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Longevity

e What Is It?

 Who does It affect?

 Individuals, insurers, re-insurers,
pension funds, corporations, the
markets for longevity risk transfer

 Why Is it a risk?
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Life Expectancy by Age in England and Wales, 1700-2013 CRIo

Shown is the total life expectancy given that a person reached a cerlain age.
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Record life expectancy of women from 1840 to the present FEITGE

Shown is the highest known life expectancy of women at each point in time and the country that achieved that level of population health.
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Financial Markets

Notation

State of the economy
Set of states of the economy

Basis stock price: a promise to pay one dollar in state w
and zero otherwise

P($) Sum of the basis stock prices from zero to &; P(¢) =
¥ p(w)da

(1, w) Random investment frontier, or equivalently, the payoff
then from an investment of / dollars now. D,IT > 0O,
D,IT>0

Asset portfolio payoff for the pension fund; DA > 0

Liability portfolio for the pension fund; DL >0

B(b) Safe zero-coupon bond value for a promised payment
then of b dollars

D(b) Risky zero-coupon bond value for a promised payment
then of b dollars
Put option value

Stock value

Corporate value

S
=~ =| Il
<| » ~ A el = €
—| = -—|
b}
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Fisher
Model

Constrained
Optimization Problem

Expected Utility
Constraints:

Budget Plane and
Financing constraint
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Financial Markets

Suppose that financial markets are complete, and that Q represents the set of states of
nature.

Recall that one basis stock exists for each state of nature and that stock pays one
dollar in a particular state ® and zero otherwise. Hence all other assets can be
described as a portfolio of the basis stock.

Let p(w) denote the price of the basis stock.

Letting b be the promised repayment on a zero-coupon bond, II(I, ® be the corporate
payoff and P(§) be the sum of the basis stock prices from zero to &, A be the asset
portfolio payoff, L be the pension liability and S be the stock value. Then the stock
value may be represented as

¢
St = f max{0,IT + A- L} dP
0



The Corporate Objective Function

Suppose the corporate manager makes a portfolio decision on personal account and
Investment, risk management, and financing decisions on corporate account. If the
manager is compensated with a salary and stock, then that manager makes
decisions on corporate account to maximize the stock value of the current
shareholders.

Suppose the manager does not make an investment decision. Then corporate payoff
may be represented as max{0, M+ A—-L}=I0+A—-L + max{0,L- (IT + A)}

And so, the stock market value of the unhedged firm is
¢ ¢
st =J (II+A-L)dP + f max{0,L — (Il + A)}dP
0 0

=V +V,—V,+P"
=V +A+ P



No Insolvency Risk

Consider the base case in which the pension plan is fully funded and the operation of the firm
has a non- negatlve payoff.

S“—f HdP+/ (A-L)dP =V + A
II1+A
A
Suppose the corporate manager (CEO) makes the investme isions
on corporate account. Without loss of generality suppose |
financed with a bond issue. Then b is selected so that B(b)
easily shows that the CEO makes decisions to
maximize S“(I)
subjectto B(b) = I
>
Note that this is a Fisher Separation result since the decisigns are madé& without reference

to the CEQO’s risk aversion.



Base Case: No Insolvency Risk

The Lagrange Function for this caseis L(I,b,A) = S*(I) + A(B(b) — 1)
The first order conditions are:

DL = [{D;IdP — 4 = 0

DL = — [fdP + A [dP = 0

D;L = B(b) — I = 0

It follow that the condition for an optimal investment is that for a socially
efficient investment and satisfies the following condition:

f(fD1H(Ie,w) dP(w) — 1 =0

It should also be noted that this is the condition for a maximum risk adjusted
net present valu7§ince

npy = — [ + I1dP
0



Insolvency Risk

Next suppose the corporation is subject to insolvency risk due to an
under funded pension plan or a corporate payoff insufficient to cover
Its operations and investments and its pension and debt liabilities.

The insolvency introduces the judgment proof problem

The corporate payoff may be rewritten as max{0, I+ A—L—-b} =D+ A—- L —
b + max{0,L+b- (Il + A)}

The unhedged stock value is
S*=[S(M+A~L—-b)dP + [, max{0,L+b — (I +A)}dP
=V +V,—-V,—-B(b)+ (P’ + P¥)



The Unhedged Firm

L+b
/ L
-
Lo >
w




Insolvency Risk and the Unhedged
Firm

Now consider the investment decision made by the corporate manager. Given appropriately
aligned incentives, the manager will select the investment to maximize the stock value subject
to a financing constraint.

Without loss of generality, suppose the firm issues debt to cover the investment expenditure;
let D(b) denote the value of the debt, and b represent the promised payment then. The
manager’s constrained maximization problem is

maximize S
subjectto D(b) = I

where
St= [ +A—b—L)dP
and

D(b) = [Y(T+A-L)dP + ffb dP



Case 1: Insolvency Risk and No

Hedqge

Let L(I,b,2) = S* + A(D(b) —I) be the Lagrange function for the constrained maximization problem. Then the first order conditions are as
follows:

DL

4
[;DidP + A(f{DMdP -1) = 0
DL = —[{dP + A[ dP = 0

D3L = D(b)-1 =0
Let I* denote the optimal investment decision for the manager. Note that the first-order conditions yield the following condition for an optimal
investment

DiL = [[D1dP -1 =0

Comparing first order conditions, it follows by the second-order condition that the manager selects I* < I°. Therefore, the unhedged firm underinvests
relative to the socially efficient investment. The stock market value of the unhedged firm may also be written as follows:

s =V'+V,—-V,—B(b)+ (P’ +P")
= V* —(B(b) - P?)+ 4+ P*

=Vt -I+A4+P
= npv* + 4 + P



The Buy-In

The liability claims in the pension plan are one source of the insolvency risk for the firm. This risk becomes more
of a problem for the firm as longevity increases. The firm can absorb the risk or chose to manage it in some way.
Buy-in and buy-out instruments represent a growing segment of the markets for longevity risk transfer. The buy-
in is considered first.

A buy-in is a transaction with an insurer in which the firm purchases an annuity that pays the pension claims as
they are realized. Without loss of generality, we will suppose that the firm uses debt to finance the annuity
purchase from an insurer. Then the constraint in the constrained maximization problem becomes

D)= 1+ [ L dP

Hence, a debt instrument replaces the pension liability, and the stock value for the buy-in becomeSrigure 2: tre Hedged Firm

st = [JUI+A—L —b +1)dP = [[(Il + A b)dP

where St denotes the hedged corporate equity value. Similarly, let I' denote the stock value maxi
Investment decision.



Case 2: Insolvency Risk and A Buy-
N

The Lagrange function is L(I,b,A) = S* + A(D(b) — I - f(fL dP) and the first order conditions are as follows:

D,L f]fDlﬂ ap - 2(f/Dy1dP —1) = 0 (19)

D,L = —fy‘dp + Afy‘dp = 0 (20)

From (20) and (19) it follows that I' = I¢ > I* and so the buy-in resolves the under-investment problem and
maximizes the risk adjusted net present value

St = npvt + A (22)

A similar analysis shows that a buy-out may also be used to resolve the under-investment problem.



Case 3: Insolvency Risk and a
Longevity Bond

Consider alongevity bond. Let B(w) be the longevity bond payoff
then in state . Suppose there is no basis risk so that B(w) =
L(w). Then if the corporation hedges with a longevity bond, the

corporate paygffibecames, p — p =7+ A — b

Suppose the corporation raises the money for the investment

and the longevity bond witlf a debt issue. Then the financing
constraintis P(0) =1+ [ B(w)dP(w)
0

s :
where the debt,yalue iy . . f L ap
0



The Longevity Bond

The stock market value of the corporation with the longevity
: ¢
bond Is Sb=/(H+A—b)dP
)

The Lagrange functign 4o bm@(g(g)ns;rafﬁgq) m}aximization

problem Is
¢ b
| D1L=./§\Eill?dP+/1[-/UD1HdP—1J=O
and the first order conditions are:

¢ ¢
D2L=—f dP+/1/ dP =0
8 8



The Longevity Bond

It follows that the optimal investment [° = |¢ > |V since the first

order conditions yield fﬁ
DIH dP =1
0

It may also be noted that/the stockb\}/dglue of the corporation

St = max{0, II + A —
hedged with a longevity bond may be equivalently
expressed as =/ +a-» s [ om0 s e
=V+V, - B(b) + Pt
=V+ V, - D(b)
=V-I1+V,-B,

=npyv + A



The Longevity Bond

It follows that the longevity bond also solves the under-
iInvestment problem that exists for the unhedged firm.

f basis risk Is introduced, then the payoff on the longevity
nond is not perfectly correlated with the longevity risk of the
nension fund then a longevity bond may still eliminate or
reduce the under-investment.




Concluding Remarks

In the absence of positive net present value projects, the publicly held and traded
corporation does not have an incentive to hedge longevity risk with any of the
Insurance or capital market instruments designed for hedging that risk.

Buy-ins and buy-outs have become the most popular instruments in hedging
longevity risk and in the presence of insolvency risk these instruments can reduce or
eliminate the agency costs associated with the under-investment problem.

Buy-ins and buy-outs transfer the risk from corporations to insurers, but the risk is
stored by insurers and at some point, will become a risk that will threaten insolvency

for the insurers.

The longevity bond is a capital market instrument that in theory can achieve the
same risk reduction for the corporation and solve the under-investment problem.
Preliminary analysis suggests that this is true even if there is basis risk.
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