ>u|lY >pZ>v),
V(itbtuy = Pu<t<Yv<u<Zdoi=~ry=1Y>puZ>v).

—
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
wﬁ%ﬁﬁ(ﬁy ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

EMPIRICAL VERSION OF THE P.D.E.

e For all function v,

1 n
BZ#’(Y’ZJSW) —n—o0 E[Q/)(Yaza(sﬁ)“/z M,ZZ V] p.s.

i=1
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wh%mw ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

EMPIRICAL VERSION OF THE P.D.E.

e For all function v,

1 n
~3 (Y. Z.6.7) —noes EU(Y, 2,69 Y 2 1,2 > v] pis.
i=1
e Estimate H(t,u) =P(Y > t,Z > u|Y> w, Z > v) par

H(t,u) = Z1Y>t2>u-
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wﬁw&lﬁﬁdw ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

EMPIRICAL VERSION OF THE P.D.E.

e For all function ¢,

1 n
BZw(Y,Z,é,v) —noo E[W(Y,Z,6,V)|Y = n,Z 2 V] p.s.
i=1
e Estimate H(t,u) =P(Y >t,Z > u|Y > p,Z > v) par

1 n
U):nz;‘nzt,z,-zu-
j=
o For V(t,u)=P(p<t< YV<U<Z<5:'y:1|Y>,u,Zzy),

V(t U Zélf)/l wi<t<Yivi<u<z;-
i=1
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wﬁw&lﬁﬁdw ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

EMPIRICAL VERSION OF THE P.D.E.

e For all function ¢,

1 n
22 WY Z,0,7) =nee E[G(Y,Z,6,9)|Y 2 p,.Z > v] pas.
i=1
Estimate H(t,u) =P(Y > t,Z > u|Y > p,Z > v) par

1 n
)= Tyztzzu
i=1

° FOI‘V(Z‘,U):]P’(,u<t<YV<U<Z<5:'y:1|Y>,u,Zzy),

V(t U Zélf)/l wi<t<Yivi<u<z;-
i=1

F is defined as the solution of

dF (L. u) = e L dF(t, u))dV(t, u) uPmc

H(t, u)
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C > 1 D
W?JWE‘M(N‘ ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

EMPIRICAL VERSION OF THE P.D.E.

e We are back to a finite dimensional problem :
F o W= (Wi n, Won, ... Wnn, W ),

where W, , is the weight assigned to observation /i where W,
represents some residual mass.

There exists an unique solution W of the previous equation satisfying
> W, = 1. Moreover, all the weights are positive.
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wﬁw&lﬁﬁdw ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

SOLVING THE EQUATION

e We need to solve

W= AW.
e Observe (after sorting the observations with respect to increasing
values of Y)
0 = %= O
A— : I S
0O .-.- 00
o --- 0 1

e From that, one deduces unicity of the solution.
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
wﬁ%ﬁﬁ(ﬁy ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

SOLVING THE EQUATION - GEOMETRICAL POINT OF
VIEW

®  Censored

T uPmc

1881 SORBONNE

O. LOPEZ, P. SAINT PIERRE (UPMC) EVOLUTION OF THE DEPENDENCE STRUCTURE LYON, 07/09/15 24/31



LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wh%m(ﬁy ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

SOLVING THE EQUATION - GEOMETRICAL POINT OF
VIEW

Infinite

- Weight - 1

®  Censored

T uPmc
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDEK Lwhwélm(ﬁyl)

ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

SOLVING THE EQUATION - GEOMETRICAL POINT OF

VIEW

Infinite

0. LOPEZ, P. SAINT PIERRE (UPMC)

Censored
Uncensored

EVOLUTION OF THE DEPENDENCE STRUCTURE
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDEK Lwhwélm(ﬁyl)
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDEK Lwhwélm(ﬁyl)

ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

SOLVING THE EQUATION - GEOMETRICAL POINT OF

VIEW

Infinite
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wh%m(ﬁy ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

SOLVING THE EQUATION - GEOMETRICAL POINT OF
VIEW

Infinite

®  Censored
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDEK Lwhwélm(ﬁyl)

ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

SOLVING THE EQUATION - GEOMETRICAL POINT OF

VIEW

Infinite

0. LOPEZ, P. SAINT PIERRE (UPMC)

Censored
Uncensored
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wh%m(ﬁy ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

SOLVING THE EQUATION - GEOMETRICAL POINT OF
VIEW

Infinite

® Censored

B U~mcC
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wh%m&y ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

EQUIVALENT EXPRESSION OF THE P.D.E.

e Define o roo
. omily, Iz dF(t )

in

" n o H(tu)
e Second expression : for all function ¢,

E |nWino (Y3 ZDIY: 2 i, 21 2 | = ETO(T;, U]

mc

1881 SORBONNE

O. LOPEZ, P. SAINT PIERRE (UPMC) EVOLUTION OF THE DEPENDENCE STRUCTURE LYON, 07/09/15 25/31



LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
ﬁh%mm ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

EQUIVALENT EXPRESSION OF THE P.D.E.

e Define o roo
. omily, Jz dF(tu)

in

" n o H(tu)
e Second expression : for all function ¢,

E [nW;no(Yi Z)|Ys = i, Z; = vj] = ETo(Ti, U],

o Define F*(t,u) = Y1y W/ 1y,<t z<y, then, for all ¢,

/¢(t u)dF*(t, u) Z #20(Yis Z) —p.s. E[8(T, U)].
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wﬁw&lﬁﬁdw ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

EQUIVALENT EXPRESSION OF THE P.D.E.

e Define o roo
. omily, Jz dF(tu)

in

" n o H(tu)
e Second expression : for all function ¢,

E [nW;no(Yi Z)|Ys = i, Z; = vj] = ETo(Ti, U],

o Define F*(t,u) = Y1y W/ 1y,<t z<y, then, for all ¢,

/qﬁtudF*tu Z in®(Yi, Zj) —ps. E[(T, U)].

e One can show that W; , and W}, are close.
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDEK Lﬁb%m&yl)

CONDITIONAL VERSION

e Assume that, conditionally on (X', X?), (T, U) is independent

ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

from (C, D), and (u, v) is independent from (T, U, C, D). Moreover

assume that all variables are continuous.

P.D.E. (SIMILAR TO LOPEZ, 2012)
F(t,ulx)=P(T <t U< ulX = x) is solution of

[ [ dF(t, u'[x)]dV(t, ulx)
H(t, u|x) ’

dF (t, ulx) =

where

H(tulx)=P(Y>t,Z>ulY>pZ>v,X=Xx),
Vtulx)=P(Y<tZ<udy=1Y>puZ>v,X=Xx).

........
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wﬁw&lﬁﬁdw ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

ESTIMATION OF H (ESTIMATION OF V IS SIMILAR)

e Let K denote a bivariate probability density with compact support.
o Define, for x = (x',x2), and X; = (X!, X?),

K (%)
Sk (%)

where his a bandwidth tending to 0 as n tends to infinity.
e Define

Wi n(X) =

A(t, ulx) = ZWm 1yt z50

e The bias of H is of order h2, the variance of order n=1/2p~1,
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o VAT T R LR Ak R A TR LWE}WEHN” ESTIMATION OF THE CONDITIONAL DISTRIBUTION FUNCTION

COMPUTATION OF AN ESTIMATOR F(:|x)

e The computation is similar to the case where no covariate is
present.

° ﬁ(-, 1x) < W(x) = (Wi n(x), ..., Wh n(X), W (X)) is the solution of
an equation of the type

W = A(X)W,

where the matrix A now depends on x.

e The convergence rate is modified (h? + n—1/2h~P/2 rather than
n—1/2, where p is the dimension of X).

nnnnnnnnnnnn

O. LOPEZ, P. SAINT PIERRE (UPMC) EVOLUTION OF THE DEPENDENCE STRUCTURE LYON, 07/09/15 28/31



LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wh%mw ESTIMATION OF THE CONDITIONAL COPULA PARAMETER

ESTIMATION OF 6(X)

o Recall that )

F(tulx) = Win()1 vt x<x

i=1

e Estimation of 6(x) :

A~

0(x) = arg maxz Wi, n(x)log(co(F7(Y7)), Fu(U)).

nnnnnnnnnnnn
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
WEWEHO’W ESTIMATION OF THE CONDITIONAL COPULA PARAMETER

ASYMPTOTIC THEORY

e Assumptions :

the copula function stays in the same copula family when x changes
SUPy . |0k H(t, ulx)| + [02H(t, ulx)| < 00

conditions on the tail of the distributions of (T, U)

standard conditions on the kernel

ASYMPTOTIC THEORY
Under appropriate assumptions,

; 1
_ 2
sup [|6(x) = 6(x)l| = Oas. <h + 7 hp/2> :

where p is the dimension of x, and where X is a compact on which the
density of X is bounded away from zero.

............
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LS TIMATION OF 1HE CONDITIONAL COFULA UNDER C 1 D
Wﬁw&lﬁﬁdw ESTIMATION OF THE CONDITIONAL COPULA PARAMETER

CONCLUSION, PERSPECTIVES

e Practical choice of the bandwidth.

e Dimension of X : dimension reduction assumption to compensate
the poor convergence rate when p is high.

e Goodness-of-fit, testing the assumption on the copula family...

mc
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